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Outline

@ A weakly tight family from s < b
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A weakly tight family from s <b

Recall:

Definition

An a.d. & cC [w]” is weakly tight if for any collection {b, : n € w} C I7 (),
there exists a € .« such that 3°n € w[la N a,| = w].

@ Recall that this is a weakening of 8y-MAD, which in turn is essentially
the same as Cohen-indestructible.

Dilip Raghavan Constructing special almost disjoint families



A weakly tight family from s <b

Recall:

Definition

An a.d. & cC [w]” is weakly tight if for any collection {b, : n € w} C I7 (),
there exists a € .« such that 3°n € w[la N a,| = w].

@ Recall that this is a weakening of 8y-MAD, which in turn is essentially
the same as Cohen-indestructible.

@ One cannot directly apply Shelah’s method to construct a weakly tight
family. Why?

Definition

A partitioner of an a.d. family <7 is a setb € I*(&/) with the property that
Yae A [ac" bV|anb|<wl.
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A weakly tight family from s <b

@ Suppose {b, : n € w} is a family of pairwise disjoint partitioners for a
weakly tight <7

@ There cannot be a € & which has infinite intersection with 4, and b,,
for distinct n and m.

@ However Shelah’s method is explicitly designed to produce many
pairwise disjoint partitioners (picture on board).
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A weakly tight family from s <b

@ Suppose {b, : n € w} is a family of pairwise disjoint partitioners for a
weakly tight <7

@ There cannot be a € & which has infinite intersection with 4, and b,,
for distinct n and m.

@ However Shelah’s method is explicitly designed to produce many
pairwise disjoint partitioners (picture on board).

@ Solution: make two changes to the basic framework.

@ First, each member of the a.d. family will be associated with a

countable collection of nodes, and will be the union of a countable
sequence of infinite subsets of w.

@ Second, each such countable sequence will be associated with its
own node, and the collection 7, of countable sequences allowable at
a node n will be chosen carefully.
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A weakly tight family from s <b

Theorem (R. and Steprans[1])
Assume s < b. Then there is a weakly tight family.

@ As always fix an (w, w)-splitting family (e, : @ < s).

Definition

We say that a sequence C= (cp i n € w) C [w]? is a p.w.d. if for any n # m,
cn N ey = 0. C(n) denotes c,. For ann € 2=°, we define

7, ={C: s pwd. and Vg < dom ()Vn € w[Can) < ]}
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A weakly tight family from s <b

@ At a stage a < ¢, we are given an increasing sequence (73 : 8 < a) of
subtrees of 2=, as well as an almost disjoint family <7, = {ag : B < a}.

@ We ensure that for each 8 < @, ag = U, ds, Where DF = (d5 < n € w)
is a p.w.d.
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A weakly tight family from s <b

@ At a stage a < ¢, we are given an increasing sequence (73 : 8 < a) of
subtrees of 2=, as well as an almost disjoint family <7, = {ag : B < a}.

@ We ensure that for each 8 < @, ag = U, ds, Where DF = (d5 < n € w)
is a p.w.d.

@ Moreover, to each ag and each 2, we associate nodes n(ag) € Tp and
n(dff) € 75 such that the following conditions hold:
o 56 € ]Ti(‘lﬁ);
@ Vy < dom (n(e) | ey 7|
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A weakly tight family from s <b

@ At a stage a < ¢, we are given an increasing sequence (73 : 8 < a) of
subtrees of 2=, as well as an almost disjoint family <7, = {ag : B < a}.

@ We ensure that for each 8 < @, ag = U, ds, Where DF = (d5 < n € w)
is a p.w.d.

@ Moreover, to each ag and each 2, we associate nodes n(ag) € Tp and
n(dff) € 75 such that the following conditions hold:
Q Fer nag)
Q Vy < dom (n(d®)) [dfc*ez“’f)(”].
@ Important that n(ag) # n(a,) forally < g < a.
@ Also n(dg) # n(d),) for all (8, n) # (y, m) where B,y < @, and n,m € w,
@ Finally n(ag) # n(d},) for all B,y < a, and m € w.
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A weakly tight family from s <b

@ Up<aTp = {o- €2 dé<a [0‘ cnlag) vVInew [0' C n(d,f)]]}.
@ Thus g7 is the union of < ¢ chains.
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A weakly tight family from s <b

@ Up<aTp = {o- €2 dé<a [0‘ cnlag) vVInew [0' C n(d,f)]]}.
@ Thus g7 is the union of < ¢ chains.

Let b € T%(a). Thereis a c € [b]” which is a.d. from ag for every < a,
and at € (2%)\ (Up<oTp) such that V5 < dom (7) [c c* 5.

@ The proof is just as before, but just a slight twist.

@ Before we relied on the fact that if the node associated with a, and
the node associated with agz are incomparable, then a, and ag are
automatically a.d

@ This is not true anymore.

