L uzin m-bases

and

the foliage hybrid operation
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Foliage trees

Informally: a foliage tree = a tree with a leaf at each node.

Definition

F=(T,p) is a foliage tree :«—

T is a tree and ¢ is a function with domain(y) = 7.

& T is called the skeleton of F;

S (v) is called the leaf of F at node v (we denote it by F,).

Recall that the Baire space A is “w with the product topology.

Example
The standard foliage tree of N := a foliage tree S such that
> skeletonS := ““w and

> S, :={ac“w: a begins with v}.
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Properties of foliage trees

Definition
Let F be a foliage tree.
(1) F is locally strict :«—

Vv e skeletonF, F, = I_I{FC ice children(v)}.
(2) F has strict branches :«—

for each branch B of skeletonF, |N,.gF,|=1
(3) F is open in a space X :«—

each F, is an open subset of X.
% F is a Baire foliage tree on a space X :«—

(1) F is locally strict,

(2) F has strict branches,

(3) F isopenin X,

(4) skeleton Fz <“w

(5) Fo (where Of := the least node of skeletonF).
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S is a Baire foliage tree on N

For any space X the following are equivalent:
> There is a Baire foliage tree on X.

> X admits a weaker topology homeomorphic to V.

There is a Baire foliage tree on the Sorgenfrey line Rs.
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Properties of foliage trees

Definition
Let F be a foliage tree and v € skeletonF.
& shootg(v) :=
filter { Uwea Fw : A is a co-finite subset of childreng(v) }

(6) F grows into a space X :«—
Vpe X Vneighbd O(p) Jv eskeletonF s.t.
> F,>p and
> shootg(v) > O(p)
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L is a Luzin 7-base for a space X :«—

> L is a Baire foliage tree on X
> L grows into X.

and

% S is a Luzin 7-base for V.
% B is a Luzin 7-base for Rs.
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Theorem
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there is a continuous surjection f: X open,
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Luzin m-base

Let LPB := the class of spaces that have a Luzin w-base.

Theorem
> For each XeLPB,
. . .. open
there is a continuous surjection 7: X —— N.

> For each XeLPB,
there is a continuous bijection g: X — N.

> Up to homeomorphisms,
LPB = { (“w,T) : 727y and S grows into (“w,T) }
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Luzin m-base

Examples

The following spaces lie in LPB:

>

>

The irrational Sorgenfrey line Zg;

if Xo€{N,Rs,Zs} and 0 < |A| < Ry,

then [T ea Xa € LPB;

if XeLPB,

then X x N € LPB:

if X, € LPB and 0 < |A| < Ro,

then @,ca X, € LPB;

if L is a Luzin 7-base for X and @ # A C skeletonlL,
then U,ea L, € LPB;

if XeLPB and F ¢ X is a o-compact,
then X\F € LPB (the proof uses the foliage hybrid operation).
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Hybrid operation

Definition

A tree G a graft for a tree T :«—

(1) GnT = {0g} umaxG and

(2) <gM(GnT) =<1 (GnT).

S implantG: =G\ T;

& explant(7,G) := (0g, +00)7 \ [max§G, +o0) 7.

Definition
A family 7 of grafts is consistent :«—
(3) VE+Ge~y [implantE nimplantG =@ ] and
(4) VE+Geny
> 0¢ |+ 0g or

> (g € [maxG,+o0) or
> (g € [max&, +o0)T.









«O> < Fr «=»

<

it
v

Q>



hybrid (7, ~) is a set H

«O> < Fr «=»

<

it
v

Q>



hybrid (7,7) is a set H with order <y

«0O>» «F»r «=>»

<

DA



hybrid(7,) is a set H with order <4 such that:
> H =

«0O>» «F»r «=>»

<

it
-

DA



hybrid(7,) is a set H with order <4 such that:
> H o= (T\

«0O>» «F»r «=>»

<

DA



hybrid(7,) is a set H with order <4 such that:

> H = (T\ U eprant(T,Q’))

Gey

«0O>» «F»r «=>»

<

it
-

DA



hybrid(7,) is a set H with order <4 such that:

> o= (T~ | explant(7,G)) u | implantg
Gey

Gevy

«0O>» «F»r «=>»

<

it
-

DA



hybrid(7,) is a set H with order <4 such that:

> = (T~ U explant(7,6)) u |J implantG and
Gey
>

<y =

Gevy

«0O>» «F»r «=>»

<

it
-

DA



hybrid(7,) is a set H with order <4 such that:

> H:= (T\ U eprant(T,Q’)) u |J implantG and
Gey

Gey
> <y :=transitive.closure (<7 U |J<g ) -

Gey

«0O>» «F»r «=>»

<

it
-

DA



hybrid(7,) is a set H with order <4 such that:

> H:= (T\ U eprant(T,Q’)) u |J implantG and
Gey

Gey
> <y :=transitive.closure (<7 U |J<g ) -

Gey

«0O>» «F»r «=>»

<

it
-

DA



hybrid(7,) is a set H with order <4 such that:

> H:= (T\ U eprant(T,Q’)) u |J implantG and
Gey

Gey
> <y :=transitive.closure (<7 U |J<g ) -

Gey
hybrid (7,7) is a tree.
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Foliage hybrid operation
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Foliage hybrid operation

We consider only nonincreasing foliage trees (w >v — F, cF,).
Definition
A foliage tree G is a foliage graft for a foliage tree F  :«—
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Foliage hybrid operation

We consider only nonincreasing foliage trees (w >v — F, cF,).
Definition
A foliage tree G is a foliage graft for a foliage tree F  :«—

> skeletonG is a graft for skeletonF,

> Gg, ¢ Fo,, and

> VYmemaxG [Gp, = Fpy ).

& cut(F,G) := Fo. \ Gog, ;
2 loss(F,7) := U{cut(F7G) : G ev}.
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fol.hybrid(F,~) is a foliage tree H such that
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G, loss(F,~), if veskeletonG (for some G € ).

Proposition
> If F and each G €~y are locally strict,
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Foliage hybrid operation

Definition
fol.hybrid(F,~) is a foliage tree H such that
> skeletonH := hybrid(skeleton F, {skeletonG : G 67}) and

> H. = F,~ loss(F,7), if ve skeletonF;
R TN loss(F,~), if v e skeletonG (for some G € 7).

Proposition
> If F and each G €~y are locally strict,
then fol.hybrid(F,~) is locally strict.

> If F has strict branches and splittable,
and if each G € v has bounded chains,
then fol.hybrid(F,~) has strict branches.
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How to build Luzin m-base for a subspace of X
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(2) When the folhybrid(L,~) grows into Y7
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Vpe X VYw e explant(L, G) s.t.
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How to build Luzin m-base for a subspace of X

Let L be a Luzin m-base for X and let Y c X:

(1) When the folhybrid(L,~) is a Baire foliage tree on Y7
(2) When the folhybrid(L,~) grows into Y7

Definition

A foliage graft G preserves shoots of L :«—

VpeX VYw e explant(L,G) s.t. L, 3 p

JveimplantG [ G,>p and shootg(v) > shoot (w) ].

Proposition
If L grows into X and each G €« preserves shoots of L,
then fol.hybrid(L,~) grows into X \ loss(L, 7).
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