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I. Cardinal Arithmetic
U. Abraham and M. Magidor

1. Introduction

Cardinal arithmetic is the study of rules and properties of arithmetic op-
erations mainly on infinite cardinal numbers. Since sums and products are
trivial in the sense that

m+n=m-n=max{m,n}

holds for infinite cardinals, cardinal arithmetic refers mainly to exponenti-
ation m™. If M is a set of cardinality m and [M]™ is the collection of all
subsets of M of cardinality n, then m™ is equal to the cardinality of [M]™.
Thus exponentiation is intimately connected with the power-set operation
and hence lies at the heart of set theory. Classical and basic properties of
cardinal arithmetic can be found, for example, in the Levy [12] and Jech [8]
textbooks (the latter contains more advanced material). The aim of this in-
troduction is to mention some elementary results and to put our chapter in
its context—mnot to give a historical introduction to the subject of cardinal
arithmetic, for which the reader is referred to these textbooks, to [7], and
to [9] for a more general perspective.

A theorem of Zermelo generalizing a result of J. Konig says that if (k; |
i € I)and (\; | i € I) are sequences of cardinals such that x; < A; holds for
every ¢ € I, then

Yierki < IierA;.

A theorem of Bukovsky and of Hechler says that if y is a singular cardinal
and the values 27 for cardinals v < pu stabilize, then 2# = 279 where vy < i
is such that 270 =27 for all v <7y < p.

Building on earlier results (of Hausdorff, Tarski, Bernstein and others)
Bukovsky (1965) and Jech show how cardinal exponentiation can be com-
puted from the gimel function (which takes x to x°f(%)). Applications of
Solovay and Easton of the forcing method of Cohen (1963) show that for
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6 I. Cardinal Arithmetic

regular cardinals k there is no restriction on 2 except that which follows
from the Zermelo—Konig theorem, namely that cf(2%) > x (see [8] Chapter
3 for details). Thus the question about the possible values of k(%) is most
interesting from our point of view when x is a singular cardinal. It was
evident that it is much harder to apply the forcing method to singular car-
dinals. Involving large cardinals, work of Prikry and of Silver showed that it
is possible for a strong limit singular cardinal u to satisfy 2# > pt in some
generic extension. Using large cardinals Magidor proved the consistency of
N, being the first cardinal s for which 2® > k% holds. For a long time
it was believed that large cardinal and more complex applications of the
forcing method should yield greater flexibility for values of the power-set of
singular cardinals. A first indication that there are possible limitations was
the theorem of Silver (1974): If k is a singular cardinal with uncountable
cofinality and if 2% = §* for all cardinals § < s, then 2% = k. This result
paved the way for further investigations by Galvin and Hajnal (1975). A
representative result of their work is the following: If N4 is a strong limit
singular cardinal with uncountable cofinality, then

QN(S < N(l(glcf(a))+.
For example, if R, is a strong limit cardinal, then
2N“’1 < N(2N1)+.

The method of proof of these results relied in an essential way on the as-
sumption that cf(d) > Ng. Shelah (1978) was able to prove similar results
for singular cardinals with countable cofinality. For example, if N, is a
strong limit cardinal, then

QN“’ < N(2N0)+. (I].)

In a series of papers, culminating in his book [14], Shelah developed a pow-
erful theory with many applications, the pcf theory, which changed our view
of cardinal arithmetic. A remarkable result of this theory is the following.
If R, is a strong limit cardinal then

2N <N, (1.2)

If 2% < Ny, then (I.1) is a better bound than (1.2), but in general, since
(2%0)* can be arbitrarily high, w, seems to be a firmer bound.

The major definition in pcf theory is the set pcf(A) of possible cofinalities
defined for every set A of regular cardinals as the collection of all cofinalities
of ultraproducts ITA/D with ultrafilters D over A. This basic and rather
simple definition appears in many places and is the basis of a very fruitful
investigation. It is a basic definition also in the sense that while the power-
set can be easily changed by forcing, it is very hard to change pcf(A).
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Our aim in this chapter is to give a self-contained development of pcf
theory and to present some of its important applications to cardinal arith-
metic. Unless stated otherwise, all theorems and results in this chapter are
due to Shelah.

