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Definitions Iterated function system
Scattered space

Definition

If (X, d) is a complete metric space and F = {fi, f,...,fp} is a
collection of (weak) contractions of X to itself, then F is said to
be an Iterated Function System (IFS).
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Definitions Iterated function system
Scattered space

Definition

If (X, d) is a complete metric space and F = {fi, f,...,fp} is a
collection of (weak) contractions of X to itself, then F is said to
be an Iterated Function System (IFS).

A map f: X — X is a contraction if there exists a constant
a € (0,1) such that for any x,y € X

d(f(x),f(y)) < a-d(x,y).

A map f: X — X is called a weak contraction if for each x # y,
x,y € X
d(f(x), f(y)) < d(x,y).
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Definitions Iterated function system
Scattered space

|FS-attractors

Definition

The attractor of the IFS F (/FS-attractor) it is the unique
nonempty compact set L C X which is invariant by the IFS F, in
the sense:

K =A(K)UKK)U- - U f(K).
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Definitions Iterated function system
Scattered space

Countable sets

Every finite set is an IFS-attractor in every metric.

f, |
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Definitions Iterated function system
Scattered space

Countable sets

Every finite set is an IFS-attractor in every metric.

f, |

f,

What about countable compact sets?
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Definitions Iterated function system
Scattered space

Scattered space

A compact metric space is countable iff it is scattered.
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Definitions Iterated function system
Scattered space

Scattered space

A compact metric space is countable iff it is scattered.

A space X is called scattered iff every non-empty subspace Y has
an isolated point in Y.

Mazurkiewicz-Sierpiriski theorem

| A\

Every countable compact scattered space X is homeomorphic to
the space w” - n 4 1 with the order topology, where 3 = ht(X) and
n = |X®)| is finite.

Xl ntle(W+1)-n
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Definitions Iterated function system
Scattered space

Cantor-Bendixson level

For a scattered space X let
X' = {x € X|x is an accumulation point of X}

be the Cantor-Bendixson derivative of X.
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Definitions Iterated function system
Scattered space

Cantor-Bendixson level

For a scattered space X let
X' = {x € X|x is an accumulation point of X}

be the Cantor-Bendixson derivative of X.
o Xl(atl) — (X(a))'
o X = Np<a X for a limit ordinal a.
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Definitions Iterated function system
Scattered space

Cantor-Bendixson level

For a scattered space X let
X' = {x € X|x is an accumulation point of X}

be the Cantor-Bendixson derivative of X.
o Xl(atl) — (X(a))'
o X = Np<a X for a limit ordinal a.

Definition

The height of X is ht(X) = min{8|X(® is finite}.
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Definitions Iterated function system
Scattered space

Cantor-Bendixson level

For a scattered space X let

X" = {x € X|x is an accumulation point of X}

be the Cantor-Bendixson derivative of X.
o Xl(atl) — (X(a))'
o X = Np<a X for a limit ordinal a.

The height of X is ht(X) = min{8|X(® is finite}.

.

For each element x of scattered space X, we define its
Cantor-Bendixson rank as

rk(x) = a such that x € X(®)\ x(@+1),

y
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Definitions Iterated function system
Scattered space

Some properties of height and Cantor-Bendixson rank.

For U and V scattered compact space:
e if U C V then ht(U) < ht(V)
e ht(U U V) = max(ht(U), ht(V))
e ht(f(U)) < ht(U) for every continuous function f
e ht(U) > rk(x) for every open neighborhood U of x
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

Topological classification of countable IFS-attractors

Theorem (M.N.)

If X =w?-n+1 be a scattered, compact, metric space and n > 1,
then
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

Topological classification of countable IFS-attractors

Theorem (M.N.)

If X =w?-n+1 be a scattered, compact, metric space and n > 1,
then

Q@ B = 0= X is IFS-attractor in every metric
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

Topological classification of countable IFS-attractors

Theorem (M.N.)

If X =w?-n+1 be a scattered, compact, metric space and n > 1,
then
Q@ B = 0= X is IFS-attractor in every metric

Q@ B =a+ 1= there exist f,g: X — R homeomorphisms such
that

@ f(X) is an IFS-attractor
@ g(X) is not an attractor of any weak IFS
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Classification of countable IFS-attractors

Main theorem S.UC.CeSSO.r il
Limit height

Topological classification of countable IFS-attractors

Theorem (M.N.)
If X =w?-n+1 be a scattered, compact, metric space and n > 1,

then
Q@ B = 0= X is IFS-attractor in every metric
Q@ B =a+ 1= there exist f,g: X — R homeomorphisms such
that

@ f(X) is an IFS-attractor
@ g(X) is not an attractor of any weak IFS

© [ > 0 limit ordinal = X is a weak IFS-attractor in no metric
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Classification of countable IFS-attractors
Successor height
Limit height

f(X) is contractive IFS-attractor when = a +1

Main theorem

Theorem

For every € > 0 and every countable ordinal « the scattered space
w1 4+ 1 is homeomorphic to the attractor of an iterated function
system consisting of two contractions {¢, @n+1} in the unit
interval | = [0, 1], such that

max(Lip(¢), Lip(¢a+1)) <e.
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Classification of countable IFS-attractors
Successor height
Limit height

f(X) is contractive IFS-attractor when = a +1

Main theorem

Theorem

For every € > 0 and every countable ordinal « the scattered space
w1 4+ 1 is homeomorphic to the attractor of an iterated function
system consisting of two contractions {¢, @n+1} in the unit
interval / = [0, 1], such that

max(Lip(¢), Lip(¢a+1)) <e.

