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IIl. PFA and automorphisms

using the tricks to study autohomeomorphisms

Fix a function ¢ : P(N) — P(N) which is a lifting of a mod fin
homomorphism: (dually N* «f N*, &(X) =* f~1(X*))
PX)UD(Y)="P(XUY), d(X)Nd(Y)="d(XNY), 0)=10

as in the OCA discussion, P(N) is given the topology with
[s;n] = {X C N: Xnn= s} being the basic clopen sets

say that / ¢ triv(®) if there is an h; € N/ such that ®(a) =* h[4]
forallac/

note that h; is continuous as a map on P(/)

if there is a continuous lifting then @ is trivial.
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adding a Cohen real to a Borel lifting F

Suppose F is a Borel lifting of automorphism ¢ (continuous on
dense G; X)

Let 94, g» be generics for the poset {[s; n] : s C n € N}

Then F(gy) and F(gz) are defined, but ®(g;) are not;

Als1; nl, [s2: n] 1= (F(g1) * F(92))AF(g1xg2) C n

where x is one of {N, U, A, —}

also (3n > n) Vs, t C n (and extend sy, s, with syAs, C n)
[s1;n],[s2;n] IF F(sUgi—n) —n= F(tUgy—n) —n

otherwise meeting countably many dense sets, including some
to get inside dense G; set X, we find vq, vo» C N yielding, e.g.
O(vq) x d(v2) =" F(v1) x F(v2) #* F(v1 x v2) =* &(v1 x o)
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completely additive implies trivial

Now in the extension: by continuity for a € X

d(a) =" Fi(a) =Ilimy F((anm)ug; —m)and

Fi(a) =limp F1((anm)uU (g1 xg2) — m)

andfora,be X

d(axb) =*d(a)«d(b) =* Fi(a) x F1(b) = F1(a*b)

little bit easy exercise, (Vx C N), there are a, b € X such that
X = alb,

hence F; has a unique continuous extension, F, to P(N), and
this is a pure lifting

now define h(i) € F({i}) for a € X and check that h induces ¢
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Cohen forcing and o-Borel automorphisms

Theorem: let ® be a lifting of @ mod fin homomorphism which
has no Borel lifting, then adding a Cohen real will not add a
continuous lifting for ® | V N P(N).

(skipping) proof: Assume that F : P(N) — P(N) is a continuous
function (after forcing with 2<¢) and that F(X) =* ®(X) for all
X € P(N).

Put X € Xy 5 providing p IF F(X) \ n= &(X) \ n.

Find p,nand s C nsuch that X, , is dense in [s; n]

Let Y e [s;n] N Vandlet {Xx: k € w} C XpnN[s;n| converge
to Y. Then p Ik F(Y) = limy F(Xx) =* ®(Y), hence F(Y) e V.

Thus, ¢5(X) = ¢(sU (X \ n)) is a continuous lifting for the
same homomorphism.
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Cohen forcing and o-Borel automorphisms

Theorem: let ® be a lifting of a mod fin homomorphism which
has no Borel lifting, then adding a Cohen real will not add a
continuous lifting for ® | V N P(N).

more Borel map and Cohen connection:

If Y is a Cohen (i.e. P = {[s;n] : s C n € N}) name of C N,
then there is a Borel map (continuous on a dense Gs) Fy

such that, in the extension, F(g) = valy(Y)

AND, Lemma there are x C aC N, N\ a ¢ triv(®)
such that I- Fy(x U (g \ a)) N ®(a) #* d(x)

ie. lp,, Y N ®(a) £ d(x)
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Velickovic also proved o-Borel implies Borel

there is quite a tricky step to this theorem which seems to
simplify if we again throw Cohen forcing at it.

Assume that {F, : n € w} is a family of Borel functions on P(N)
such that for all X C N, there is an n such that ¢(X) = F,(X).

Apply above Lemma to obtain xo C a9 € Nwith N\ ag ¢ triv(®),
and I Fo(xo U (9 \ @)) N ®(a0) #* ®(Xo)

this hands us countably many dense sets that we must protect
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o-Borel, Borel, continuous are all the same

Claim: (there is) xg such that for comeager many v C by,
Fo(Xo U V) N ¢(ao) £* q)(Xo).

Vo, = FolxoUv)no(a)

P(bo) otherwise, let g be

P(bg)-generic, and set H(x) =

Fo(x U g) N ®(ag) and we have

P(ao)xo Cohen added a continuous lifting
for & | P(ap)

repeat this, obtaining xx C ax C bx_1 so that ®(xi) #*

Fi(xo U---xx Uv)N®(ax) for comeager many v C by

= bx_1\ak. Also carefully ensure that v = Uj>ka lands you in
the appropriate comeager sets. Then ®(v) #* Fx(v) for all k.
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Shelah-Steprans Q and A; Step 1

More Cohen forcing connections.

Lemma 1 again: Let Y be a P = [N]<“-name of a subset of N
and ® be a homomorphism. Let Y € M < H(6) be countable
and let © be the set of dense subsets of P. Let b not in triv(®).