The fullest development of the pcf theory is in Shelah’s book [14], and the
interested reader can access newer articles (and the survey paper “Analytical
Guide”) in the archive maintained at Rutgers University.

In addition to this material, we have profited from expository papers
(Burke-Magidor [2], Jech [7], and unpublished notes by Hajnal), and in
particular a recently published book [6] which is very detailed, complete
and carefully written.

The authors wish to thank Maxim R. Burke, Matt Foreman, Stefan
Geschke, John Krueger, Klaas Pieter Hart, Donald Monk, and Martin Weese
for valuable corrections and improvements of earlier versions.

2. Elementary definitions

An ideal over a set A is a collection I C P(A) such that (1) I is closed under
subsets, that is, X € [ and Y C X implies Y € I, and (2) I is closed under
finite unions, that is, X7, X5 € I imply X; U X5 € I (and thus the union of
any finite sequence of members of I is in I). If A & I, then T is said to be
proper. We do not require that ideals be proper (see the definition of J.
in section 3.1).

The dual notion, that of a filter, is also used in this chapter. A collection
F CP(A)is a filter over A if (1) F is closed under supersets, that is, X € F'
and X CY C Aimply Y € F, and (2) F' is closed under finite intersections.
However, usually a filter is proper, that is § & F.

If T is an ideal over A, then I* = {X C A | A\ X € I} is its dual filter.
Sets belonging to an ideal are intuitively “small” or “null”, whereas those of
a filter are “big” or “of measure one”. If I is an ideal over A, then subsets
of A not in I are called “positive”, and the collection of positive sets is
denoted IT.

IT={XCA|X¢&I}.

We shall deal in this section with functions from a fixed, infinite set A
into the ordinals. The class of these ordinal functions is denoted On™. If
f,g € On?, then f < g means that f(a) < g(a) for all a € A, and similarly
f < g means that f(a) < g(a) for all a € A (this is called the everywhere
dominance ordering).

If F c On” is a set, then the supremum function h = sup F' is defined
on A by

h(a) = sup{f(a) | f € F}.
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If f,g € On?, then we define

<(f,9) ={a € A f(a) <g(a)},

and similarly
<(f,9) ={a € A f(a) < g(a)}.
and

=(f,9) = {a€ A f(a) =g(a)}.

If T is an ideal over A, then we define a relation <; over On4 by
f<rg iff {a€Alga)<fla)}el.
In general, for any relation R on the ordinals, we define R; over On” by
fRrgiff {ae A|~(f(a) Rg(a))} €1

That is, the set of exceptions to the relation is null. In this way <; and
=, are defined over On”. We remark that <; is weaker than “<; or =;".
Note that <; is a quasi-ordering, and that <; is irreflexive (if I is a proper
ideal) and transitive.

The notations X C; Y and X =; Y are also used for subsets X,Y C A,
in the obvious meaning. For example, X C; Y iff X \ Y € I.

For a filter F' over A, the dual definitions f <p g, f <p ¢ etc. will be
used as well. For example, f <p g means that {a € A | f(a) < g(a)} € F.
If F is the dual of an ideal I, then <z and <; are the same relation of
course.

Products of sets

Suppose that A is an index set and S = (S, | a € A) is a sequence of
non-empty sets of ordinals. Then the product, denoted ILS or Il c 4 S,, is
defined as

IS ={f|feOn® and Va € A f(a) € S,}.

In particular, if A : A — On is any ordinal function defined on A, then
ITh (or IIzea h(a)) denotes the set of all ordinal functions f defined on A
such that f(a) € h(a) for all a € A.

If A is a set of cardinals, then ITA (or II,ca a) denotes the set of all
ordinal functions f defined on A such that f(a) € a for all a € A. That is,
ITA is ITh where h(a) = a is the identity function on A.

For an ideal I over A, the relations <;, <;, and =; are defined on IIh,
and the reduced product ITh/I consisting of all = equivalence classes is
obtained. If g € On®, then we may write (somewhat informally) g € TTh/T
rather than [g] € IIh/I, that is ITh/I is considered as a class of functions
rather than equivalence classes.
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For a filter F over A, the reduced product ITh/F is defined in a similar
way.

