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Problem.   (Ulam)  Can we find, for every natural number   n, a binary relation  B  on a infinite set   E   (for example, on a set of cardinality continuum) such that the structure  (E , B)   has precisely   n   automorphisms?

Proposition ( ZFC) (Kharazishvili) If   (   is any infinite cardinal number, and   G   is a group which  (G( ( ( ,  then there exist a set   EG    of cardinality ( and a binary relation    BG    on the set    EG ,   such that the group of all automorphisms of the structure   (EG, BG)  and the group   G  are isomorphic. 
Proposition .  (a) it is possible to solve Ulam’s problem effectively (i.e., within   ZF   theory). 

(b) there exists a uniform solution of Ulam’s problem.

Theorem 1.   If    E    is an  infinite set, then the following two conditions are equivalent:

1) there exists a uniform binary relation   f  ( E2    such that the cardinality of the group of all automorphisms of the structure (E , f ) is equal to  (;

2) ( ( [ 1, (] ( { 2(:  ( ≤ |E| }.

Theorem 2.   There exists an infinite set   E   and a binary relation S ( E2 such that , for every uniform binary relation   f  ( E2 , the cardinalities of the automorphisms groups of the structures (E , S ) and  (E , f ) are distinct.

Problem (König).  Whether for any abstract group there exists a graph whose automorphisms group is isomorphic to the given abstract group.

Corollary 1. It is impossible to represent all infinite groups as  automorphism groups of  uniform binary relations.

Corollary 2.    Let   (    be a cardinal such that there exists a binary relation on the set of all natural numbers, which has  precisely    (    many   automorphisms and does not exist a uniform binary relation which has precisely ( many automorphisms. Then    ( < ( < 2 (;
Corollary  3.   There exists a uniform binary relation which has precisely (1 automorphisms  (  CH .

Corollary 4. There is a model of ZFC  where there exists a Suslin tree  which  does not admit uniformization (from the point of view of their cardinalities of automorphism groups). 

P (κ )  - There exists a rigid function       f : κ →  κ  whose one level has κ  many elements and the other levels have at most two elements",

R(κ)  - There is no function  g: κ →  κ  which has precisely    κ   many automorphisms". 
Theorem 3. Let   κ ≠ 0   be a cardinal. Then the following equivalence  is true: 
          ω < κ <  2 ω   (    P (κ ) &  R(κ).  

