Constructing special almost disjoint families

Dilip Raghavan
National University of Singapore

Winter School in Abstract Analysis,
International Center for Spiritual Rehabilitation, Hejnice
January 30, 2014

Dilip Raghavan Constructing special almost disjoint families



Outline

@ Definitions and motivations
e Recent Progress

e Some questions

Dilip Raghavan Constructing special almost disjoint families



Definitions and motivations

Definitions and motivations

@ We say that two infinite subsets a and b of w are almost disjoint or
a.d. if an b is finite.

@ We say that a family .« c [w]“ is almost disjoint or a.d. if its members
are pairwise almost disjoint.

@ A Maximal Almost Disjoint family, or MAD family is an infinite a.d.
family that is not properly contained in a larger a.d. family.

@ Equivalently, an infinite a.d. family &7 c [w]® is MAD iff
Vb e [w]¥TJa e & [|bNal = w].
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Definitions and motivations

Definitions and motivations

@ By Zorn’s Lemma, any infinite a.d. family can be extended to a MAD
family.

@ This construction usually doesn’t allow us to control other
combinatorial properties of <7
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Definitions and motivations

Definitions and motivations

@ By Zorn’s Lemma, any infinite a.d. family can be extended to a MAD
family.

@ This construction usually doesn’t allow us to control other
combinatorial properties of <7

@ For example the size of &

o If we want to make |.</| as large as possible, then we can, but we
need an intermediate step.
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Definitions and motivations

Definitions and motivations

@ By Zorn’s Lemma, any infinite a.d. family can be extended to a MAD
family.

@ This construction usually doesn’t allow us to control other
combinatorial properties of <7

@ For example the size of &

o If we want to make |.</| as large as possible, then we can, but we
need an intermediate step.

@ Identify w with 2<“. Then the branches form an a.d. family of size .
Extend it to a MAD family.
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Definitions and motivations

Definitions and motivations

@ How small can a MAD family be?
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Definitions and motivations

Definitions and motivations

@ How small can a MAD family be?

Definition

a = min{|le/| : & C [w]® and < is a MAD family}.

@ The value of a is not decided in ZFC.

@ There are several such cardinal invariants.

@ Play a crucial role in many combinatorial constructions.

@ Usually take the form of the least size of a family of a certain sort.
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Definitions and motivations

Definitions and motivations

@ fora,b e P(w),asplitsbiflanb| =|(w\a)Nb|=w.
@ F c P(w) is called a splitting family if Yb € [w]“3a € F [a splits b].
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Definitions and motivations

@ fora,b e P(w),asplitsbiflanb| =|(w\a)Nb|=w.
@ F c P(w) is called a splitting family if Yb € [w]“3a € F [a splits b].

Definition
s = min{|F| : F c P(w) and F is a splitting family}.
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Definitions and motivations

Definitions and motivations

@ fora,b e P(w),asplitsbiflanb| =|(w\a)Nb|=w.
@ F c P(w) is called a splitting family if Yb € [w]“3a € F [a splits b].

Definition

s = min{|F| : F c P(w) and F is a splitting family}.

@ Afamily F c w® is called unbounded if it has no upper bound in
(W@, <%).

@ F c w" is called dominating if it is cofinal in (w®, <*).
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Definitions and motivations

Definitions and motivations

@ fora,b e P(w),asplitsbiflanb| =|(w\a)Nb|=w.
@ F c P(w) is called a splitting family if Yb € [w]“3a € F [a splits b].

Definition

s = min{|F| : F C P(w) and F is a splitting family}.

@ A family F C w® is called unbounded if it has no upper bound in
(W?, <%).
@ F c w" is called dominating if it is cofinal in (w®, <*).

Definition

b = min{|F| : F C w* is an unbounded family}.
b = min{|F| : F C w® is a dominating family}.
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Definitions and motivations

Definitions and motivations

Definition
For any family </ c P(w), the ideal generated by <f (together with the
Fréchet ideal) is denoted by I ().

| A\

Definition

For any ideal T on w, I denotes P(w) \ I. The sets in I* are called
I -positive. I* denotes {w \ a : a € I}, this is the dual filter to I. An ideal I
is said to be tall if Vb € [w]“3a € [b]® [a € T].

A
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Definitions and motivations

Definitions and motivations

Definition
For any family </ c P(w), the ideal generated by <f (together with the
Fréchet ideal) is denoted by I ().

| A\

Definition

For any ideal T on w, I denotes P(w) \ I. The sets in I* are called
I -positive. I* denotes {w \ a : a € I}, this is the dual filter to I. An ideal I
is said to be tall if Vb € [w]“3a € [b]® [a € T].

A

@ We are interested in almost disjoint families for which (<) enjoys
certain strong properties.
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Definitions and motivations

o If o/ is a.d., then 7" (&) always has a strong combinatorial property.

If o7 c P(w) is an infinite a.d. family, then I*(/) is a selective co-ideal.
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Definitions and motivations

Definitions and motivations

o If o/ is a.d., then 7" (&) always has a strong combinatorial property.