A sequence of functions f = (f¢ | £ < A) in ITA is said to be <;-increasing
if & < & implies that fg, <; f¢,. For typographical reasons we also say
that f is I-increasing, or “increasing modulo I” instead of <-increasing. A
sequence is a function, and if f¢ denotes a value of that function then the
sequence itself is denoted f, not f or F.

Partial orderings

We say that (P, <p) is a quasi-ordering iff <p is a reflexive and transitive
relation on P. A strict partial ordering is a transitive and irreflexive relation
<p on P. In this chapter we consider both the quasi-ordering <; and the
strict partial ordering <;, defined on ordinal valued functions. A typical
example is P = IIh with the orderings <; and <; where h € On? is such
that h(a) > 0 is a limit ordinal for every a € A. Thus every function in P
is <; bounded by another function there (for every f € IIh, f <; f + 1,
where f + 1 is the function taking a to f(a) + 1). So our setting is a
structure (P, <p,<p) where <p is a strict partial ordering, and <p is a
quasi-ordering. The following properties of (P, <p,<p) are obvious for our
typical example:

P1 a <p bor a =bimplies a <p b, but this implication is not necessarily
reversible.

P2 Ifa<pb<pcora<pb<pec, thena<pec.

P3 There is no <p maximal member: for every p € P there exists some
p' € P with p <p p'.

The following definitions apply whenever P is a set or a class, <p is a strict
partial ordering, and <p a quasi-ordering on P.

A collection B C P is said to be cofinal in P iff for all x € P there is
some y € B with ¢ <p y. B is <p-cofinal if Vo € Py € B(x <p y). If
B is cofinal and p € P, then we can first find p’ € P such that p <p p’
(by property P3 above) and then find y € B such that p’ <p y. Then
p <p y. Thus we can replace <p with <p in the definition of “cofinal”. The
cofinality, cf(P,<p), of the partial ordering set is the smallest cardinality
of a cofinal subset. (Again cf(P,<p) is similarly defined and these two
cardinals are equal if properties P1-P3 above hold.) This cardinal needs
not be regular, if the ordering is not total (linear). We say that (P, <p)
has “true” cofinality if it has a totally ordered subset B C P that is cofinal.
In this case the cofinality of B itself, and hence of P, is a regular cardinal.
Observe that if (P, <) has a linear cofinal subset whose order-type is a
regular cardinal A, then A is the cofinality of P (because no cofinal subset of
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P is of smaller cardinality, even if non-linear subsets are considered). When
(P, <p) has true cofinality, we write

tef (P, <p) = A

to express both the fact that a totally ordered cofinal set exists, and that A
is the minimal cardinality of such a cofinal set.

In cases (when P3 above is not assumed) that (P,<p) has a greatest
element, then the cofinality of P is defined to be 1 and its true cofinality
is also 1, but since we assume that there are no <p maximal elements the
cofinality and true cofinality (when it exists) are always infinite cardinals.

The following observation was made by Pouzet. For any infinite cardinal
A, tef (P, <p) = A if and only if the following conditions hold:

1. (P,<p) has a cofinal set of size A.

2. (P, <p) is A-directed: any set X C P of size < A has an upper bound
in (P, <p).

It follows that if tcf(P,<p) = A and G C P is any cofinal subset, then
tef G = A as well.
A sequence (pe | £ < A) of members of P is defined to be persistently
cofinal iff
Vh€P3€0<)\V€(£0§5<)\:>h<pp5). (13)

Clearly every <p increasing and cofinal sequence is persistently cofinal. If
(pe | € < A) is persistently cofinal and pe <p p; for every § < A, then
(pg | € < \) is persistently cofinal as well.

If (P,<p) is a quasi-ordering and X C P, then an upper bound of X is
some a € P such that x <p a for all x € X. If ¢ is an upper bound of X
and a <p a’ for every upper bound a’ € P of X, then we say that a is a least
upper bound of X. We say that an upper bound a of X is a minimal upper
bound if there is no upper bound o’ of X such that ' <p a A =(a <p d’).