Forxcacb, Pxa={pecP:pna=xnmax(p)}. We
assume b is one of the “many” sets b so that for all x C a C b,
DN Py gisdensein Py forall De®nM.

If g is P-generic, then gy o = x U (g \ a) is generic for Py 5.

In V[g], we know that F,, is Borel on P(a). and that there are
xCcacbwithb\ a¢ triv(o)

such that 1 IFp, , ®(x) #* Yg, , N ®(a).
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Shelah-Steprans Q and A: Step 2 — wy

recursively construct A = {a; D X : £ € wq} as above, so that
A ={a¢ : £ € wy} is mod fin increasing and x, N a¢ =* x¢ for
¢ <a,and N\ a, ¢ triv(d)
Define Q, C [N]<¥ x [a]<“ by

(g,J) € Q, implies (x: N a,)Ax, C maxqfor{ <ned
and ordered (so as to mimic Py, 5, for all { < a)
(p, H) < (q.,J) implies
(p\ max(q)) N as = xc N (max(q), max(p)] forall £ € J.

Simultaneously be selecting an increasing chain () of
countable elementary submodels so that Q, € M,, and the
choice of a,, ensures all dense D c Q,, from M, remain dense
in Q1. (at limits there’s a P-ideal issue)

Also ensure that for all Y € M, which are Q,-names,
Y O9x..a. N P(aa) #* P(Xa).
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what does this get us?

One of the roles the models M, is to ensure that Q,,, (or Q4) is
ccc (easy-ish ¢ argument).

Thusif Y is a nice Q,,,-name of a subset of N, there is an
suchthat Y e M,,.

Let G C Q,, be genericand let g = J{p:3H (p,H) € G}. For
each a € wy, there is a p, so that (p,, {a}) € G, and with
P C N, we have that (g N a,)Ax, C n,.

The choice of a, D x, and the fact that g =* x, U (g \ a.) is
sufficiently (Qu)x.,a,-generic, we have that
YgNnd(as) # o(Xa).

All this adds up to {¢, = P(X,), 00 = P(@n\Xa) tx €Ewy}isa
freezable gap (while {x., (a,\X.)} is split by g).
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| know this is taking a while

pulling it all back via PFA, there is a sequence
{80 D X, : @ € wi} and a set X € N such that X na, =* x, for
all o, but, there is no set Y such that Y N F(a,) =" F(xa).

so it must fail. which means triv(®) # ()

in any event,
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| know this is taking a while

pulling it all back via PFA, there is a sequence
{80 D X, : @ € wi} and a set X € N such that X na, =* x, for
all o, but, there is no set Y such that Y N F(a,) =" F(xa).

so it must fail. which means triv(®) # ()

in any event,

Theorem: if we are stuck in choosing a,, D X, it is because
triv(®) is ccc over finand I-q, ®M{as: B<a}tnNV=Tis
o-Borel. (hence trivial on each b € 7)

[Velickovic] o-Borel plus trivial on each member of a P-ideal J
implies there is a single hinducing ® on each member of 7.
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non-trivial embeddings of N*

now we’d like to note the important theorem of
[Farah] PFA implies that if K € N* is homeomorphic to N*, then
the interior of K is clopen (= A*) and K \ A* is ccc over fin.

Let f be a homeomorphism from N* to K. Define the dual
homomorphism ¢ by ®(X) C N is such that
d(X)* = F1(X* N K).
N* Since X* N 0K # () means
B f _ that X ¢ triv(®), we have
SIIRA A RY) that 9K s cec over fin which
LAY YO(X)T shows that int(K) is clopen
X (i.e. regular closed sets do
not have ccc over fin bound-

ary)

K
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some known consequences of trivial on ccc over fin

N* does not map onto (w x w + 1)* (let alone not being
homeomorphic)

the measure algebra does not embed in P(N)/fin
still open: if N* maps onto compact ED X, must X be

separable?

R* does not map onto the separable continuum: the
Stone-Cech compactification of the long repeating topologist’s
sine curve (the closure of the graph of sin(1/(x — | x])))
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PFA resolves the 2-to-1 mapping question

Let f be a 2-to-1 map from N* onto a space K. Let Z be those
I ¢ N suchthat f | I*is locally 1-to-1 and f[/*] open in K.

By MA we are able to show that K is nowhere ccc and that for
each open U C K, thereisa b C N such that f | b* is 1-to-1
into U.

Each Gs contained in f[a*] N f[(N '\ a)*] is contained in interior.

Proof: Let ), U, be the G;. May assume U, 1 C U,. Choose
zp € Up\ fla*] (wlog) for all n. Thus f=1({z,},) is a discrete set
and its closure maps 2-to-1 onto the closure of {z,},. It follows
that the limit points of {z,} while in ", U, are not in f[a*].
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clopen copies of N* in K

Lemma 2: for each open U C K, there is an | € 7 such that
f[I*] € U. hence T is non-empty.

We use the Shelah-Steprans Q and A method.

Given any U C K, we can choose disjoint family {U, : o € w1}
of open subsets of U. For each « choose W, ¢ W, C U,.