Lemma

If A and B are disjoint IFS-attractors then AU B is also
IFS-attractor.

| A
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Classification of countable IFS-attractors

Main theorem S!.lcc_:essgr height
Limit height

Successor height: w®t! 41

Ky~ w®+1

NI~
S~
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

Successor height: w®t! 41

Ky~ w®+1
Ka+1 == {0} U UIEN OI[ and r > 3
Kot1 = o(Kat1) U pat1(Kat1)

»eie e LI o . e o o .
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

Successor height: w®t! 41

Ky~ w®+1
Kot1 = o(Kat1) U pat1(Kat1)

¢ Do

_ _ 1 : _ 1
o(x) =7 Yat1(Kar1) = K, and Lip(¢at1) = 775



Classification of countable IFS-attractors
Successor height
Limit height

g(X) is not an attractor of any weak IFS when 8 = o +1

Main theorem

There exists a convergent sequence C -~ w + 1 which is not
a weak IFS-attractor in [0, 1] with standard Euclidean metric.
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

g(X) is not an attractor of any weak IFS when 8 = o +1

There exists a convergent sequence C -~ w + 1 which is not
a weak IFS-attractor in [0, 1] with standard Euclidean metric.

Theorem

| A\

There exists a compact scattered metric space K« w®t1 41 which
is not a weak IFS-attractor in [0, 1] with standard Euclidean metric.

v
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

g(X) is not an attractor of any weak IFS when 8 = o +1

There exists a convergent sequence C -~ w + 1 which is not
a weak IFS-attractor in [0, 1] with standard Euclidean metric.

v
Theorem

There exists a compact scattered metric space K« w®t1 41 which
is not a weak IFS-attractor in [0, 1] with standard Euclidean metric.

If X = XoU...UX, is a weak IFS-attractor and each X; is
compact and isometric to Xg and dist(Xj, X;) > diam(Xg) for every
i < j < nthen every X; is a weak IFS-attractor.

v
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

Construction of K v~ w +1

For k1 =1 and !
o = (knr -+ k) /INN

diam(F,) < dist(Fp, Fnt1)

K:={0}uU [j Fn .
n=1

K F,F 5 F
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

Contractions on IC

There are two kinds of weak contractions ¢: K — K:
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

Contractions on IC

There are two kinds of weak contractions ¢: I — K:
Q@ ¢(0) # 0= p(K) is finite
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

Contractions on IC

There are two kinds of weak contractions ¢: I — K:
Q ¢(0) # 0= p(K) is finite
Q@ »(0)=0= o(F,) CK\(F,U---UF) forall n€ N*

p A

diam(Fp) < dist(Fpn, Fny1)
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

Contractions on IC

There are two kinds of weak contractions ¢: K — K:
Q ¢(0) # 0= ¢(K) is finite
Q »(0)=0= p(F,) CK\(F,U---UF) forall ne N*

F

’
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

End of the proof

Suppose that K is an IFS-attractor. K = [J;_; ¢i(K)

We can write the set KC as the union
K =ULL eitR)WUUiZ 1 #i(K)

For almost every n we have F, C |Ji"; pi(Fpm1U--- U Fy) so
m
kn = |Fp| < |Ug0,'(F,,_1U..-UF1)| < m(kp1+ -+ k1) .
i=1

But k, = n(kn—1+ -+ + k1) so for n > m we get a contradiction.
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

g(X) is not an attractor of any weak IFS when 8 = o +1

There exists a convergent sequence C -~ w + 1 which is not
a weak IFS-attractor in [0, 1] with standard Euclidean metric.

v
Theorem

There exists a compact scattered metric space K« w®t1 41 which
is not a weak IFS-attractor in [0, 1] with standard Euclidean metric.

If X = XoU...UX, is a weak IFS-attractor and each X; is
compact and isometric to Xg and dist(Xj, X;) > diam(Xg) for every
i < j < nthen every X; is a weak IFS-attractor.

v
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

Generalization of F,

\k//
\

\-oo o\ Q-oo o) \\-::/o/) Q\.L;D

\ <\

diam(F,) < dist(Fp, Fny1)
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Classification of countable IFS-attractors

. Successor height
Main theorem Liiis i

X is never IFS-attractor when ht(X) = 8 > 0 limit ordinal

For a limit ordinal 3 the scattered space K v~ w? - n+ 1 is not
homeomorphic to any IFS-attractor consisting of weak
contractions.
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Classification of countable IFS-attractors
Successor height
Limit height

X is never IFS-attractor when ht(X) = 8 > 0 limit ordinal

Main theorem

For a limit ordinal 3 the scattered space K v~ w? - n+ 1 is not
homeomorphic to any IFS-attractor consisting of weak
contractions.

