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A Gentle Introduction Domination and P-ideals

Definition (Eventually Dominating)
@ For f,g € w” we say f <* g if there is some n € w such that for
every k > n, f(k) < g(k).
o Let x(f,g) be the minimum n for which the above statement holds.

Do we need a reminder of b and 07

Definition (P-ideal)

A P-jdeal is an ideal Z of subsets of some set X such that if

{A; i € w} CZ, then there is some A € 7 such that for each / € w,
Ai C* A. (i.e. Aj\A is finite).
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@ Let (f, : & € b) be an increasing unbounded sequence in (w®, <*).
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Let by :={n € w: f(n) < fo(n)}
Let / be the ideal generated by {b, : a € b}.

Jeff Serbus (University of Freiburg) Cardinal Invariants and the PID January 2013 4/21



A Gentle Introduction A not so interesting P-ideal when b < 0

Example (A not so interesting P-ideal when b < )
@ Suppose b <0
o Let (f, : &« € b) be an increasing unbounded sequence in (w*, <*).

@ It is not cofinal, so there is some f € w® such that for all o € b,
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A Gentle Introduction A not so interesting P-ideal when b < 0

Example (A not so interesting P-ideal when b < )
@ Suppose b <0
@ Let (f, : & € b) be an increasing unbounded sequence in (w®, <*).
@ It is not cofinal, so there is some f € w® such that for all a € b,
f 2" f.
Let by :={n € w: f(n) < fo(n)}
Let / be the ideal generated by {b, : a € b}.
Then for a < f it follows from f, <* f3 that b, C* bg.
It follows that 7 is a P-ideal.
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A Gentle Introduction ~ The P-ideal Dichotomy (PID)

Definition (The P-ideal Dichotomy (PID))

The P-ideal dichotomy is the following statement:
For every P-ideal Z of countable subsets of some uncountable set S, either

@ there is an uncountable A C S such that [A]Y C Z, or

@ S can be decomposed into countably many sets orthogonal to 7.
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Gaps and P-ideals A P-ideal from a Gap

Definition (Gaps)

o A sequence ({fy:a € k},{gs: B € A})is a pregap if
fo, <" foa, <* gg, <" gg, forall oy < ax <k and all f; < B2 < A
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fo, <" foa, <* gg, <" gg, forall oy < ax <k and all f; < B2 < A
@ A pregap as defined above is a (unfilled) gap if there is no such

h € w* such that f, <* h <* gg for all a € x and all 3 € .
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Gaps and P-ideals A P-ideal from a Gap

Definition (Gaps)

o A sequence ({fy:a € k},{gs: B € A})is a pregap if

fo, <" foa, <* gg, <" gg, forall oy < ax <k and all f; < B2 < A
@ A pregap as defined above is a (unfilled) gap if there is no such

h € w® such that f, <* h <* gg for all « € k and all 3 € A.

Example (A P-ideal from a gap)

Let ({fy:a € k},{gs: B € A\}) be a (unfilled) gap, where x and X\ are
regular and uncountable. Then define the ideal Z C [k]“ by the following.
A € 7 if and only if there exists an § € A such that for all n € w the set

{a € A: x(fy,88) < n}

is finite.
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Gaps and P-ideals A P-ideal from a Gap

Reminder

AcZC[k]Y <= 3B Vn{aecA:x(fa,g8) < n} is finite
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Reminder
AcZC[k]Y <= 3B Vn{aecA:x(fa,g8) < n} is finite

@ Suppose {A; : i € w} C T has witnesses {gg, : i € w}.
o Let B :=sup{f;: i€ w}.
o Notice {a € A; : x(fa,83) < n}
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Reminder

AcZC[k]Y <= 3B Vn{aecA:x(fa,g8) < n} is finite

@ Suppose {A; : i € w} C T has witnesses {gg, : i € w}.
o Let B :=sup{f;: i€ w}.
o Notice {a € A; : x(fa,83) < n}

C {a € Ai: x(fa, 85;) < max{n, x(gs,85)}}-
o Define A: := A; \ {a € A : x(fa,88) < i}
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Reminder
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@ Suppose {A; : i € w} C T has witnesses {gg, : i € w}.
o Let B :=sup{f;: i€ w}.
o Notice {a € A; : x(fa,83) < n}
C {a € A x(far g5,) < max{n, x(gp, 85,)}}-
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Gaps and P-ideals A P-ideal from a Gap

