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Basics
o

Axiom A

Definition (Baumgartner, 1983)
A poset (P, <o) satisfies Axiom A if and only if

o There exists a countably infinite sequence <o, <1, <2, ... of partial orders on
the set P such that

9 p <pn+1 q implies p <y, g for all n < w and all p,q € P.

o Given pg >0 p1 >1 p2 >2 ... there exists a condition ¢ € P such that ¢ <n pn
for all n < w.

9 Given p € P, an antichain A C P and an n < w there exists a ¢ <n p such
that {r € A|r|log} is countable.

Examples
9 Whatever forcing satisfies the ccc does also satisfy Axiom A.
9 Proof: Let <p be the identity for all n € w \ 1.
@ Any countably closed notion of forcing satisfies Axiom A.
9 Proof: Let <, be g for allm € w \ 1.
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The strengthened proper game

Definition

Let P be a poset and p a condition of P. The strengthened proper game for P
below p is played as follows:

9 In move n Player I plays a P-name for an ordinal &y, . ..
9 ...to which Player II responds by playing a countable set of ordinals By, .
Player II wins iff there is a ¢ < p such that g lFp “Yn < w : & € By,

Remark

Whenever Player II has a winning strategy in the strengthened proper game for P
below p she has one in the proper game for P below p.
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33y -correct cardinals

Definition

An ordinal a is ¥p-correct iff Vi, <5, V.

Fact

The regular X1-correct cardinals are precisely the inaccessible ones.

Fact

There are unboundedly many regular X, -correct cardinals

below any regular X,1-correct cardinal.

Fact

For any n < w there are stationarily many reqular X, -correct cardinals
below the first Mahlo cardinal.
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Bounded Forcing Axioms
(]

Their definition

Definition

Let x, A be cardinals and C be a class of forcing notions.

The Bounded Forcing Axiom for C and &, bounded by A—BFA(C, k, \) for
short—asserts the following:

If P is a forcing notion in C and A is a family of less than x maximal antichains
each of which has size less than A,

there is a filter G C P such that VA€ A: ANG D 0.
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Bounded Forcing Axioms
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Their definition

Definition

Let x, A be cardinals and C be a class of forcing notions.

The Bounded Forcing Axiom for C and &, bounded by A—BFA(C, k, \) for
short—asserts the following:

If P is a forcing notion in C and A is a family of less than x maximal antichains
each of which has size less than A,

there is a filter G C P such that VA€ A: ANG D 0.

Examples
o The Bounded Proper Forcing Axiom BPFA is BFA(SBN R, Na, Na).
¢ Bounded Martins Maximum BMM is BFA (B Nssp, Ra, Ng).

¢ Martin’s Axiom for 3 MAy, (MA +-CH) is BFA(BNc.c.c.,N2,N1) or
BFA(c.c.c., N2, Q).
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0000
Their definition

Definition

Let x, A be cardinals and C be a class of forcing notions.

The Bounded Forcing Axiom for C and &, bounded by A—BFA(C, k, \) for
short—asserts the following:

If P is a forcing notion in C and A is a family of less than x maximal antichains
each of which has size less than A,

there is a filter G C P such that VA€ A: ANG 2 0.

Examples
o The Bounded Proper Forcing Axiom BPFA is BFA(SBN R, Na, Na).
¢ Bounded Martins Maximum BMM is BFA (B Nssp, Ra, Ng).

¢ Martin’s Axiom for 3 MAy, (MA +-CH) is BFA(BNc.c.c.,N2,N1) or
BFA(c.c.c., N2, Q).

Theorem (Bagaria, 2000)

If Kk = X and C C B the corresponding statement is equivalent to a principle of
generic absoluteness, i.e.

BFA(C, k, k) <= “All X1 -statements with parameters from Hy

forcable by a forcing notion from C are true.”
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Bounded Forcing Axioms
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A remedy for Axiom A

Definition (W.)

9 A class of forcing notions C is called reasonable iff for any forcing notion
P € C, an arbitrary forcing notion Q and a complete Boolean algebra B the
following holds: If there are dense embeddings dp : P — B, g : Q — B, then
Qec.

& The reasonable hull th(C) of a class of forcing notions C consists of all forcing
notions P such that there exists a forcing notion Q € C, a complete Boolean
algebra B and dense embeddings dp : P — B, dg : Q — B.

o Let M := th(.M) be the class of forcing notions satisfying Axiom A*.
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A remedy for Axiom A

Definition (W.)

9 A class of forcing notions C is called reasonable iff for any forcing notion
P € C, an arbitrary forcing notion Q and a complete Boolean algebra B the
following holds: If there are dense embeddings dp : P — B, g : Q — B, then
Qec.

