Compact sets in Euclidean spaces as |IFS-attractors J

Magdalena Nowak

Jan Kochanowski University in Kielce

Hejnice 2016

joint work with T. Banakh

Magdalena Nowak Compact sets in Euclidean spaces as IFS-attractors



Which sets can be embedd in Euclidean space?

Definition

A metric space (X, d) is called doubling if there exists a natural
number M such that each open ball B(x, r) is contained in the
union of at most M open balls B(y, 5).
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Which sets can be embedd in Euclidean space?

Definition

A metric space (X, d) is called doubling if there exists a natural
number M such that each open ball B(x, r) is contained in the
union of at most M open balls B(y, 5).

Assouad’s theorem

| A

For each doubling space (X, d) and for each o € (0, 1) there exists
n € N and bi-Lipschitz function ¢: (X, d*) — R".

\
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[FS-attractors

Definition

An Iterated Function System (IFS) is a finite collection of
contractions on the metric space X:

F={f,fh,....,f: X —>X;_n;ax {Lipfi} < 1}.
i=1,...,n

A nonempty compact set A C X which is invariant by the IFS F,
in the sense:
A=hH(A)U LA U---Uf(A)

is called the attractor of the IFS F (IFS-attractor).
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[FS-attractors

Definition

An Iterated Function System (IFS) is a finite collection of
contractions on the metric space X:

F={f,fh,....,f: X —>X;_n1|ax {Lipfi} < 1}.
i=1,...,n

A nonempty compact set A C X which is invariant by the IFS F,
in the sense:
A=hH(A)U LA U---Uf(A)

is called the attractor of the IFS F (IFS-attractor).

For every IFS on a complete metric space X there exist a unique
IFS-attractor.
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Being an IFS-attractor is not a topological invariant
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Being an IFS-attractor is not a topological invariant

Problem

Which compact space is homeomorphic to an IFS-attractor in the
Euclidean space?
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Being an IFS-attractor is not a topological invariant

Problem

Which compact space is homeomorphic to an IFS-attractor in the
Euclidean space?

Definition

A compact space A is a Euclidean fractal if it is homeomorphic to
some |FS-attractor in R” (there exists a metric on A and IFS
F ={f: A— A} such that A = Urcr F(A)).
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Being an IFS-attractor is a bi-Lipschitz invariant

Bi-Lipschitz image of IFS-attractor is also IFS-attractor. I
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Being an IFS-attractor is a bi-Lipschitz invariant

Bi-Lipschitz image of IFS-attractor is also IFS-attractor. I

F X - IFS-attractor for family F and each f € F
is A-Lipschitz in X (A < 1).
S
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Being an IFS-attractor is a bi-Lipschitz invariant

Bi-Lipschitz image of IFS-attractor is also IFS-attractor. I

K X - IFS-attractor for family F and each f € F
X7 o x
is A-Lipschitz in X (A < 1).
solT ¥ For every k € N, X is an IFS-attractor for the

F i k — .
(P(X) - (P(X) fakmllly}". {flo. Ofk.fl,...,fkéf} of a
AX-Lipschitz function.
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Being an IFS-attractor is a bi-Lipschitz invariant

Bi-Lipschitz image of IFS-attractor is also IFS-attractor. I

K X - IFS-attractor for family F and each f € F
X7 o x
is A-Lipschitz in X (A < 1).
solT J{‘P For every k € N, X is an IFS-attractor for the

F i k — .
QP(X) - QP(X) fakmllly}". {flo. Ofk.fl,...,fkéf} of a
AX-Lipschitz function.

¢ - bi-Lipschitz function so ¢: X — ¢(X) is a homeomorphism
and ¢, o1 are Lipschitz.
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Being an IFS-attractor is a bi-Lipschitz invariant

Bi-Lipschitz image of IFS-attractor is also IFS-attractor. l

K X - IFS-attractor for family F and each f € F
X7 o x
is A-Lipschitz in X (A < 1).
solT J{‘P For every k € N, X is an IFS-attractor for the

F i k — .
QP(X) - @(X) fakmllly}". {flo. Ofk.fl,...,ka]:} of a
AX-Lipschitz function.