Suppose that (P, <p,<p) is as above and X C P is such that for every
x € X there is 2’ € X with z <p 2’ (for example X is an increasing
sequence in <p). Then a € P is an ezact upper bound of X iff

1. a is a least upper bound of X, and

2. X is cofinal in {p € P | p <p a}. Namely p <p a implies Iz €
X(p <p ).

Exercises are natural places to stop and think, but it is not an absolute
requirement to solve them on first encounter. In fact, they often become
easy with later material.
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2.1 Exercise. Let A > |A| be a regular cardinal, and f = (f¢ | £ < A) an
increasing sequence of functions in On” in the < ordering (of everywhere
dominance). Then f has an exact upper bound h and cf(h(a)) = X for every
a € A. In fact sup f is the required upper bound.

We repeat the definitions given above, for (OnA7 <r1,<y) where I is a
proper ideal over A. So, if F C On” then

h € On? is an upper bound of F' iff f <; h for every f € F.

A function h is a least upper bound of F' if it is an upper bound and
h <; I/ for every upper bound k' € On? of F. Here, the notions of least
upper bound and minimal upper bound coincide.

If h € On® and h(a) = 0 for some a € A, then ITh = §. So, to avoid
triviality h(a) > 0 is assumed for all a € A, whenever the expression IIh is
used. Hence if I is an ideal over A then every g € On* such that g<rhis=y
equivalent to some function in ITh. In fact, we shall usually consider reduced
products ITh/I for functions h such that h(a) > 0 is always a limit ordinal,
and hence every function in IIh is <-bounded (everywhere dominated) by
some function in ITh.

Suppose that F' is a (non-empty) set of functions in On? such that for
every f € F there exists some f' € F with f <; f. Then h € On? is
an exact upper bound of F' if h is a least upper bound of F' and for every
g <1 h there is some f € F with g <; f (namely F is cofinal in the lower
<1 cone determined by h). Actually it is not necessary to require that h is
a least upper bound of F' since this follows from the assumptions that A is
an upper bound of F' and F is cofinal in ITh/I. Thus if F C IIh/I then h
is an exact upper bound of F' iff F' is cofinal in ITh/I.

If h is an exact upper bound of F' and Ag € I" then h | Ag is an exact
upper bound of (f | Ay | f € F) with respect to the proper ideal TNP(Ap).

If h is an exact upper bound of F' with respect to some ideal I over A
and J O [ is a larger ideal over A, then h is an exact upper bound of F
modulo J as well.

The definition of “true cofinality” of a reduced product is so important
for the pcf theory that we restate it for this case.

2.2 Definition. We say that tcf(ITh/I) = X iff X is a regular cardinal and
there exists a <;-increasing sequence f = (f¢ | £ < A) in IIh that is cofinal
in ITh/I.

Projections

We shall often encounter the following situation.

1. A is a non-empty set of indices, and S = (S, | a € A) is a sequence
of sets of ordinals. The sup_of_S function is defined on A by taking
a € A to sup S,.
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2. An ordinal function f € On? is given that is bounded by the sup_of_S,
namely f(a) < sup S, for every a € A.

Then we define the projection of f onto ILS, denoted proj(f,S), as the
function fT € ILS defined by

f*(a) = min(S, \ f(a)).

So f*(a) = f(a) in case f(a) € Sa, and otherwise f*(a) is the least ordinal
in S, above f(a). (There is such an ordinal by our assumption.) It is clear
that f* is the least function in ILS that bounds f, and that f; < f, implies
<t

We shall apply projections in the presence of an ideal I over A. If f €
On? is any function, not necessarily bounded by sup_of_S, we define f+ =
proj(f,S) as follows. For a € A such that f(a) < sup S,, we define f*(a) =
min(S, \ f(a)) as before, and for a € A such that f(a) > sup S, we define
fT(a) = 0. Clearly, fi =; fo implies that f;" =; f5 . It follows, in case
f <rsup§, that fT is the <;-least function in II,c 4 S, that <;-bounds f,
up to =y equivalence.