& The reasonable hull th(C) of a class of forcing notions C consists of all forcing
notions P such that there exists a forcing notion Q € C, a complete Boolean
algebra B and dense embeddings dp : P — B, dg : Q — B.

o Let M := th(.M) be the class of forcing notions satisfying Axiom A*.

Remark

ssp, Ry and " are reasonable.

Definition (W.)
BMFA <= BFA(B N.4*, N2, R2) is the Bounded Axiom A Forcing Axiom.
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Bounded Forcing Axioms
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Some facts

Theorem (Todorcevié)

BMFA = Ry is regular and Xa-correct in L.

Theorem (Moore, 2005)
BPFA = 2%0 =X,
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Bounded Forcing Axioms
®

Some facts

Theorem (Todorcevié)

BMFA = Ry is regular and Xa-correct in L.

Theorem (Moore, 2005)
BPFA = 2%0 =X,

Lemma

Whenever P is a notion of forcing satisfying Axiom A* and p € P, Player II has a
winning strategy in the strengthened proper game for P below p.

Corollary

If a notion of forcing satisfies Aziom A* then it is proper.
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Bounded Forcing Axioms
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A proper forcing failing to satisfy Axiom A*

Example (Adding a club with finite conditions)

Consider the following notion of forcing:

Bt := {p|P < No Aran(p) C Xy A3f D p: f is a normal function.}

Lemma

FPoere s proper.

Lemma

B does not satisfy Aziom A*.
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How to attain a model of BPFA
o
A model of BPFA

Theorem (Shelah, 1983)

The countable support iteration of proper notions of forcing is proper.

Fact

If k is regular and Xa-correct and P € Hy, then 1p lkp “k is regular and
Ylo-correct.”.

Fact
Being proper is a ¥a-property.
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How to attain a model of BPFA
o
A model of BPFA

Theorem (Shelah, 1983)

The countable support iteration of proper notions of forcing is proper.

Fact

If k is regular and Xa-correct and P € Hy, then 1p lkp “k is regular and
Ylo-correct.”.

Fact
Being proper is a ¥a-property.

Theorem (Shelah, 1995)

If Kk is regular and Xa-correct there is a forcing iteration P, which is proper and
satisfies the k-c.c. such that

V[G] E “ZFC+ BPFA”
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The diagram

How to attain a model of BPFA
L]

P[S* id
/_\ /\
* S. € H, > E € pYici
id id
B* € R, >3

=] 5 = <
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Technical remarks

Theorem (Koszmider, 1993)

The countable support iteration of Axziom A forcings satisfies Aziom A.
Corollary

The countable support iteration of Aziom A* forcings satisfies Aziom A*.

Fact

To satisfy Aziom A* is a Yo-property.
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Technical remarks

Theorem (Koszmider, 1993)

The countable support iteration of Axziom A forcings satisfies Aziom A.

Corollary

The countable support iteration of Aziom A* forcings satisfies Aziom A*.

Fact
To satisfy Aziom A* is a Yo-property.

Proof.
IB, Q, X, (<" |n < w), dp, 0, f(B is a complete Boolean algebra, dp is a dense
embedding of P into B,VS C Q : S € X,dom(f) =Q X X X w X w,Vn < w(é" is a
partial ordering of Q and Vp,q € Q(p <tlgsp <t q)),éQ is a dense embedding
of (@, <°) into B,Y(gn|n < w) (VR<w:ignt1 <" gn) > I E€QVN < w:q <" qn)
and Vg € QVn < wVA € X (A is an antichain — 3r € Q(r <" g A {s € Als||°7} C
£'(a} x {4} x {n} x w)))

_'
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BMFA # BPFA
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An analogous construction

Theorem (W., 2007)

If k is reqular and Xo-correct then there is a forcing Q. satisfying both Aziom A*
and the k-c.c. such that in the generic extension we have

ZFC 4280 = 281 = R, + BMFA +-BPFA

First part of the proof.

One defines a forcing iteration analogous to the one above. Simply substitute
“Axiom A*” for “proper” throughout the whole construction. This shows that

V[G] = ZFC 4280 = 281 = R, + BMFA
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Why BPFA fails

Lemma
p € By is a A1({X1, p})-relation.

Proof.
The original defintion yields the X1 ({X1})-definition:
3f D p(f € FuncAVe, B € dom(f)(a < 8 — f(a) < f(8))
AVea € Limndom(f), B < f(a)Iy < a: f(7) > B).
A TI; ({1 })-defintion is provided by the following formula:
p € Func A dom(p) C Ry A Bg : w < dom(p) A Vg, (g+|7y < B), @ € dom(p)
((a <BAB € dom(p) Ay € dom(p) : a <y Ay <) = (p(a) < p(B)A
B <p(B) Ay < B(g:p(B) \ p(a) — v\ @ is order-preserving.) A (8 € Lim
— Vv <p(B)3n < BB < Blgn : (B) \ ¥ — ¢\ n is order-preserving.))))