Reminder
AcZC[k]Y <= 3B Vn{aecA:x(fa,g8) < n} is finite

@ Suppose {A; : i € w} C T has witnesses {gg, : i € w}.
o Let B :=sup{f;: i€ w}.
o Notice {a € A; : x(fa,83) < n}
C {a € Ai i x(fa; gs,) < max{n, x(gs, 5,)}}-
o Define A: := A; \ {a € A : x(fa,88) < i}
o Define A :=J;, Ai-
@ We claim A; C* Aforall /, and Ae 1.
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Gaps and P-ideals Applying the PID

Reminder
AcTIC[k]Y < 3B Vn{acA:x(fa,83) < n} is finite

Applying the PID to this ideal gives us that k = A = N;.
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Gaps and P-ideals Applying the PID

Reminder
AcTIC[k]Y < 3B Vn{acA:x(fa,83) < n} is finite

Applying the PID to this ideal gives us that k = A = N;.

Proof under the first alternative of PID.
e S:={wa, vy €wi} such that [S]* € 7.
@ For each § € wy, let gg; witness A; := {a, : vy €} € L.
o Claim: ({fo, :v € w1}, {gp; : § € w1}) is unfilled.
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Gaps and P-ideals Applying the PID

Reminder
AcTIC[k]Y < 3B Vn{acA:x(fa,83) < n} is finite

Applying the PID to this ideal gives us that k = A = N;.

Proof under the first alternative of PID.

S :={a,:y €wi} such that [S]* € 7.

For each § € wy, let gg; witness A; := {a, : vy €} € L.
Claim: ({fo, : v € w1}, {gp; : 0 € wi}) is unfilled.

faup{ayyewr }+1 OF Bsup{Bs:6cw}+1 Would fill this gap if they existed.
cf(k) = cf(A) = Ny.
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Reminder
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Applying the PID to this ideal gives us that k = A = N;.

Proof under the second alternative of PID.
@ S C k cofinal in k and orthogonal to Z.
o f(n) :=sup{fy(n): o € S}. (Possibly bounded by gp).
@ Thereis a B such that f £* gg, Thus for each i € w thereis an n; > i
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Gaps and P-ideals Applying the PID

Reminder
AcTIC[k]Y < 3B Vn{acA:x(fa,83) < n} is finite

Applying the PID to this ideal gives us that k = A = N;.

Proof under the second alternative of PID.

@ S C k cofinal in k and orthogonal to Z.

o f(n) :=sup{fy(n): o € S}. (Possibly bounded by gp).

@ Thereis a B such that f £* gg, Thus for each i € w thereis an n; > i
with gg(n;) < f(n;).

@ Then there is some «; € S such that gg(n;) < f,,(n;).

o Claim: A:={a;:icw}e[S]¥NT.

o Contradiction =<«

Ol

v

Jeff Serbus (University of Freiburg) Cardinal Invariants and the PID January 2013 10 / 21
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PID = p =t.
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Gaps and P-ideals PID=p=1t

PID = p = t.

It has long been known that p < t.
In the paper "A Comment on p < t" (2009), Shelah showed that if p < t,
then there is an uncountable k < p and a (k, p)-gap.
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Gaps and P-ideals PID=p=1t

PID = p = t.

It has long been known that p < t.
In the paper "A Comment on p < t" (2009), Shelah showed that if p < t,
then there is an uncountable k < p and a (k, p)-gap.

Ol

In 2012 Shelah and Malliaris produced a paper that proves finally that
p=tin ZFC.
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PID and b A P-ideal on (< g)

We know already:
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PID and b A P-ideal on (< g)

We know already:
e p<t<b
e p=N;=>p=t
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PID and b A P-ideal on (< g)

We know already:

e p<t<b

o p=N;=p=t
So even without gaps, we could have known that PID = p = t if only we
knew that PID = b < N,.
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PID and b A P-ideal on (< g)

Remark

We know already:

e p<t<b

o p=N;=p=t
So even without gaps, we could have known that PID = p = t if only we
knew that PID = b < N,.

Definition
e For g € w¥, let (< g) denote the set {f € w¥ : f <* g}

o We say A C (< g) is near g if for every n, the set
{f € A: x(f,g) < n} is finite.
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PID and b A P-ideal on (< g)

Definition

For g € w* let Z, be the collection of all countable subsets of (< g) that
are near g.
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PID and b A P-ideal on (< g)

Definition

For g € w* let Z, be the collection of all countable subsets of (< g) that
are near g.