Given an ideal I over a set A and an ordinal function h € On?, we are
interested in the existence and value of the true cofinality of ITh/I. Our first
step is to reduce this question to ultraproducts of regular cardinals, and we
can proceed as follows. Choose for every a € A a cofinal set S(a) C h(a)
of order-type cf(h(a)). By our assumption that h(a) > 0 is always a limit,
non-zero ordinal, the order type of S(a) is a regular infinite cardinal. Then
the collections ITh and II,c 4 S(a) are cofinally equivalent. That is for every
f € IIh there is g € ILS with f < g (namely it projection), and vice versa.

Next, Iuea S(a) is isomorphic to Huea |S(a)| = Haeact(h(a)). This
is also the case when an ideal I over A is introduced and the relation
<y is considered. Then IIh/I has the same cofinality and true cofinal-
ity as Iloea cf(h(a))/I. Hence it suffices to consider reduced products
Muca k(a)/I of functions k such that k(a) are infinite regular cardinals.
As the following lemma shows, in some cases we may even take k to be
one-to-one.

2.3 Lemma. Suppose that ¢ : A — Regular_Cardinals is a function and
B ={c(a) | a € A} is its range. Suppose I is any ideal over A, and J is its
Rudin-Keisler projection on B defined by

XeJif XCBandc 'X e,
where ¢ 71X = {a € A | c(a) € X}. Then there is an order-preserving
isomorphism h : 1IB/J — Il,ca c(a)/I defined by h([e];) = [e o d]r, for
every e € IIB. If |A| < min B, then

tcf(I1B/J) = tcf(Ilaen c(a)/I) (L4)
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in the sense that existence of the true cofinality for one of IIB/J and c/I
implies existence for the other poset as well, and these cofinalities are equal.

Proof. For every e € I1B define € € Ilc by €(a) = e(c(a)). That is, € = eoc.
Then e; = ey iff €1 =y €9, and e <; eq iff €1 <; é3. Thus h([e];) = ¢&/I
induces an isomorphism from I1B/J into Ic¢/I. Hence tef (IIB/J) is the
same as the true cofinality of

G = {h(lels) | e € 1B}

in <. If |A| < min B, then G will be shown to be cofinal in II¢/I and this
implies (I.4). (In general, if G is any cofinal subset of a partial ordering
(P, <p), then G and P have the same true cofinality.)

Now G is cofinal in Il¢/I, because any g € Ilc is bounded by f where
f € IIB is defined by

f(b) =sup{g(a) | a € A and c(a) = b}.

The fact that |A| < b is used here to deduce that this supremum is below
the regular cardinal b € B, and hence that f € IIB. Since f/I € G, G is
cofinal in Ile. =

To see how this lemma is applied, suppose that A is a regular cardinal
and f = (fe | £ < A) is a <; increasing sequence of functions fr € On*.
Then (as we have said) h € On“ is an exact upper bound of f iff f is cofinal
in ITh/I. In this case it follows that tcf(ITh/I) = X and hence that the true
cofinality of II,c4 cf(h(a)) is A. Let B = {cf(h(a)) | a € A} be the set of
cofinalities of the range of h. The preceding lemma shows that X is the true
cofinality of a reduced product of B, if |A| < cf(h(a)) for every a € A.

2.1. Existence of exact upper bounds

An important piece of the pcf theory is the determination of conditions
that ensure the existence of exact upper bounds. Recall that an exact
upper bound of a <;j-increasing sequence (fe | £ < A) of functions in On*
is a function g € On? that bounds every fe in the <; relation and satisfies
the additional requirement that if d <; g then d <; f¢ for some £ < A.
The following and Definition 2.8 are central in our presentation of the pcf
theory.

2.4 Definition. [Strongly increasing] Suppose that I is an ideal over A and
f=(fe | €€ L)is a <s-increasing sequence of functions fe € On®, where
L is a set of ordinals. Then f is said to be strongly increasing if there are
null sets Z¢ € I, for £ € L, such that whenever §{; < &, are in L

a€A\(Zg UZs,) = fe(a) < fe(a).
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2.5 Exercise. An even stronger property would be to require that there
are null sets Z¢ € I for £ € L such that whenever & < &

ac A\Z& — fe (a) < ffz(a)'

Prove that a sequence f = (fe | £ € L) satisfies this stronger property iff
for every £ € L

sup{fa +1|a e LNE&} <1 fe. (I.5)
(Recall that f + 1 is the function that takes x to f(z) + 1.)