Next find a, ¢ N such that ~1(W,) c &, and a; N f~"(K\ Uy,)
is empty. Thus f[(N\ a,)*] is disjoint from W,,.

Fix any infinite b, C a, such that f[b}] ¢ W, and f | b}, is
1-to-1. If f[b}] has any interior, we have succeeded. So, we
assume instead, that for all «, f[b};] is nowhere dense.
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Before continuing, we ask if there is some such selection for
which there is a set A ¢ N such that An b, =* ) and

Ca = AN a, still satisfies that f[c}] D f[b}]. If so, make this
selection instead.

For each « then, there is a closed set K, C ¢ = (@, \ ba)*
such that f[K,] = f[b]

i.e. there is a homomorphism H,, from P(c,) onto P(b,).
Following the Shelah-Steprans method, we can force with <“12
and then construct a sequence {c,, d, : « € wy}, so that the

poset Q,, is ccc and we obtain a gap from
{Ha(dn), Ha(Co \ do) - v € wy }.
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This gives us a set X (forced by Q.,) satisfying that

XNnc, =*d, forall «. We are sure that there are uncountably
many « such that X N b, is not mod finite equal to H,(d,).

By symmetry, we may assume that b, = H.(d,) \ X is infinite.
By the definition of H,, it follows that f[d*] > f[b] and that X
does separate the family of such d,’s and the b,’s. This
means that we were able to choose A as above, and that we
may assume that X c A.

We have the gap {H.(d.), ba \ Ha(dy,) : o € wy}, which implies
there is a point w in |, (Ha(da))* NU, (b \ Ha(dn))* C (N\ A)*

AN X)"] 5 flUa(Ha(da))*] and
FICAN X)] 2 flUq (o \ Ha(da))]-

That means f(w) has 3 points in its preimage!




Il. PFA and automorphisms
non-empty Gs’s have non-empty interior
Next Lemma: K has the property that non-empty G;'s have

non-empty interior. (uses Farah’s theorem)

Let {Un}n be the sequence of open sets such that U,, 1 C Up.
For each n, we have some (b, U ¢,) € Z such that
flby] = flc)] € Un\ Unyq and is a clopen subset of K.

For each n, f~'(U,) is an open set in N* which contains the
closure of (Jy~,(bx U ck)*. Thus we can arrange that

(Ukzn(bk U ck))>k is contained in f~1(Up,) for each n.

If U=K\f[(N\U,bn)*] C N, Unis not empty then we are
done.

o/w, set b = J,, by and notice that f [ b* must be 1-to-1 (since
fI(N\ b)*] o f[b7]).
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By Farah’s theorem, the canonical embedding given by F=' o f
from b* into (N'\ b)* will have the form a* U S where S is some
nowhere dense set. Since ¢}, is contained in this image for
each n, it follows that ¢, c* a for each n. Choose any infinite

¢ C asuch that cn ¢, is finite for each n. It follows that there is
a b c b such that f[b*] = f[c*] € N, Un and again we have
demonstrated that (,, U, contains an open set.
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By Farah’s theorem, the canonical embedding given by F=' o f
from b* into (N'\ b)* will have the form a* U S where S is some
nowhere dense set. Since ¢}, is contained in this image for
each n, it follows that ¢, c* a for each n. Choose any infinite

¢ C asuch that cn ¢, is finite for each n. It follows that there is
a b c b such that f[b*] = f[c*] € N, Un and again we have
demonstrated that (,, U, contains an open set.

Then we use the CH * Cohen * OCA trick to finish as follows.

Let x € N* be any point witnessing that f is not locally 1-to-1.

To save time, just assert that using non-empty Gs’s have
non-empty interior in K, we can construct a sequence
{8, : @ € w1} C 7 converging to x
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Probably skip the construction of {a, : @ € w1}

Fix any E € x such that f(x) € f[(N'\ E)*]. If there were any G;
of K containing f(x) and contained in f[E*] N f[(N\ E)*], then f
would be locally 1-to-1 at x.

Suppose we are given any countable A C x, we may by
enlarging .A assume that for each a € A, there is an a € A such
that f[a*] N f[(E \ a)*] is empty.

K\ Uze4 fl(E \ @)*] is a Gs containing f(x) and so can not be
contained in f[(N\ E)*].

And since it has dense interior, there is a b € 7 such that

f[b*] C U. ltis easily checked that b < A.

This completes the proof that given countable A from x, there
isab < . Asuchthatbe .
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now we finish the proof

Give the sequence {a, : « € wy} C Z converging to x, there
are mappings h, : a, — a, such that hg = id and h,(n) # n.
(i.e. hy induces f~' o f), then for all uncountable | C w1, [, ¢, ha
is not 1-to-1 on any member of x.

Force with 3<N thus adding a partition Cy, Cy, Co
(o, B) € R (per OCA) if there are i € Cy N a,, j € Cy N ag so that
ha(i) = h(j) € Co.

{ Conhy(aanNCy), ConhylanNcCy):acw}
forms a gap, and if w € C5 is in common closure, there are
x € C; and y € Cf such that f(x) = f(w) = f(y)
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