Shelah's Easy Black Box

Gabriel Salazar
Universitat Freiburg

Hejnice, January 31st, 2014

Gabriel Salazar
Shelah’s Easy Black Box



Brief History
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Brief History

Shelah’s Black Box - Brief History

» Combinatorial principle in ZFC.
» Partially predicts maps under cardinal conditions.

» First appeared in 1985 (Udine Conference on Abelian Groups)
without an explicit name.

» Gerenal Black Box from A.L.S. Corner and R. Gobel,
Prescribing endomorphism algebras - A unified treatment.

» Different versions of the Black Box appear, like the Strong
Black Box and variations.
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Brief History
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Brief History

» Easy Black Box appeared in 2007 (Cubo - A Mathematical
Journal).

» More applications in (complicated) algebraic constructions.

» Current state of development: Replace the Black Box by the
Easy Black Box and a suitably strong Step Lemma.
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The Easy Black Box
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Notation and Definitions

Notation and Definitions

Order-preserving sequences

“IA\={n:w—X|n(m)<n(n) form<n}.
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The Easy Black Box
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Notation and Definitions

Notation and Definitions

Order-preserving sequences
“IA\={n:w—X|n(m)<n(n) form<n}.
Order-preserving finite sequences

YN ={n: L= X|n(m)<nn)form<n<l<w}
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The Easy Black Box
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Notation and Definitions

Definition
Forn € “TAU“T>), the support of 1) is

[n]={nT1n]|nedom(n)}
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The Easy Black Box
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Notation and Definitions

Definition
Forn € “TAU“T>), the support of 1) is

[n]={nT1n]|nedom(n)}

Definition
For a set X, a trap is
g [n]—= X%
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The Easy Black Box
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Notation and Definitions

The Easy Black Box

For each cardinal A > Rp and set ¥ of cardinality < AN there is a
family of traps

(gy|ne“\)

that satisfies the following
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The Easy Black Box
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Notation and Definitions

The Easy Black Box

For each cardinal A > Rp and set ¥ of cardinality < AN there is a

family of traps
(g |ne“h)

that satisfies the following

Prediction Principle: for all g : “T> X\ — X and v € “T> ), we can
find n € “TA with v Cpand g, C g.
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The Easy Black Box
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Notation and Definitions

Definition
A trap for the Strong Black Box is a quintuple p = (n, Vi, V., §, ¥)
such that

1. ne @\,

V e [A]SM1 and V, € [A, ]S,

(Vi, V) is N-closed,

AT C V,

1€l < lInll forall € € VUV,

Forne A if ||| <|n]| and k & uz(Vi), thenj € V.
Forje A, if ([7]\[71k])N V, #0, then [7] C V..
S$=%v.v = {y%z by +yz|meV, bye By, } is regressive,

© © N OO A WD

. ¢ Gy,v = Gy, vy is a homomorphism.
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The Easy Black Box
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Notation and Definitions

The Strong Black Box

Let ;o be an infinite cardinal, \ = pu™, 8 < X such that u° = p and
k > 1. If E C \° is stationary, then there is a family

{pa = (770‘7 Vs, Vaa%a:@a) | a < )\}

of traps such that

(1) [|n>]|| € E for all o < A,

@) ln* I < [1n° | foralla < B <A,

3) flln* |l = 17| for a # B, then || Vax N Vau || < [ 7

7
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The Easy Black Box
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Notation and Definitions

(4) For any V C A, any regressive family
g,\*v:{y%:bﬁ+ﬁ|ﬁev,bﬁe B}, any ¢ € End Gy, y,
U e [AJ]5% and 6 < X, the set of v € E for which there is
some o < A with

||77a ” =7 d < 077‘1, va = VVa*a Sa :13:/\*Vaa Pa c ©, U C Va*

is stationary.
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Application

Application

Definition
For an infinite cardinal p,
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Application

Application

Definition
For an infinite cardinal 11, define the Beth-like sequence
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Application

Application

Definition
For an infinite cardinal 11, define the Beth-like sequence
13 () =t
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Application