If o7 c P(w) is an infinite a.d. family, then I*(/) is a selective co-ideal.

@ This essentially means that 7*(«7) “can be” extended to a Ramsey
ultrafilter.

Definition

I* is called a selective coideal if for every sequence ey D e; O - -, with
e;€ It thereisane ={ny <n; <---} € I* suchthatny € ey andn;; € ey,
for each i.
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Definitions and motivations

Definitions and motivations

@ The main point is the following:

Suppose </ is an a.d. family. Suppose b ¢ w and A%°a € &/ [lanN b| = w].
Thenb e Tt ()
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Definitions and motivations

Definitions and motivations

@ The main point is the following:

Lemma
Suppose </ is an a.d. family. Suppose b Cc w and A%a € </ [la N b| = w].
Thenb e Tt ()

If b € I(<), then there exist ay, ...a; € &/ suchthatb c* ag U --- U a;. By
hypothesis, there is a € &7 \ {ay, ..., ax} such that a N b is infinite. However
anbisad. fromayU---Uggandyetanbcbc agU---Uag. Thisis a

contradiction. S
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Definitions and motivations

Definitions and motivations

@ We are interested in families where there is a strong combinatorial
relationship between 7 and ().

@ Atypical example is the following:

Definition

An almost disjoint family <7 is tight (also called Xy-MAD) if for any
(b, :n€w}cIA), thereisa e &/ suchthatV¥n € wllan b,| = Nol.

@ This asks for a o-version of maximality.
@ It is also connected with the notion of indestructible MAD families.

Dilip Raghavan Constructing special almost disjoint families



Definitions and motivations

Definitions and motivations

Definition
Let P be a notion of forcing. A MAD family </ C [w]® is called
P-indestructible if Fp2f is MAD.
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Definition
Let P be a notion of forcing. A MAD family </ C [w]® is called
P-indestructible if Fp2f is MAD.

@ Obviously, if P does not add reals, then every MAD < is
P-indestructible.

o IfaMAD & c [w]” is indestructible for any P that adds a real, then </
is also Sacks indestructible.

Every tight a.d. family is Cohen-indestructible. If a MAD family <7 is
Cohen-indestructible, then for some X e 7t(A), & | X={XNa:aec A} is
tight.
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Definitions and motivations

Definitions and motivations

Definition
An a. d. family < is called weakly tight if for all {b,, : n € w} C T*(&), there
isa € &/ such that 3%°n € w[|la N b,| = No].

@ This is a natural weakening of tight investigated by [1].
@ Itis connected to the Katetov order on a.d. families.
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Definitions and motivations

Definition
An a.d. family </ is called Laflamme if <f is not contained in any F, ideal
on w.

Considered by Laflamme in 1992 [2] (in connection with destroying MAD
families without adding unbounded reals).
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Definitions and motivations

Definitions and motivations

Definition

An a.d. family </ is called Laflamme if <f is not contained in any F, ideal
on w.

Considered by Laflamme in 1992 [2] (in connection with destroying MAD
families without adding unbounded reals).

If I is any F, ideal on w, then there is a proper w“-bounding forcing Py

which adds an element of [w]® that is almost disjoint from every element
ofVNlI.

Dilip Raghavan Constructing special almost disjoint families



Definitions and motivations

Definitions and motivations

@ Laflamme’s questions is related to the problem of whether b = N
implies a = Nj.

@ If you can get all MAD families to be contained in F, ideals, then you
could hope to increase a without increasing d.

@ We will see that when d = X, Laflamme families exist.
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Definitions and motivations

Definition
An a. d. family is called completely separable if Vb € 1" (e/)da € </ [a C b].
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Definitions and motivations

Definitions and motivations

Definition
An a. d. family is called completely separable if Vb € 1" (e/)da € </ [a C b].

@ This question has a long history. It is connected with the existence of
ADRs.

Definition

Given € c [w]®, we say that a family </ = {a. : ¢ € €} C [w]* is an almost
disjoint refinement (ADR) of € if

Q Vcebla, Ccl

Q VYey,c1 €% [co 0 = |aco N ac|| < a)].
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Definitions and motivations

Definitions and motivations

Some facts:
@ If¢ c [w]” has an ADR, then there is tall ideal 7 such that 7 N % = 0.
@ 7" has an ADR for every tall 1 iff for every tall I there is a completely
separable o C I.

o If o/ is completely separable, then for every b € 1*(<), there are ¢
many a € </ such thata C b.
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Definitions and motivations

Basic Question
When do these a. d. families exist? Do any of them exist in ZFC ?
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Definitions and motivations

Definitions and motivations

Basic Question
When do these a. d. families exist? Do any of them exist in ZFC ?

@ They all exist under CH.

@ In these talks we will first survey some of the recent progress on
proving existence.

@ Then we focus on completely separable and on weakly tight families.