Proof:

Suppose that £ «~ w? - n 4 1 has a fixed metric d and there exists
IFS F such that K = (J;.» f(K).

Denote by D = K(#) a set of points from K of Cantor-Bendixson
rank 8. n=|D|.
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Classification of countable IFS-attractors
Successor height
Limit height

Main theorem

X is never IFS-attractor when ht(X) = 8 > 0 limit ordinal

For a limit ordinal 3 the scattered space K v~ w? - n+ 1 is not
homeomorphic to any IFS-attractor consisting of weak
contractions.

Proof:

Suppose that £ «~ w? - n 4 1 has a fixed metric d and there exists
IFS F such that K = (J;.» f(K).

Denote by D = K(#) a set of points from K of Cantor-Bendixson
rank 8. n=|D|.

Q@ 71 :={f € F|ht(f(K)) = 5}
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Classification of countable IFS-attractors
Successor height
Limit height

Main theorem

X is never IFS-attractor when ht(X) = 8 > 0 limit ordinal

For a limit ordinal 3 the scattered space K v~ w? - n+ 1 is not
homeomorphic to any IFS-attractor consisting of weak
contractions.

Proof:

Suppose that £ «~ w? - n 4 1 has a fixed metric d and there exists
IFS F such that K = (J;.» f(K).

Denote by D = K(#) a set of points from K of Cantor-Bendixson

rank 8. n=|D|.
O 71 :={f € F|ht(f(K)) = B}
Q@ Fo=F\F~A
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Classification of countable IFS-attractors
Successor height
Limit height

X is never IFS-attractor when ht(X) = 8 > 0 limit ordinal

Main theorem

For a limit ordinal 3 the scattered space K v~ w? - n+ 1 is not
homeomorphic to any IFS-attractor consisting of weak
contractions.

Proof:

Suppose that £ «~ w? - n 4 1 has a fixed metric d and there exists
IFS F such that K = (J;.» f(K).

Denote by D = K(#) a set of points from K of Cantor-Bendixson

rank 8. n=|D|.
O 71 :={f € F|ht(f(K)) = B}
Q@ Fo=F\F~A

If f € F1 then f(D)ND # 0

Magdalena Nowak Topological classification of countable IFS-attractors



Classification of countable IFS-attractors
Successor height
Limit height

Main theorem

Consecutive derivatives K(?) cluster around D = Np<s K) so
there exists p such that maxscr, ht(f(K)) < p < 8 and for |[D| > 1

K” c | B(x, g)

xeD
where e = min{d(x,y)| x # y;x,y € DUU¢cx f(D)} > 0.
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Successor height
Limit height

Main theorem

Consecutive derivatives K(?) cluster around D = Np<s K) so
there exists p such that maxscr, ht(f(K)) < p < 8 and for |[D| > 1

K” c | B(x, g)

xeD
where e = min{d(x,y)| x # y;x,y € DUU¢cx f(D)} > 0.
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Classification of countable IFS-attractors
Successor height
Limit height

Main theorem

There exists an element a € K(?) such that

dist(a, D) = sup d(x, D).
XGIC(P)
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Classification of countable IFS-attractors
Successor height
Limit height

Main theorem

f'@

There exists an element a € K(?) such that

dist(a, D) = sup d(x, D).
XGIC(P)
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Classification of countable IFS-attractors
Successor height
Limit height

Main theorem

i
LY
There exists an element a € K(?) such that

dist(a, D) = sup d(x, D).
XGIC(P)

We can find a clopen neighborhood U of a such that
FL(U) N KP) £ for every f € Fy.
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Classification of countable IFS-attractors
Successor height

Main theorem Liiis i

_] ‘..:-'.'
LY
There exists an element a € K(?) such that

dist(a, D) = sup d(x, D).
XGIC(P)

We can find a clopen neighborhood U of a such that
FL(U) N KP) £ for every f € Fy.

O ht(FY(U)) < pfor feFy

Q@ ht(U) = p
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Classification of countable IFS-attractors
Successor height
Limit height

Main theorem

2

There exists an element a € K(?) such that
dist(a, D) = sup d(x, D).
XGIC(P)

We can find a clopen neighborhood U of a such that
FL(U) N KP) £ for every f € Fy.
O ht(FY(U)) < pfor feFy
Q@ ht(U) = p
u=JfFy

feF
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Classification of countable IFS-attractors
Successor height

Main theorem Limit height

@ M. Kwiecifiski, A locally connected continuum which is not an
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Magdalena Nowak Topological classification of countable IFS-attractors


http://arxiv.org/abs/1204.4797

	Definitions
	Iterated function system
	Scattered space

	Main theorem
	Classification of countable IFS-attractors
	Successor height
	Limit height