Application

Definition
For an infinite cardinal 11, define the Beth-like sequence
13 () =t

2. 3 () = (23¢(M))+.
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Application

Definition
For a commutative ring R with 1 and a countable multiplicatively
closed subset S C R\ {0} we say that

1. R is S-reduced if [\ ,.gsR = 0.
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Application

Definition
For a commutative ring R with 1 and a countable multiplicatively
closed subset S C R\ {0} we say that
1. R is S-reduced if [\ ,.gsR = 0.
2. R is S-torsion-free if sr = 0 with s € S and r € R implies
r=20.
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Application

Definition
For a commutative ring R with 1 and a countable multiplicatively
closed subset S C R\ {0} we say that

1. R is S-reduced if [\ ,.gsR = 0.

2. R is S-torsion-free if sr = 0 with s € S and r € R implies
r=20.

3. R is an S-ring if R is S-reduced and S-torsion-free.
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Application

Definition

1. The ring R is cotorsion-free if
Homg(R, R) =0

and it is S-reduced.
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Definition

1. The ring R is cotorsion-free if
Homg(R, R) =0

and it is S-reduced.

2. We say that a R-module is x-free if subsets of size < k are
contained in a free R-submodule.
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Application

Theorem
Let R be a cotorsion-free S-ring and A an R-algebra with |A| < p
and free R-module Ag. If X\ = 3} (1) for some positive integer k,

then we can construct an Ny-free A-module G of cardinality A with
R-endomorphism algebra

Endg G = A.
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Application

Theorem

Let R be a cotorsion-free S-ring and A an R-algebra with |A| < p
and free R-module Ag. If X\ = 3} (1) for some positive integer k,
then we can construct an Ny-free A-module G of cardinality A with
R-endomorphism algebra

Endg G = A.

(For example, take R =7, S ={p" | n <w} for a fixed prime
number p and A a ring with free additive structure.)
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Motivation

Theorem (A.L.S. Corner)
If a ring R with 1 is
1. countable,
2. reduced ((,eg\ foy rR=0) and
3. torsion-free (as abelian group),
then
R=EndG

for a countable, reduced, torsion-free abelian group G.
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Application

A.L.S. Corner and R. Gobel extended this result to modules over
rings of uncountable size.
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Application

A.L.S. Corner and R. Gobel extended this result to modules over
rings of uncountable size.

The construction was made with the General Black Box.
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A.L.S. Corner and R. Gobel extended this result to modules over
rings of uncountable size.

The construction was made with the General Black Box.

Constructed modules were Ni-free but not No-free.
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A.L.S. Corner and R. Gobel extended this result to modules over
rings of uncountable size.

The construction was made with the General Black Box.
Constructed modules were Ni-free but not No-free.

How to extend this construction to N,-freeness for k > 17
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Sketch of Construction

Sketch of Construction

Take k > 1, p=2Aland for 1 < m < k let

Am = 3#4(,“)-
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Sketch of Construction

Sketch of Construction

Take k > 1, p=2Aland for 1 < m < k let
Am :j—in:,fl(:u)

These cardinals satisfy the following cardinal condition:

A
>‘m"—1|-1 = >\m+1

forall 1 < m< k.
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Sketch of Construction

Consider the following sets:

A=YTA; x “Thy x o x “TA 1 x “TA,
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Sketch of Construction

Consider the following sets:

and

where

Gabriel Salazar
Shelah’s Easy Black Box



Application

00@00000000

Sketch of Construction

Elements of A:
ﬁ: (7717"'777/()

Elements of A,:

71 {myn)y =(n,...,m [ Nyooyni)
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Sketch of Construction

We consider the free A-module

B =P Aey

vEN

and its p-completion B.
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Sketch of Construction

The idea is to choose a family § C B to construct
G=(B,3),={beB|p'be (B,F) forsomen<w}

where for all n < w,

o~

p"G=Gnp"B.
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Sketch of Construction

The idea is to choose a family § C B to construct
G=(B,3),={beB|p'be (B,F) forsomen<w}

where for all n < w,

o~

p"G=Gnp"B.

