Sarka Stejskalova

Department of Logic
Charles University

logika.ff.cuni.cz/sarka

Hejnice
January 31, 2017



Recall the following results (we assume X,, is strong limit for the
whole talk):

@ With large cardinals, it is consistent to have GCH failing at
R,. (Gitik)

LA tree of height R, 41 with levels of size at most X,,.



Intro

Recall the following results (we assume X,, is strong limit for the
whole talk):
@ With large cardinals, it is consistent to have GCH failing at
R,. (Gitik)
@ With large cardinals, every Nw+1—tree1 can have a cofinal
branch. (Magidor and Shelah)

LA tree of height R, 41 with levels of size at most X,,.



Introduction

Recall the following results (we assume X,, is strong limit for the
whole talk):

@ With large cardinals, it is consistent to have GCH failing at
N,. (Gitik)

@ With large cardinals, every 8, 1-tree! can have a cofinal
branch. (Magidor and Shelah)

@ With large cardinals, every N, o-tree can have a cofinal
branch. (Friedman and Halilovic)

LA tree of height R, 41 with levels of size at most X,,.

$. Stejskalova The tree property at R, 5 with a finite gap



Introduction

Recall the following results (we assume X,, is strong limit for the
whole talk):

@ With large cardinals, it is consistent to have GCH failing at
N,. (Gitik)

@ With large cardinals, every 8, 1-tree! can have a cofinal
branch. (Magidor and Shelah)

@ With large cardinals, every N, o-tree can have a cofinal
branch. (Friedman and Halilovic)

@ With large cardinals, every N -tree can have a cofinal branch
for all 1 < n < w. (Cummings and Foreman)

LA tree of height R, 41 with levels of size at most X,,.
$. Stejskalova The tree property at R, 5 with a finite gap



Introduction

Recall the following results (we assume X,, is strong limit for the
whole talk):
@ With large cardinals, it is consistent to have GCH failing at
N,. (Gitik)
@ With large cardinals, every 8, 1-tree! can have a cofinal
branch. (Magidor and Shelah)
@ With large cardinals, every N, o-tree can have a cofinal
branch. (Friedman and Halilovic)
@ With large cardinals, every N -tree can have a cofinal branch
for all 1 < n < w. (Cummings and Foreman)
® Some combinations of these ... (such as 144, 244, 143) are
consistent, some open (such as 2+3, 3+4, 1+2).

LA tree of height R, 41 with levels of size at most X,,.
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In this talk we will focus on the combination 1+3, i.e.
o Have 2%« large + have the tree property at R, 2.

We will try to refine the known results by getting 28~ as large as
possible.
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The tree property

Recall the following facts about the tree property:
o We say that an uncountable regular cardinal x has the tree
property (TP(k)) if every k-tree has a cofinal branch.
o (Konig) Every w-tree has a cofinal branch.
o If k is weakly compact, then TP(k).

o (Specker) If K<F = k then there exists a xT-Aronszajn tree.
Therefore = TP(x™).

o If GCH then —=TP(x™™) for all kK > w.
o TP(k™T) then 2% > k™.

$. Stejskalova The tree property at R, 5 with a finite gap



o A gap 2 was already proved by Friedman, Halilovic in 2011
using the Sacks forcing (starting with a weakly-compact
hypermeasurable).



The tree property at N, » with gap 2

o A gap 2 was already proved by Friedman, Halilovic in 2011
using the Sacks forcing (starting with a weakly-compact
hypermeasurable).

o Recently, gap 2 was also proved (by another method) by
Cummings, Friedman, Magidor, Rinot, Sinapova (starting
with a supercompact cardinal).
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(min(Ryu+, Ry, )), so we cannot aim for an arbitrary gap. In fact
the following is known:

o The failure of GCH at N, is equiconsistent with the existence
of a measurable cardinal x of Mitchell order k. (Mitchell,
Gitik)

o It relatively easy to get a finite gap: 2% =R, 4, 1< n < w.
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There is the famous bound on 2%« indentified by Shelah
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o It is much harder to get an infinite gap: 2% = R, 11
(Magidor), and 2% = X, ;.1 for any w < o < wy (Shelah).
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The continuum function at N,

There is the famous bound on 2%« indentified by Shelah
(min(Ryu+, Ry, )), so we cannot aim for an arbitrary gap. In fact
the following is known:

o The failure of GCH at N, is equiconsistent with the existence
of a measurable cardinal x of Mitchell order k. (Mitchell,
Gitik)

o It relatively easy to get a finite gap: 2% =R, 1 < n < w.

o It is much harder to get an infinite gap: 2% = R, 11
(Magidor), and 2% = X, ;.1 for any w < o < wy (Shelah).

o It is open whether 2% can be greater or equal to N, (pcf
conjecture implies no).
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The tree property at N, » with gap 3

We show a theorem for gap 3 (can be generalized to a finite gap):

Theorem (Friedman, Honzik, S. (2017))

Suppose there is . which is H(AT)-hypermeasurable where ) is the
least weakly compact above k. Then there is a forcing extension
where the following hold:

@ Kk =N, is strong limit and 2% = R, 3.

