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Proposition

Let X;, i € I, be pairwise disjoint and connected L,-structures. If the union
Uie ; X is reversible, then X; is reversible for each i € I.
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disconected binary structures that are more operative.
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And also list the following conditions:

(bl) There is no infinite sequence (i : k € Z) of different elements from /
such that Cond(X;,, ,X;,) # 0 foreach k € Z, and Iso(X; , X)) = 0.
(b2) There is no infinite sequence (ix : k € w) of different elements from /
such that Cond(X;,, ,X;,) # 0 for each k € w, and Iso(X;,, X; ) = 0.
(b3) Nonisomorphic components are condensation incomparable.

(b4) Components of the same size are isomorphic.

Proposition

Let X, i € I, be disjoint, connected and reversible Ly-structures. Then any of
the conditions (al)-(a5), together with any of the conditions (b1)-(b4), implies
that the union  J;., X is reversible.
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Examples of reversible disconnected binary structures

In the direct product of the above diagrams all the implications are proper, and
there are no new implications (except the ones following from transitivity).

\ [ = (b1 (T) [ (b1) | (b2) (b3) | oy ]
ﬁ(%‘) ngungugh LJJLQULW.J]I@U]LQ LQUQLSUQLS‘Z U]LSU]L.})UU]LB'Z U]LQUUM
(al) LQUULNULQ Ursurfurd? | LuJriuJu UJL“uJLluUL“ ]L>UU]L,
(a2) U]L UU]LO - U]Lju]L‘,j. IL:UU]L; U]LE,ulLi. U]Lw‘
(a3) Uu} uULOl LjLi.u]Lg;l Li,uLj]L'j;l LiZUULi:Q U

(ad) U]LQUU]L”U]L; U]LaU]L”u]Iq Lyu|JLuL] Jrurjury? JLouLy

(a5) U]LoUUngU]Lg U]LvUIL ULs Lyu| JLYULs Jriuriurg JLauLs
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Table 1: Various reversible and nonreversible (gray) disconnected binary
structures
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Additional sufficient conditions for reversibility
Proposition

Let X; = (X;, pi), i € I, be disjoint, connected and reversible L,-structures.
Then the union | J,.; X; is reversible if there is no infinite sequence (i; : i € w)
of different elements from I such that Mono(X;;, , X;,) # () foreach k € w,
and Mono(X;,, X;,) # Iso(X,, Xj,).
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Then the union | J,.; X; is reversible if there is no infinite sequence (i; : i € w)
of different elements from I such that Mono(X;;, , X;,) # () foreach k € w,
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Let X, i € I, be disjoint, connected and reversible Lj-structures, and let 6 be
a cardinal function satisfying the following monotonicity property:

Mono(X,Y) # 0 = 0(X) < 6(Y).

Then the union | J,¢; X is reversible if Mono(X;, X;) = Iso(X;, X;) for each
i,j €19 i+ j, where k. := sup;c; 0(X;), and for each cardinal x < k. there
is no infinite sequence (i; : k € w) of different elements from 79 such that
Mono(X;;,, ,,X;,) # 0 for each k € w.
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Vopénka, Pultr and Hedrlin showed in [12] that on any set X there is an endo-
rigid irreflexive binary relation p.
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relations on any X such that idy is the only endomorphism of the structure X.
For example, if X = w, let p = {(0,0)} U J,,c,{(n,n + 1)}. Since