Dilip Raghavan Constructing special almost disjoint families



A weakly tight family from s <b

@ But because of the way we have set things up, it is enough to have
T ¢ (Uﬁ<a%)'
@ By the usual construction we can arrange to have 7 ¢ (Uﬁ«,‘fﬁ), as

well as ¢ € [b]” such that Y& < dom(r) [c c* eT(g)] and |c nd

< w for
Té
allB<aandn € w.
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A weakly tight family from s <b

@ But because of the way we have set things up, it is enough to have
T ¢ (Uﬁ<a%)'
@ By the usual construction we can arrange to have 7 ¢ (Uﬁ«,‘fﬁ), as

well as ¢ € [b]” such that Y& < dom(r) [c c* eT(g)] and |c nd

< w for
Té
allB<aandn € w.

@ Now, if  and 5z are incomparable, then for some ¢ < dom(7),

ccC” e:(é_.) and there is some n € w such that Ym > n [dﬁ C el;g(f)]_ So

|c N (Umanﬁ)’ < w.

@ On the other hand, for any m < n, ’c N df,| < w. So ’c N (Um<,,dff1)| < w.
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A weakly tight family from s <b

@ Now we can prove the theorem.
@ We are at a stage a < ¢ and we are given {b,, : n € w} C [w]® such
that for each n € w, b, € 7*(,).
@ Applying a previous lemma find ¢, € [b,]“ and nodes 7, € 2<° such
that
@ ¢, is a.d. fromag for all B < a;
Q V¢ < dom(ry,) [c,, c* e?(g—‘)];
Q 7. ¢ UpoTpand Vm < n[r, ¢ 7.
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A weakly tight family from s <b

@ WLOG the Cy = (¢, : n € w) is a p.w.d.
@ Look for least yy < s such that 3°n € w ch N ego = w] and
I®new “cn N 631,0’ = w].

@ There is a unique 19 € 2% such that

V§<ao\7’i€2[ro(§):i<—>3°"n€w[

Cn ﬂeic’ = w”
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A weakly tight family from s <b

@ WLOG the Cy = (¢, : n € w) is a p.w.d.
@ Look for least yy < s such that 3°n € w ch N ego = w] and
I®new “cn N 631,0’ = w].

@ There is a unique 19 € 2% such that

V§<a/0\7’i€2[ro(§)=i<—>3°°n€w[cnﬂeic’=a)”.

@ Proceeding in this way, build sequences {(a; : s € 2<“) C s,
{1y 15 €2°9) C 2<%, <C‘S 15 €259 and (z, : s € 2<%) C [w]® such that:

@ Vs e27Vie2|a, = dom(ty) A @~y > a5 A T~y D T (D];

@ The domain of C; = z, (S0 20 = w) and z~;) C z;

Q Foralln ez [Coy(m) € Com)]

@ for each s € 2<¢ and for each & < a;, V¥n € z, [e;“(‘f) N és(n)’ < w;
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A weakly tight family from s <b

(5) for each s € 2<“, both 3%°n € w Heo

a

N Cﬂ's(n)| = w] and
I*new “e}h N és(n)| = w];

(6) for n € ze~qiy, Co~qiy(n) = Cy(m) N el

Dilip Raghavan Constructing special almost disjoint families



A weakly tight family from s <b

@ Foreach f € 2%, put ay = sup {a(fr,,) ‘ne€ a)} and 77 = Upew T(r1n)-
@ Again, we have oy < «.
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A weakly tight family from s <b

@ Foreach f € 2%, put ay = sup {a(fr,,) ‘ne€ a)} and 77 = Upew T(r1n)-

@ Again, we have oy < «.

@ Again we can find f € 2¢ such that
T ¢ Uﬁm‘ijg Ufo:dnewlo C 1]}

@ Takeaz=ky <k; <---suchthatVne w[k,, € Zfrn]- Foreachn e w
define E(ky) = Cppny(kn).
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A weakly tight family from s <b

@ for each ¢ < ay, define a function f5 : z — w by

1-7/(5) 1

max (E(n) Ne; ) if ‘l:f(n) N e6_Tf(6)’ <w

fs(n) = _
otherwise

The second case only occurs finitely often.

@ Also let G be the set of 8 < a such that either (ag) < 77 or that there
is an m € w so that n(df,i) c 17

@ |G| < |a/f| <s<h

@ agis a.d. from E(k,) for each n € w and each BeG. SoeachBeG
determines a function gg : z — w
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A weakly tight family from s <b

@ for each ¢ < ay, define a function f5 : z — w by

Fin) = max (E(n) N e(ls_Tf(é)) if ‘l:f(n) N e(ls_Tf((s)’ <w
otherwise

The second case only occurs finitely often.

@ Also let G be the set of 8 < a such that either (ag) < 77 or that there
is an m € w so that n(df,i) c 17

@ |G| < |a/f| <s<bh.

@ agis a.d. from E(k,) for each n € w and each BeG. SoeachBeG
determines a function gg : z — w

@ {fs : 0 < ay} is a collection of functions of size at most < s < b.

@ Find f € w® such that V¢ < af [f5 <*f].

@ For each n € w define D¥(n) = E(ky) \ f(kn).

@ a, = Une,D%(n) and n(a,) = 4.

Dilip Raghavan Constructing special almost disjoint families



Bibliography

Bibliography

[4 D. Raghavan and J. Steprans, On weakly tight families, Canad. J.
Math. 64 (2012), no. 6, 1378—1394.

Dilip Raghavan Constructing special almost disjoint families



	A weakly tight family from sb