In this way, R
BC GCB.
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Sketch of Construction

For X, C A, you can also consider submodules

Bx, = @ Aey

ve Xy

and do the same to obtain an A-module Gx, with

Bx, C Gx. C Bx..
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Sketch of Construction

The family § will be of the form

§ = {maby+yz | 7€ X}
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Sketch of Construction

The family § will be of the form
§ = {mpby+yq [ 7€ X}

where
1. X CA.

Gabriel Salazar
Shelah’s Easy Black Box



Application

00000080000

Sketch of Construction

The family § will be of the form

§ = {maby+yz | 7€ X}

where
1. X CA
2. The elements
00 k
yi=y b Zem(m,w
i=0 m=1

are specific, previously constructed elements of By, .
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Sketch of Construction

The family § will be of the form
§ = {mpby+yq [ 7€ X}

where
1. X CA.

2. The elements

o) k
=) P (Z em<m,i>)

i=0 m=1

are specific, previously constructed elements of By, .

3. by € Bx,, m € R.
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Sketch of Construction

The Step Lemma

Step Lemmas allow us to choose the elements of § in order to
eliminate unwanted endomorphisms.
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Sketch of Construction

The Step Lemma

Step Lemmas allow us to choose the elements of § in order to
eliminate unwanted endomorphisms.

The BASIC idea is the following:

If an S-ring R satisfies TR N R = 0 for some 7 € R and you
1. want to add y; to §,
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Sketch of Construction

The Step Lemma

Step Lemmas allow us to choose the elements of § in order to
eliminate unwanted endomorphisms.

The BASIC idea is the following:
If an S-ring R satisfies TR N R = 0 for some 7 € R and you

1. want to add y; to §,
2. have an endomorphism ¢ : Bx, — Bx, and
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Sketch of Construction

The Step Lemma

Step Lemmas allow us to choose the elements of § in order to
eliminate unwanted endomorphisms.

The BASIC idea is the following:
If an S-ring R satisfies TR N R = 0 for some 7 € R and you
1. want to add y; to §,

2. have an endomorphism ¢ : Bx, — Bx, and
3. have an element z € By, with zp ¢ Az,
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Sketch of Construction

The Step Lemma

Step Lemmas allow us to choose the elements of § in order to
eliminate unwanted endomorphisms.

The BASIC idea is the following:

If an S-ring R satisfies TR N R = 0 for some 7 € R and you

1. want to add y; to §,

2. have an endomorphism ¢ : Bx, — Bx, and

3. have an element z € By, with zp ¢ Az,
then you can choose an 75 € {0, 7} such that ¢ does not extend
to an endomorphism

¢ (Bx,, ™z + yq), = (Bx., ™7z + y7), -
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Sketch of Construction

We have to choose a lot of these corrections and we have to
choose them correctly!

This is where the Black Box is needed.
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Sketch of Construction
We have to choose a lot of these corrections and we have to
choose them correctly!
This is where the Black Box is needed.

In the proof of this theorem, X is a set of tuples
(G7 H7 P7 Q? R7 w)

where the entries are either A-submodules or subsets of A and A,
of size A\, that belong to families of size )‘i\nn—ji—l = Am+1, and
Y:G— H.
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Sketch of Construction

WARNING

The following is an oversimplified
argument!
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Sketch of Construction

The proof goes on induction on k — 1 starting at 0.
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Sketch of Construction

The proof goes on induction on k — 1 starting at 0.

If we are at stage m of the induction, take an enumeration of
“TAm = (a | @ < Am) without repetitions.

Gabriel Salazar
Shelah’s Easy Black Box



Application

0000000000
Sketch of Construction

The proof goes on induction on k — 1 starting at 0.

If we are at stage m of the induction, take an enumeration of
“TAm = (a | @ < Am) without repetitions.

By letting « run and checking trap by trap at

8ne (7701 r n) = (Gana Han, Pana Qana Ran,d}om),

if these components extend each other and v, coincides with ¢ in
Gan, then we choose 75 to kill . Otherwise just take m; = 0.
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Other Applications?

Question

What else could be constructed with the Easy Black Box?
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Further Remarks
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Other Applications?

Thank Youl
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