Ig is a P-ideal.
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PID and b A P-ideal on (< g)

Definition

For g € w* let Z, be the collection of all countable subsets of (< g) that
are near g.

1 is a P-ideal.

Proof.
For {A; :i € w} C Zg, the set

A= U(Ai\{f €Ai:x(f,g) <i})

i€Ew

is a witness to this fact. ]
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PID and b A P-ideal on w»

Definition (A P-ideal Z on wy if b > w»)

Let us assume now that b > w», in which case, we can find a
<*-increasing sequence of functions (f; : £ € wo).

Now we say X € Z if X is countable, and for some v € wy, for all u > v
we have {f; : £ € X} € Iy, .
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PID and b A P-ideal on w»

Definition (A P-ideal Z on wy if b > w»)

Let us assume now that b > w», in which case, we can find a
<*-increasing sequence of functions (f; : £ € wo).

Now we say X € Z if X is countable, and for some v € wy, for all u > v
we have {f; : £ € X} € Iy, .

7 is a P-ideal on ws.

For {A;:i € w} CZ, there is a fixed v € wy such that for every u > v,
and every i € w, {fe : £ € A;} € Z¢,. Define now the functions

h.(j) :=={a € Aj: x(fa, f,) < j} (a finite subset of the countable set
Ui Ai)- Since b > wy there is some function h: w — [J;e,, Ai] < that
“dominates” all of the he. Then A := [J;c,,(Ai\h(i)) is a witness to the
fact that Z is a P-ideal. 0]
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PID and b A contradiction

Theorem (Todorcevic)
PID = b < w».
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PID and b A contradiction

Theorem (Todorcevic)
PID = b < w».

Proof (part 1).

Using the ideal Z previously described, assume there is some uncontable

A C wy with [A]Y C Z. (We may assume that A has order type wi.) Then
we can find a single v < w; such that every initial segment of A’ C A is in
Z¢,. However, we can find an uncountable set B C A such that for all

a € B, x(fa, f,) is constant. But now take any intial segment A’ C A such
that |[BN A’| = w. Clearly then A’ is not near f,, creating a

contradiction. O

v
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PID and b A contradiction

Proof (part 2).

Otherwise, wy is the countable union of sets orthogonal to Z. So in
particular there is a cofinal E C w, orthogonal to Z.

Choose some g € w* such that f; <* g for all { € E. If the set
B :={n € w :supgcg fe(n) = w} was infinite, choose for each n € B a
&n € wy such that g(n) < f¢,(n). Like before, {fs, :necw} e T.

So B is finite, and thus for n large enough s(n) := supgcg fe(n) is finite.
Define now s’(n) := s(n) — 1. Notice that we have for each ¢ € E that

fe <* s'. We can still however find for each n (large enough), a {, € E
such that s'(n) < f¢,(n). Again, as before, {f¢, : n € w} € 7. O

v
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Forcing the PID

Forcing the PID
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Forcing the PID Forcing the PID

Definition (Forcing the PID (Todorcevic 1999))

Let Z be a P-ideal on some ordinal 6 such that 6 cannot be decomposed
into countably many sets orthogonal to Z, but every smaller ordinal can.
Then we define the forcing poset P = Pz by the following: p € P when
p = (xp, Xp) and

@ X, is a countable subset of #, and
@ X, is a countable collection of cofinal subsets of ([Z]¥, C).

Now for each a € [Z]“, choose a fixed m, € Z such that b C* m, for every
b € A. Then we say g < p (g extends p) when

@ Xxq end-extends x,
e X, C Xg4, and

o forevery X € X5, {a€ X :xqg\ xp C my} € X4
(and is cofinal in [Z]¥).
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Forcing the PID Forcing the PID

This forcing is proper and forces that there is an uncountable subset A of
0 such that [A]¥ C Z. It also adds no new reals, even when iterated with
countable support.
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Forcing the PID Forcing the PID

This forcing is proper and forces that there is an uncountable subset A of
0 such that [A]¥ C Z. It also adds no new reals, even when iterated with
countable support.

v
Implications

e PFA = PID

o If there is a supercompact cardinal k, we can iterate over k to force
both the PID and the GCH.

@ PID,, can be forced by only iterating wy many posets.
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Forcing the PID Goals and Questions

o Using a supercompact cardinal, force PID and b < 0.
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(where ¢ = Np)

Open Questions
Given the PID,
@ is 0 bounded?

@ /s ¢ bounded?
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