{idx} C Aut(X) C Cond(X) C Mono(X) C Hom(X) = {idx},
we conclude that any such X is reversible, and that Mono(X) = Aut(X).
However, it is not enough to require X to be rigid (i.e. Aut(X) = {idx}) and
reversible, in order to have Mono(X) = Aut(X). For example, X = (w, <) is
rigid and reversible, but Mono(X) \ Aut(X) # (). Also, there are nonrigid
structures X such that Mono(X) = Aut(X), for example X = (w, p) where
p={(0.2)} UUyen{ (n.n + 1)},
If A, is an infinite family of disjoint, connected, reversible and isomorphic
binary structures of size k., such that Mono(X) = Aut(X) for each X € A,
then Mono(X,Y) = Iso(X,Y) foreach X, Y € A, , X # Y.
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Vopénka, Pultr and Hedrlin showed in [12] that on any set X there is an endo-
rigid irreflexive binary relation p. One can easily construct nonirreflexive
relations on any X such that idy is the only endomorphism of the structure X.
For example, if X = w, let p = {(0,0)} U J,,c,{(n,n + 1)}. Since
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we conclude that any such X is reversible, and that Mono(X) = Aut(X).
However, it is not enough to require X to be rigid (i.e. Aut(X) = {idx}) and
reversible, in order to have Mono(X) = Aut(X). For example, X = (w, <) is
rigid and reversible, but Mono(X) \ Aut(X) # (). Also, there are nonrigid
structures X such that Mono(X) = Aut(X), for example X = (w, p) where
p={(0.2)} UU,cxel{mn+ 1)}.
If A, is an infinite family of disjoint, connected, reversible and isomorphic
binary structures of size k., such that Mono(X) = Aut(X) for each X € A,
then Mono(X,Y) = Iso(X,Y) foreach X, Y € A, , X # Y. If for each
cardinal & < k. = sup;.; |Xi| the set I’ is finite, and if {X; : i € I7.} = A,
the union | J,¢; X; is reversible by the last corollary.
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structures X such that Mono(X) = Aut(X), for example X = (w, p) where
p={(0.2)} UU,cxel{mn+ 1)}.
If A, is an infinite family of disjoint, connected, reversible and isomorphic
binary structures of size k., such that Mono(X) = Aut(X) for each X € A,
then Mono(X,Y) = Iso(X,Y) foreach X, Y € A, , X # Y. If for each
cardinal & < k. = sup;.; |Xi| the set I’ is finite, and if {X; : i € I7.} = A,
the union | J,¢; X; is reversible by the last corollary.
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* # |/ + = = A, o
0*(X) || [X] [ [pl | Deg™(X) [ [pN0 Ax| [ 5-1(p\Ax) N1 (p\AX) "]

Fork € wand * € {/,#,4,=,2, A}, let YI"=* i € M, be all finite and
finitely many infinite (if there are any) nonisomorphic connected reversible
structures for which 8* = k, and let Z?*:k , I € Ni, be all nonisomorphic...

e x € {/} ... connected structures for which 6’ = k.
o x € {#} ... digraph trees for which 6% = k.
x € {#} ... connected (deg™-)regular digraphs for which #* = k.

x € {=} ... reflexive digraph trees for which 6= = k.

* € {2} ... connected graphs for which = = k.

x € {A} ... poset trees with no leaves on first level, for which #* = k.

Then all the components Z? =* are connected, finite and reversible, except the

+_ . .
components Z? =k which are at most countable and reversible.
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Further examples of reversible disconnected structures

[ [ & I T T 12 =T INGT

! kew <w <w <w <w
# || keN <w <w <w <w
+ || k<1 <2 <2 <2 <2

k>2 <w w <w c
= | k€eEw < 0 w <w <w
Slkew < 00 w <w < w
Allkcew < 00 w <w <w

Table 2: The size of the sets Y =%, M}, Z0"=* and N}
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Forn > 2,and * € {/, #,£,=,=, A}, let us define the following structure:
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Forn > 2,and * € {/, #,£,=,=, A}, let us define the following structure:
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k=0 ieMy iENy w

All the structures X are reversible by the last corollary.
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k=0 ieMy iENy w

All the structures X are reversible by the last corollary.
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Most of the structures X are placed in (al) row of Table 1. The condition
(al) is not operative, therefore the presented sufficient conditions do not
substitute each other.
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