@ Both types of families exist if ¢ < N, (full proofs, time permitting).
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Recent Progress

Recent progress

Theorem (Shelah[3], 2010)
If ¢ < N, then there is a completely separable a. d. family.
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Recent Progress

Recent progress

Theorem (Shelah[3], 2010)
If ¢ < N, then there is a completely separable a. d. family.

@ The proofis in 3 cases:
QD s<a

@ s = a+ acertain PCF-type assumption holds.
© a < s + adifferent PCF-type assumption holds.
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Recent Progress

Recent progress

Theorem (Shelah[3], 2010)
If ¢ < N, then there is a completely separable a. d. family.

@ The proofis in 3 cases:
QD s<a

@ s = a+ acertain PCF-type assumption holds.
© a < s + adifferent PCF-type assumption holds.

@ The PCF type assumptions both automatically hold if ¢ < X,,.
@ This proof is the basis for all the recent progress.
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Recent Progress

Recent progress

@ The PCF assumption can be eliminated from case 2 of Shelah’s
construction.

Theorem (Mildenberger, R., and Steprans)
If s < a, then there is a completely separable MAD family.

@ The main point in this proof is that s = s, .
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Recent Progress

Recent progress

Theorem (R. and Steprans)
If s < b, then there is a weakly tight family.
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Recent Progress

Recent progress

Theorem (R. and Steprans)
If s < b, then there is a weakly tight family.

| recently improved this to

Theorem (R.)
If ¢ < X, then there is a weakly tight family.

@ The proof is broken down into 2 analogous cases:

Q s<o

@ 0 < s+ acertain PCF type assumption.
@ Again the PCF type assumption is automatically satisfied if ¢ < N,,.
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Recent Progress

Recent progress

@ Let us say that a family ¥ ¢ P(w) is F, splitting if for each F, ideal I
on w, there exists a € ¥ such that botha and w\ a arein 7+.

Definition

s(Fo) = min{|F| : F C P(w) is an F, — splitting family}.
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Recent Progress

Recent progress

@ Let us say that a family ¥ ¢ P(w) is F, splitting if for each F, ideal I
on w, there exists a € ¥ such that botha and w\ a arein 7+.

Definition
s(Fo) = min{|F| : F C P(w) is an F, — splitting family}.

Definition
For a filter ¥ on w, let

p(F) ={|X| : X ¢ F and X does not have a pseudointersection in F*}
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Recent Progress

Recent progress

@ Let us say that a family ¥ ¢ P(w) is F, splitting if for each F, ideal I
on w, there exists a € ¥ such that botha and w\ a arein 7+.

Definition
s(Fo) = min{|F| : F C P(w) is an F, — splitting family}.

Definition
For a filter ¥ on w, let

p(F) ={|X| : X ¢ F and X does not have a pseudointersection in F*}

»(Fo) = min{p(F) : ¥ is a tall F,, — filter}.
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Recent Progress

Recent progress

@ p(¥,) is consistently bigger than b.
@ add(N) < p(Fs)
@ s(F,) < min{max{b, s}, non(N)}.

Dilip Raghavan Constructing special almost disjoint families



Recent Progress

Recent progress

@ p(¥,) is consistently bigger than b.
@ add(N) < p(Fs)
@ s(F,) < min{max{b, s}, non(N)}.

Theorem (R.)

Q Ifs(F,) < p(Fo), then there is a Laflamme family.
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Recent Progress

Recent progress

@ p(¥,) is consistently bigger than b.
@ add(N) < p(Fs)
@ s(F,) < min{max{b, s}, non(N)}.

Theorem (R.)

Q Ifs(F,) < p(Fo), then there is a Laflamme family.
Q Ifb < p(F,) < N, then there is a Laflamme family.
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Recent Progress

Recent progress

@ p(¥,) is consistently bigger than b.
@ add(N) < p(Fs)
@ s(F,) < min{max{b, s}, non(N)}.

Theorem (R.)

Q Ifs(F,) < p(Fo), then there is a Laflamme family.
Q Ifb < p(F,) < N, then there is a Laflamme family.

@ There are 2 cases:

Q (7o) < p(Fo).
Q b < p(F,) + a PCF-type assumption.
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Recent Progress

Recent progress

@ Ifb = s =Ny, then there is a Laflamme family.
©Q Ifnon(N) = Ny, then there is a Laflamme family.
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Some questions

Questions

Is there a Laflamme family assuming ¢ < X, ?

@ What is still open is the case: p(F.) < min{b, s(F.,)}.

@ An interesting sub-question is what happens when b = ¢?
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Some questions

Questions

Is there a Sacks indestructible MAD family assuming ¢ < 8, ?

@ A MAD family o7 c [w]“ is Sacks indestructible iff for each 1-1 map
Y 2<¢ — w, there exists a € & such that
Afe2[lan@’{f ' n:new))=wl

@ If a < ¢, then any MAD family of size a is Sacks indestructible. So you
can assume a = ¢ for free.
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Some questions

Questions

Can the general method be modified to construct MAD families in w® with
special properties?
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