2.6 Exercise. Let I be an ideal over A, A > |A| be a regular cardinal, and
f = (fe | € < \) be a <; increasing sequence of functions in On**. Then the
following conditions are equivalent:

1. f contains a strongly increasing subsequence of length \.

2. f has an exact upper bound h such that cf(h(a)) = A for (I-almost)
all a € A.

3. f is cofinally equivalent to some < (i.e. everywhere) increasing se-
quence of length .

Hint. If f (or a subsequence) is strongly increasing, let Z¢ € I be the
null sets associated with fe and define

h(a) = sup{fe(a) | a & Z¢}.

Prove that h is an exact upper bound as required to prove that 1 implies 2.
Since |A| < A, it is obvious that 2 implies 3. (For every a € A choose
a cofinal subset of h(a) of order-type A, and let d¢ be the “flat” function
which assigns to d¢(a) the £th point in the h(a) cofinal subset.)
To prove that 3 implies 1, use the following lemma.

2.7 Lemma. (The sandwich argument) Suppose that d = (d¢ | £ € X) is
strongly increasing and fe € On? is such that

de <1 fe <1 deyr for every € € M.

Then (fe | € € A) is also strongly increasing.

Proof. Let Z¢ € I be the null sets that affirm that the sequence d is strongly
increasing. For every f¢, sandwiched between d¢ and d¢i1, there exists
We € I such that

dg(a) < f&(a) < d§+1(a) forallae A \ Wf'
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Define Z¢ = WelU Z¢ U Zgyq. Then Z¢ € I, and if & < & then for every
a€ A\ (Z5 U ZzZ%)

f51 (a’) < d§1+1(a) < d§2 (a) < f§2 (a)
4

2.8 Definition. Suppose that [ is an ideal over a set A, \ is a regular
cardinal, and f = (fe | £ € A) is a <;-increasing sequence of functions
fe € On?. For any regular cardinal k such that x < A the following crucial
property of xk (and f etc.) is denoted (x),:

(%) Whenever X C X is unbounded, then for some Xy C X
of order type k, (fe | £ € Xo) is strongly increasing.

Thus (), is some kind of a partition relation, saying that any unbounded
subsequence (fe | £ € X) contains a strongly increasing subsequence of
length x. Clearly (x), implies (), for all regular ' < k.

2.9 Exercise. 1. Assume £ < A. Prove that (%), holds iff the set of
ordinals ¢ € A with ¢f(0) = & and such that (fe | £ € Xo) is strongly
increasing for some unbounded set Xy C § is stationary in A.

2. Use the Erdos-Rado theorem (2%)* — (k)2 to prove that if A >
(2"“')+ and f is a <j increasing sequence of functions as above, of
length A, then (%)) 4+ holds.

Hint for 2. For i < j, if there exists some a € A such that f;(a) > f;(a),
then define ¢(i,j) = a for such an a. Otherwise define ¢(i,5) = —1. The
homogeneous set must be of color —1, and () 4|+ can be derived by taking
a subsequence.

We shall give (in Lemma 2.19) conditions that ensure property (*), (with-
out any assumptions on 27), but meanwhile the following lemma and theo-
rem explain the main use of (x),.

2.10 Definition (Bounding projection). Suppose that I is an ideal over A,
A is a regular cardinal, and f = (fe | £ < A) is a <;-increasing sequence of
functions in On?. Let x < X be any regular cardinal. We say that f has
the bounding projection property for k if whenever S = (S(a) | a € A) with
S(a) € On and |S(a)| < & is such that the sequence f is <;-bounded by the
function sup_of_S, then there exists & < A such that fgr = proj(fe, (Sq | a €
A)) is an upper bound of f in the <; relation. (Recall that sup_of_S(a) =
sup S(a) for all a € A.)

2.11 Exercise. 1. If f = (fe | £ < A) has the bounding projection
property for x and f" = (f{ | £ <) is such that f{ = f¢ for every &,
then f’ too has the bounding projection property for .



16 I. Cardinal Arithmetic

2. A seemingly weaker property is obtained by requiring that the sup_of_S
map <-bounds (i.e. everywhere) each fe. Prove that these two defin-
itions are equivalent.

