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Introduction

Theorem (Bolzano 1817)

If a continuous f: [a,b] — R and
f(a) - f(b) <0,

then there is ¢ € [a, b] such that f(c) = 0.




Introduction

I" =[0,1]" : n-dimensional cube in R".
Its i-th opposite faces are defined as follows:

I7: ={xel": x(i)=0}, I': ={xel": x(i)=1}
I
(0,1) (1,1)
I I+
(0,0) (1,0)



The Poincaré-Miranda theorem

Theorem (Poincaré 1883)

If a continuous
f=(h,ty....f): 1" =>R",
)

c (_0070]7 fi(li+) c [0700)7
then there is ¢ € I" such that f(c) = (0,0,...,0)




The Poincaré-Miranda theorem

Theorem (Poincaré 1883)

If a continuous
f=(ffo....,fa): I" = R,
)

c (_0070]7 fi(li+) c [0700)7
then there is ¢ € I" such that f(c) = (0,0,...,0)

Theorem (Miranda 1940)

The Poincaré theorem is equivalent to the Brouwer fixed point theorem.




The n-dimensional Bolzano property

Definition (Kulpa 1994)

The topological space X has the n-dimensional Bolzano property if there
exists a family {(A;, B;) : i =1,...,n} of pairs of non-empty disjoint
closed subsets such that for every continuous

f=(f,....f):X—>R"

Vign f;(A,) C (—0070], and f;(B,) C [0, OO)7

there exists ¢ € X such that f(c) = 0.

{(Ai,B;):i=1,...,n}: an n-dimensional boundary system




The n-dimensional Bolzano property

Definition (Bolzano property)

The topological space X has the n-dimensional Bolzano property if there
exist a family {(A;, B;) : i =1,...,n} of pairs of non-empty disjoint
closed subsets such that for every family {(H:",H;") : i =1,...,n} of
closed sets such that

for each i < n A; C H7,B; C H" and H UH;" = X

we have

(WH™NHi=1,....n} #0.




The n-dimensional Bolzano property

If X has the n-dimensional Bolzano property. Then X has the Kulpa
n-dimensional Bolzano property.




The n-dimensional Bolzano property

If X has the n-dimensional Bolzano property. Then X has the Kulpa
n-dimensional Bolzano property.

Theorem

If X is perfectly normal and has the Kulpa n-dimensional Bolzano
property. Than X has the n-dimensional Bolzano property.

| A
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Properties

Theorem

Let {(A;,B;) : i =1,...,n} be the n-dimensional boundary system in Ts
space X. Then for each i < n A;, B; have an (n — 1)-dimensional
Bolzano property.

Moreover the families

{(AinA;,ANB):j#i},{(BiNA;,BiNB;):j#i}

are an (n — 1)-dimensional boundary systems in A;, B; respectively.




Theorem

Let {(A;,B;) : i =1,...,n} be the n-dimensional boundary system in Ts
space X. Then for each i < n A;, B; have an (n — 1)-dimensional
Bolzano property.

Moreover the families

{(AinA;,ANB):j#i},{(BiNA;,BiNB;):j#i}

are an (n — 1)-dimensional boundary systems in A;, B; respectively.

Corollary
Let i, b C{1,...,n}, h Nl =0. Then the subspace

(A N()B

ieh i€h

| \

has an (n — (card(h) + card(})))-dimensional Bolzano property.

A\




An n-cube-like polyhedron




An n-cube-like polyhedron
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An n-cube-like polyhedron
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An n-cube-like polyhedron




An n-cube-like polyhedron
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An n-cube-like polyhedron

Let (K,K) be an n-cube-like polyhedron in R™. Then K has an
n-dimensional Bolzano property.




The Steinhaus chains

Theorem (PT and Turzariski 2008)

For an arbitrary decomposition of n-dimensional cube I" onto k" cubes
and an arbitrary coloring function F: T (k) — {1,...n}

for some natural number i € {1,...n} there exists an i-th colored chain
P1, ..., P, such that

PinIt #0 and PN I # 0.
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Theorem (PT and Turzarski 2008)
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The Steinhaus chains

Theorem (PT and Turzariski 2008)

For an arbitrary decomposition of n-dimensional cube I" onto k" cubes
and an arbitrary coloring function F: T (k) — {1,...n}

for some natural number i € {1,...n} there exists an i-th colored chain
P1, ..., P, such that

Pin I #0 and PN I # 0.

Theorem (Topological version)

Let {U;:i=1,---,n} be an open covering of I". Then for some
i € {1,...n} there exists continuum W C U; such that

Wni-#£0#WnIt.




The Steinhaus chains

Theorem (PT and Turzanski)

The following statements are equivalent:
1. Theorem(on the existence of a chain)
2. The Poincaré theorem

3. The Brouwer Fixed Point theorem.




The Steinhaus chains

Theorem (Michalik, P T, Turzariski 2015)

Let K" be an n-cube-like complex. Then for every map
¢: |K" — {1, ...,n} there exist i € {1, ...,n} and i-th colored chain
{s1,..-sSm} C |K"| such that

s1 € F; and sy, € F

v

(The sequence {si,...,sm} C |K"| is a chain if for each i € {1,...,m — 1}
we have {s;,si11} € K".)



The inverse system

Let us consider the inverse system {X,, 77, X} where:

(i) Vo € ¥ X, is a compact space with n-dimensional boundary system
{(A?,Bf):i=1,...n}.

(i) Vo,p € L, p < o the map 77 : X, — X, is a surjection such that
mo (A7) = A7, w7 (BY) = BY.



The inverse system
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The inverse system

Let us consider the inverse system {X,, 77, X} where:

(i) Vo € ¥ X, is a compact space with n-dimensional boundary system
{(A?,Bf):i=1,...n}.

(i) Vo,p € L, p < o the map 77 : X, — X, is a surjection such that
T (A7) = A7, =7 (Bf) = BY.

The space X = lim{X,, 77, %} has n-dimensional Bolzano property.
=

Pseudoarc has the Bolzano property.




The Bolzano property and the dimension

Theorem

Let X be a normal space. dimX > n iff there exist a family
{(Ai,B;) : i =1,...,n} of pairs of non-empty disjoint closed subsets
such that for every family {L; : i =1,...,n} where L; is a partition
between A; and B; we have

n

n Li #0.
i=1




The Bolzano property and the dimension

Theorem

Let X be a normal space. dimX > n iff there exist a family
{(Ai,B;) : i =1,...,n} of pairs of non-empty disjoint closed subsets
such that for every family {L; : i =1,...,n} where L; is a partition
between A; and B; we have

n

n Li #0.
=1l

Theorem

| \

If a normal space X has n-dimensional Bolzano property. Then
dimX > n.

A\




The Bolzano property and the dimension

Theorem

Let X be a normal space. dimX > n iff there exist a family
{(Ai,B;) : i =1,...,n} of pairs of non-empty disjoint closed subsets
such that for every family {L; : i =1,...,n} where L; is a partition
between A; and B; we have

n

n Li #0.
i=1

Theorem

If a normal space X has n-dimensional Bolzano property. Then
dimX > n.

Theorem

| \

If X is a perfectly normal space X and dimX > n. Then X has
n-dimensional Bolzano property.




Problem
Is there a gap beetween the Bolzano property and the dimension of X7




