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How can we express properties of elementary embeddings?

F CP(X) is a filter on X, if F is closed under supersets and finite
intersections.

_ Filters _

Extenders J: V- M Normal Towers

C-Systems of Filters



Why Systems of Filters?

Systems of Filters:

» generalize both extenders and normal towers;

> provide a common framework in which properties of extenders and
towers can be expressed in a coincise way.

What is a system of filters?



Indices

Extenders Normal Towers

E={F,:ae [N} T={F,:ac V,}

C-systems of filters

S={F,:aeC}

A set C € V is a directed set of domains iff the following holds:
1. ldeal property: C is closed under subsets and unions;
2. Transitivity: |JC is transitive.



Filter Property and Compatibility

In standard extenders F, is a filter on [r,]'?.

Tba © [kb]1P! = [K2]12! is such that given a, b € [A\]<“ such that
b={ag,...,an} 2 a={aj,...,q; } and s = {sp,..., 5},
7rba(s) = {S,‘O, ey S,‘m}.

For instance if a = {1,w}, b= {0,1,74,w,w’ + 1}, s = {0,1,2,3,4},
then mpa(s) = {1,3}.

We can see F, as a filter on %k,.

In this case Tp, : Prp — ¥k, is just the restriction of functions, i.e.
Wba(f) =f [ a.



Filter Property and Compatibility

In standard towers F, is a filter on P(a).

Tba : P(b) — P(a) is such that given a, b € V), X € P(b),
7Tba(X) =XNa.

We can see F, as a filter on {my, : M C a} (where mp - M — V is the
Mostowski collapse of the structure (M, €)).

In this case 7p, is just the restriction of functions, i.e. mpa(f) =f | a.



Filter Property and Compatibility

Extenders Normal Towers
E={F:ac[\v} T={F,:ac W}
F, filter on [x,]?! F, filter on P(a)
Tpa(s) = sP Tha(X) = XN a
A€ F, iff m A € Fp A€ F, iff m. Al € Fp

C-systems of filters
S={F,:acC}
F, filter on O,
ha(f)=1F | a
A€ F,iff m,[A] € Fp

O,={mm [ (anM): MCtrcl(a), M e V}



Filter Property and Compatibility

Extenders Normal Towers
E={F:ae X<} T={F,:aeV,}
F, filter on “x, F, filter on {mp : M C a}
mha(f)=1F ] a mha(f)=1F ] a
A€ F, iff mA] € Fp A€ F, iff m Al € Fp

C-systems of filters
S={F,:a€C}
F, filter on O,
71'ba(f) =fla
Ac F,iff ' [A] € Fp

O,={mm 1 (anM): MCtrcl(a), M e V}



Fineness

Extenders Normal Towers
For all x € a, For all x € a,
{f €k, x€a}leF, {XeP(a):xe X} eF,

C-systems of filters

For all x € a,
{f € 0,:xedom(f)} € F,



Normality

Extenders:
> u:A— Vs regressive on A C 7k, iff there exists o € a such that
for all f € A, u(f) € f(a).
» u:A— Vis guessed on B C by, b D aiff there is a B € b such
that for all f € B, u(mpa(f)) = F(B).

Towers:
> u:A— Vis regressive on A C P(a) iff for all X € A, u(X) € X.
> u:A— Vis guessed on B C P(b), b D aiff there is a y € b such
that for all X € B, u(mpa(X)) = y.

C-System of Filters: define x <y asxe€yVx=y.
> u:A— Vis regressive on A C O, iff for all f € A, u(f) < f(x¢) for
some x¢ € dom(f).
» u:A— Visguessed on B C Op, b D aiff there is a y € b such
that for all f € B, u(mpa(f)) = (y).