&) TP(Nw+2)'

$. Stejskalova The tree property at R, 5 with a finite gap




o We use a variant of the Mitchell forcing M = M(k, A, A1) to
force 2% is equal to \*.
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An outline of the proof: basic steps

o We use a variant of the Mitchell forcing Ml = M(x, A\, \T) to
force 2% is equal to A ™.
(*) M is a projection of Add(x,A\") x Q, where Q is some
kT -closed forcing.

o We prepare the ground model so that M preserves the
measurability of x (recall the previous talk).

o In V[M], & is still measurable witnessed by some measure U
and one can construct a guiding generic G& and define the
Prikry forcing with collapses P(U, G¥).
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An outline of the proof: basic steps

o We use a variant of the Mitchell forcing M = M(k, A, A1) to
force 2% is equal to A ™.

(*) M is a projection of Add(x,A\") x Q, where Q is some
kT -closed forcing.

o We prepare the ground model so that M preserves the
measurability of x (recall the previous talk).

o In V[M], & is still measurable witnessed by some measure U
and one can construct a guiding generic G& and define the
Prikry forcing with collapses P(U, G¥).

o One can show that over V, M « P(U, G#) forces k = R,

A =Ny o, and 28 =R 3.
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o Following the approach of Abraham applied to M (see (*)
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An outline of the proof: the tree property

o Following the approach of Abraham applied to M (see (*)
above), we analyze M « P(U, G&) using a certain product
analysis (where r depends on the Cohen information of M):
C={((p,0),r) | ((p,0),r) € MxP(U, G¥)}.
and
T = {(0. 9)| (0. q) € M}.

o The following hold:

@ There is a projection from T x C onto a dense part of
M« P(U, G#).
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An outline of the proof: the tree property

o Following the approach of Abraham applied to M (see (*)
above), we analyze M « P(U, G&) using a certain product
analysis (where r depends on the Cohen information of M):
C={((p,0),r) | ((p,0),r) € MxP(U, G¥)}.
and
T = {(0. 9)| (0. q) € M}.

o The following hold:

@ There is a projection from T x C onto a dense part of
M « P(U, G€).
@ Tis kt-closed.
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o One can define a restriction M « P(U, G&)|« for suitable a's,
a < A, and carry out the product analysis of the tail forcing in
the generic extension by M « P(U, G&)|a.



An outline of the proof: the tree property

o One can define a restriction M * P(U, G&)|« for suitable s,
a < A, and carry out the product analysis of the tail forcing in
the generic extension by M « P(U, G&)|a.

o Over the restriction, it is the key step to show that C? has the
kT-cc (to apply arguments related to not-adding branches to
trees of height \).
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An outline of the proof: the tree property

o One can define a restriction M * P(U, G&)|« for suitable s,
a < A, and carry out the product analysis of the tail forcing in
the generic extension by M « P(U, G&)|a.

o Over the restriction, it is the key step to show that C? has the
kT-cc (to apply arguments related to not-adding branches to
trees of height \).

o The argument finishes as follows: Suppose M x P(U, G&) adds
a A\-Aronszajn tree T. Using a chain condition argument, one
can find A < 8 < A", and a (modified) restriction
M(r, A, B) * P(c(U), c(G#)) which already adds the tree T.
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An outline of the proof: the tree property

o One can define a restriction M * P(U, G&)|« for suitable s,
a < A, and carry out the product analysis of the tail forcing in
the generic extension by M « P(U, G&)|a.

o Over the restriction, it is the key step to show that C? has the
kT-cc (to apply arguments related to not-adding branches to
trees of height \).

o The argument finishes as follows: Suppose M x P(U, G&) adds
a A\-Aronszajn tree T. Using a chain condition argument, one
can find A < 8 < A", and a (modified) restriction
M(r, A, B) * P(c(U), c(G#)) which already adds the tree T.

o The last assumption is used to obtain a contradiction using
properties such as the x*-cc of C? and the product analysis
C x T over a suitable quotient.

$. Stejskalova The tree property at R, 5 with a finite gap



Open questions:

@ Is it consistent to have an infinite gap with TP(X,2)?



Open questions:
@ Is it consistent to have an infinite gap with TP(X,2)?
@ Is it consistent to have TP(X,12) and GCH below X,,?



Open questions:
@ Is it consistent to have an infinite gap with TP(X,2)?
@ Is it consistent to have TP(X,12) and GCH below X,,?

@ Is it consistent to have TP(Xy,+2) with gap 2?7 (Golshani
announced to be close to proving this is consistent).



Open questions:
@ Is it consistent to have an infinite gap with TP(X,2)?
@ Is it consistent to have TP(X,12) and GCH below X,,?

@ Is it consistent to have TP(Xy,+2) with gap 2?7 (Golshani
announced to be close to proving this is consistent).

@ Is it consistent to have TP(Xy,+2) with a larger gap than 2?7