2.12 Lemma (The bounding projection lemma). Suppose that I is an ideal
over A, X\ > |A| is a regular cardinal, and f = (fe | £ < ) is a <-increasing
sequence satisfying (), for a regular cardinal k such that |A] < k < X. Then
f satisfies the bounding projection property for k.

Later on, we shall see that (%), is, in fact, equivalent to the bounding
projection property for  (see Theorem 2.15 for an exact formulation).

Proof. Suppose that the lemma is false and S is a counter-example, and
we shall obtain a contradiction. By changing each f¢ on an I set, we do
not spoil the (), property, and we may assume that fs(a) < sup.S, for all
a € A (here S, = S(a)). Then define

fg+ = proj(fe, (Sa | a € A)).

Since fgL is not a <y-upper bound, there exists & < A such that g(fg, fer) €

I, Thatis f;(a) < fe(a) for an I-positive set of a € A. Hence <(f§+7 fer) eIt
for every £ above £’. This enables the definition of an unbounded set X C A
such that

if€,¢ € X and € < & then <(ff, fer) e IT.
Since (%), holds, there exists a set Xo C X of order-type x such that
(fe | £ € Xo) is strongly increasing. Let Zg € I for £ € X be as in the
definition of strong increase (2.4).

For every & € Xg let £ = min X \ (£ 4+ 1) be the successor of £ in X,
and pick

ag € <(fF, fe) \ (Ze U Zgr).

As k > |A|, we may find a single a € A such that a = a¢ for a subset X; of
Xo of cardinality k. Now for & < & in X3

fe(a) < fe(a) < fe(a) < [ (a).

(The first inequality is a consequence of ag, € <( fgq ; fer), the second follows
from &} < &, and the fact that

a = ag = ag, € A\ (Zfll U Zfz)’

and the third inequality is obvious from the definition of fg; )

But now fg(a) € S, turns out to be strictly increasing with & € Xj,
which is absurd since |S,| < k. =
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2.13 Theorem (Exact upper bounds). Suppose that I is an ideal over A,
A > |A|T is a regular cardinal, and f = (fe | £ € \) is a <;-increasing
sequence of functions in On™ that satisfies the bounding projection property
for |A|T. Then f has an exact upper bound.

Proof. Assume the |A|T™ bounding projection property for a sequence f
that is <j-increasing of length a regular cardinal A > |A|*. We shall prove
first that there exists a minimal upper bound to f, and then prove that
this bound is necessarily an exact upper bound. Seeking a contradiction,
suppose that f has no minimal upper bound. So for every h € On?, if h is
an upper bound to the sequence f then it is not a minimal upper bound,
and there is another upper bound h’' € On? to f such that A’ < h and
<(W,h)eIt.

We shall define by induction on o < |A|T a sequence S® = (S%(a) | a €
A) of sets of ordinals satisfying |S*(a)| < |A|, and such that:

1. The sequence of functions f is bounded by the map a — sup S%(a).
So, the projections can always be defined.

2. The sets S(a) are increasing with a: if o < 3 then S%(a) C S%(a)
for every a € A. For a limit ordinal 6, S°(a) = U, .5 9%(a).

To define S°, we pick a function hg that bounds f and define S°(a) =
{ho(a)}.

Suppose that S = (S%(a) | a € A) has been defined. Since the bounding
projection property for |[A|T holds and the cardinality of S%(a) is < |A],
there exists some & = {(a) < X such that ho = proj(fe, S) is an upper
bound of f. It follows for every £ satisfying £ < & < X that h, =;
proj(fer, 5%).

Since h,, is not a minimal upper bound, there exists an upper bound u
to the sequence f such that v < h, and

<(u,hy) € TT.