Corollary

P ts identical in any two transitive models of set theory which share their Ni.
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BMFA % BPFA
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Why BPFA fails

Lemma

Let (an|n < w) be a sequence of countable indecomposable ordinals and
(Bnln < w) a sequence of ordinals such that Vn < w : Bn < ant1. The following
sets are dense in By :

Dég:"g::; 5= {p € Rcfc'an < w,y € Nl \ﬂn : (om,’Y) € q}
Proposition
1g “_QK “~BFA (ro(IPmec), No, NQ)” .
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Why BPFA fails

Proof.
Suppose q kg, “BFA (ro(Bee), Rz, Ra)”.

D :={D|D C By A D is dense.}
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BMFA # BPFA
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Why BPFA fails

Proof.
Suppose q kg, “BFA (ro(Bee), Rz, Ra)”.
D :={D|D C By A D is dense.}

Let G 3 q be Qx-generic and B :=roV[Cl(B), 6 : By — B the corresponding
dense embedding and Dy := {§"D|D € D}.
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BMFA # BPFA
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Why BPFA fails

Proof.
Suppose q kg, “BFA (ro(Bee), Rz, Ra)”.
D :={D|D C By A D is dense.}
Let G 3 q be Qx-generic and B :=roV[Cl(B), 6 : By — B the corresponding
dense embedding and Dy := {§"D|D € D}.
B is proper. So
qlFg, “9H : H is a Dg-generic filter over B.”

Define a normal function in V[G]:

iRl — Ry
a — the B < N1 such that 3p € By (o € dom(p) A p(er) = BAS(p) € H)
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Why BPFA fails

9 In move 0 play 0 (or any other ordinal name).
o In move n our opponent plays a By € [Q]<%1.

@ In move n + 1 we choose an indecomposable countable ordinal any1 greater
than Bn := sup By, + 1 and play f(an+1).
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Why BPFA fails

9 In move 0 play 0 (or any other ordinal name).
o In move n our opponent plays a By € [Q]<%1.
@ In move n + 1 we choose an indecomposable countable ordinal any1 greater
than Bn := sup By, + 1 and play f(an+1).
This yields a sequence of indecomposable ordinals (an|n < w) and a sequence of
ordinals (Bn|n < w) such that Vn < w : Bp < ap41- D{anln<@) i dense and in

(Bn|n<w)
V', since our game was played there. Let A be a name for H, then

« t“my(an |n<w) 9
gk, “ANS"DEHINS) S, (L)
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Why BPFA fails

9 In move 0 play 0 (or any other ordinal name).
o In move n our opponent plays a By € [Q]<%1.
@ In move n + 1 we choose an indecomposable countable ordinal any1 greater
than Bn := sup By, + 1 and play f(an+1).
This yields a sequence of indecomposable ordinals (an|n < w) and a sequence of
ordinals (Bn|n < w) such that Vn < w : Bp < ap41- Dég:“g::j; is dense and in
V', since our game was played there. Let A be a name for H, then

« t“my(an |n<w) 9
gk, “ANS"DEHINS) S, 1)

(an [n<w)

Let s <q,, q be arbitrarily chosen. By (1) there is a p € D(ﬂn|n<w) and u <g,, S

such that u Ikg, “6(p) € A”.

By defintion of Dé;:ll;l::j; there are n < w, v € N1 \ Bn such that (on,7) € p.

But then u lkg,, “f(an) =% hence ulkg, “f(an) ¢ By”.
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Why BPFA fails

9 In move 0 play 0 (or any other ordinal name).
o In move n our opponent plays a By € [Q]<%1.
@ In move n + 1 we choose an indecomposable countable ordinal any1 greater
than Bn := sup By, + 1 and play f(an+1).
This yields a sequence of indecomposable ordinals (an|n < w) and a sequence of
ordinals (Bn|n < w) such that Vn < w : Bp < ap41- Dég:“g::j; is dense and in
V', since our game was played there. Let A be a name for H, then

« t“my(an |n<w) 9
gk, “ANS"DEHINS) S, 1)

(an [n<w)

Let s <q,, q be arbitrarily chosen. By (1) there is a p € D(ﬂn|n<w) and u <g,, S

such that u Ikg, “6(p) € A”.

By defintion of Dé;:ll;l::j; there are n < w, v € N1 \ Bn such that (on,7) € p.

But then u lkg,, “f(an) =% hence ulkg, “f(an) ¢ By”.
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An open question

Does BMFA decide the size of the continuum?
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