Normality

Extenders Normal Towers
Normal Normal

C-systems of filters

Normal

(Normality) Every function u: A — V in V that is regressive on a set
A € I for some a € C is guessed on a set B € I, for some b € C such
that B C 7, '[A];



Ultrafilter Property

Extenders Normal Towers
E={F:ac[\“} T={F:acV\}
F, ultrafilter on “k, F, ultrafilter on P(a)

C-systems of filters
S={F,:aeC}
F, ultrafilter on O,

O,={mm I (anM): MCtrcl(a), M e V}



(k, \)-Systems of Filters
(k, \)-Extenders: F, is k-complete. The support k, is the least £ such
that [¢]1%l € F,. And
» if a C b e [A]<“ then
> Ka < Kb;
> if max(a) = max(b), then k, = kp;
> Kk} = K

Sis a (k, \)-system of filters if:

K4 is the support of a iff it is the minimum & such that O, NV, € F,.
» rank(C) = X and x C |JC,
» Fp,y is principal generated by id [ {7} whenever v < &,

> K, < K whenever a € V1.



From a system of ultrafilters to elementary embeddings

Let S be a C-system of ultrafilters, and define
Us={u:0,—V : aeC}
and the relations
u=sv&{feO.: umnau(f))=vires(f))} € F.

uesve {feO.: ulmea(f)) € v(re(f))} € Fe
where O, = dom(u), Op = dom(v), c=aUb.

The ultrapower of V by Sis Ult(V,S) = (Us/ =s, €s).

Define js : V — Ult(V,S) by js(x) = [cx]s, e : Op — {x}.



From elementary embedding to system of ultrafilters

Let j: V — M C V]G] be a generic elementary embedding, C € V be a
directed set of domains such that (j [ a)~! € M for all a € C.

The C-system of ultrafilters derived from j is S = (F,: a € C) such that:

Fo={Aco,:(i1a) " ej(A)}.



C-systems of filters from a single j

Let j: V — M C W be a generic elementary embedding definable
in W, S, be the C,-system of V-ultrafilters derived from j for n =
1,2, C; C Cy. Then Ult(V,S,) can be factored into Ult(V,Sy),
and crit(ky) < crit(k2) where kq, ko are the corresponding factor
maps.

J

Vv
\jz UI(V,S2) ~ ko
i [k ky

Ult(V, Sy)



C-systems of filters from a single j

non(F)=min{|A|: A€ F}. non(S)=sup{non(F,)+1:a€C}.

Let j: V — M C W be a generic elementary embedding definable
in W, S be the C-system of filters derived from j, £ be the extender
of length A D j[non(S)] derived from j. Then Ult(V, &) can be
factored into Ult(V,S), and crit(ks) < crit(kg).




Generic C-Systems of ultrafilters

> Let F be a B-name for an ultrafilter on PY(X). Define

|(F):{ch: [[VGFH:OB}

> Let / be an ideal in V on P(X) and consider the poset B = P(X)/I.
Let F(/) be the B-name defined by

F() = {{Y,[Y]): Y S X}

> Let S be a B-name for a C-system of ultrafilters. Then we define the

corresponding C-system of filters in V/, I(S).

» Conversely, S be a C-system of filters in V. Then we define the
corresponding name for a C-system of ultrafilters, F(S).



Generic C-Systems of ultrafilters

Let S be a (k, \)-C-system of filters, C be a x-cc cBa. Define
C v
S‘C:{F;C:aEC}WhereF;C:{AQ(Oa)V:EIBGFQAQB},

SC is a C-system of filters, C xS® is isomorphic to S *j(C) and the
following diagram commutes.

j F(S
F(S) c Vs
N N N
yC —— (@) C S0 = yCsst

Jr(s)



Generic C-Systems of ultrafilters

Let S be a (k, \)-C-system of filters, C be a x-cc cBa. Define
C v
S‘C:{F;C:aEC}WhereF;C:{AQ(Oa)V:EIBGFQAQB},

SC is a C-system of filters, C xS® is isomorphic to S *j(C) and the
following diagram commutes.

j F(S
F(S) c Vs
N N IN
VCE —— pmi(©)  C s = V(C*SC
Jr(s)

Thank you!