¢ - bi-Lipschitz function so ¢: X — ¢(X) is a homeomorphism
and ¢, o1 are Lipschitz.

Take a k € N such that Lip ¢ - Ak - Lip ¢! < 1 then ¢(X) is an
IFS-attractor for 7/ = {pofio---ofrop™t: fi,...,f € F}
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A sufficient condition of beeing Euclidean fractal

Each IFS-attractor which is doubling, is an Euclidean fractal. I
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A sufficient condition of beeing Euclidean fractal

Each IFS-attractor which is doubling, is an Euclidean fractal. I

(X,d) (X, d) is an IFS-attractor for A-Lipschitz
function from F (A < 1).

hlhomeo.
(X, d%)
LP\L bi—Lipschitz

Rn
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A sufficient condition of beeing Euclidean fractal

Each IFS-attractor which is doubling, is an Euclidean fractal. I

(X,d) (X, d) is an IFS-attractor for A-Lipschitz
function from F (A < 1).

h | homeo.

(X, d¥) (X, d?*) is an IFS-attractor for

J{ A%-Lipschitz functions from F (« € (0,1)).
@ | bi—Lipschitz

Rn
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A sufficient condition of beeing Euclidean fractal

Each IFS-attractor which is doubling, is an Euclidean fractal. I

(X,d) (X, d) is an IFS-attractor for A-Lipschitz
function from F (A < 1).

h | homeo.

(X, d¥) (X, d?*) is an IFS-attractor for

J{ A%-Lipschitz functions from F (« € (0,1)).
@ | bi—Lipschitz

R" ©(X) C R" is an IFS-attractor.
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Compact spaces as Euclidean fractals

Theorem (Banakh, N 2015)

Let X be compact doubling space and Z be its uncountable,
zero-dimensional, subset open in X. Then X is an Euclidean

fractal.
YA
compact set
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Compact spaces as Euclidean fractals

Theorem (Banakh, N 2015)

Let X be compact doubling space and Z be its uncountable,
zero-dimensional, subset open in X. Then X is an Euclidean
fractal.

1992 - Duvall & Husch (X C R" and Z - Cantor set)

Z
compact set
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Compact spaces as Euclidean fractals

Theorem (Banakh, N 2015)

Let X be compact doubling space and Z be its uncountable,
zero-dimensional, subset open in X. Then X is an Euclidean
fractal.

1992 - Duvall & Husch (X C R" and Z - Cantor set)

Z
compact set
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Compact spaces as Euclidean fractals
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Compact spaces as Euclidean fractals

Theorem (Banakh, N 2015)

Let X be compact doubling space and Z be its uncountable,
zero-dimensional, subset open in X. Then X is an Euclidean
fractal.

1992 - Duvall & Husch (X C R"” and Z - Cantor set)

““o T Lipschitz
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Compact spaces as Euclidean fractals

Theorem (Banakh, N 2015)

Let X be compact doubling space and Z be its uncountable,
zero-dimensional, subset open in X. Then X is an Euclidean

fractal.
Z .
zero-dim compact set
uncountablg
T Lipschitz
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Compact spaces as Euclidean fractals

Theorem (Banakh, N 2015)

Let X be compact doubling space and Z be its uncountable,
zero-dimensional, subset open in X. Then X is an Euclidean

fractal.
ncountabl g
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Compact spaces as Euclidean fractals

Theorem (Banakh, N 2015)

Let X be compact doubling space and Z be its uncountable,
zero-dimensional, subset open in X. Then X is an Euclidean

fractal.
ncountabl g
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Compact spaces as Euclidean fractals

Theorem (Banakh, N 2015)

Let X be compact doubling space and Z be its uncountable,
zero-dimensional, subset open in X. Then X is an Euclidean

fractal.
Z :
zero-dim compact set
uncountablg
%

‘\‘é% T Lipschitz
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TO nonexpansive
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