Define S**1(a) = S%(a) U {u(a)}. Then proj(fe, S*™1) =; u for all £(a) <
E<A

Now let £ < A be a fixed ordinal greater than every £(a) for a < |A]"
(recall that X is a regular cardinal above |A[T). Consider the functions
H, = proj(fe,S) for a < |A|*. Since fe is above fe(a), Ha =1 ho. Thus
<(Hgp41,Hy) € I, Since a1 < az < |A|* implies that S (a) C S*2(a)
for all a € A, the sequence of projections (H, | o < |A|") thus obtained
satisfies the following property:

If a1 < ag < |A|T, then H,, < H,, and <(H,,,H,,) € IT.
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Yet this is impossible and leads immediately to a contradiction. For every
a < |A|T pick some a € A such that Hyy1(a) < Hy(a). Then the same
fixed a € A is picked for an unbounded set of indices a € |A|T. Yet as the
functions H, are <-decreasing, this yields an infinite strictly descending
sequence of ordinals! -

Now that the existence of a minimal upper-bound is established, the
following lemma concludes the theorem.

2.14 Lemma. Suppose that I is an ideal over A, X is a regular cardinal,
and f = (fe | £ € A) is a <p-increasing sequence of functions in On? that
satisfies the bounding projection property for k = 3. Let h be a minimal
upper bound of f. Then h is an exact upper bound.

Proof. Assume that f satisfies the bounding projection property for 3, and
h is a minimal upper bound of f. Suppose that g € On* is such that g <1 h.
We must find fe in the sequence f with g <; fe. For simplicity, and without
loss of generality, we can assume that g(a) < h(a) for all a € A.

Define S, = {g(a),h(a)} for every a € A. The bounding projection
property implies the existence of ¢ < A for which f;" = proj(fe, (Sa | a € A))
is an upper bound of the sequence f. We shall prove that g <; f¢ as
required. Observe that

fH=rh (L6)

or else fg(a) = g(a) < h(a) for a positive set of a’s in A. But then fg is
an upper-bound of f that is smaller than the minimal upper bound h on a
positive set of indices, and this is impossible. Hence (1.6). Yet, for every a
such that f;(a) = h(a), g(a) < fe(a) follows from the fact that g(a) € S,.
Thus g <; fe. This proves the lemma. -

The bounding projection lemma 2.12 and the exact upper bounds theo-
rem 2.13 show together that a <;-increasing sequence of length a regular
cardinal A > |A|" and which satisfies (*)j4+ has necessarily an exact upper
bound h. As we shall see in the following theorem it can be deduced that

Va € A cf(h(a)) > |A|T.

2.15 Theorem. Suppose that I is an ideal over A, X\ > |A|T is a reqular
cardinal, and f = (fe | & € \) is a <g-increasing sequence of functions
in On™. Then for every regular cardinal k such that AT < Kk < X the
following are equivalent.

1. (%), holds for f.

2. f satisfies the bounding projection property for k.



2. Elementary definitions 19

8. The sequence f has an exact upper bound g for which

{a € Al cf(g(a)) <k} €l

Proof. Let k be a regular cardinal such that |A|* < x < A. Implication
1 — 2 was proved in Lemma 2.12, and so we next establish 2 — 3.

Since f satisfies the bounding projection property for some cardinal that
is > |A|*, it satisfies the bounding projection property for |A|*. Theorem
2.13 above implies that f has an exact upper bound g. This exact upper
bound is determined up to =;, and we may assume that g(a) is never 0 or
a successor ordinal (recall that the sequence f is <j-increasing).

Suppose that P = {a € A | cf(g(a)) < s} € I", in contradiction to
3. Choose, for every a € P, S(a) C g(a) cofinal in g(a) and such that
order-type(S(a)) < k. For a € A\ P define S(a) = {g(a)}. Then the
bounding projection property for x gives some £ < A such that the projec-
tion

f& = proj(fe, (S(a) | a € 4))

is an upper bound of f in ,c 4 S(a). But this is impossible since f£+ [P <
g | P (everywhere on P) is in contradiction to our assumption that g is the
<7-minimal upper bound of f.

We now proceed with & = 1. Suppose that g is an exact upper
bound for f such that cf(g(a)) > & for all a € A (change g on a null set if
necessary). Choose S(a) C g(a) cofinal in g(a), closed, and with order type
cf(g(a)). So order-type(S(a)) > k. We prove that (%), holds. Assuming
that X C X is unbounded, we shall find Xg C X of order-type x over which
f is strongly increasing. For this we intend to define by induction on a < K
a function hy € yeaq S(a) = I1S and an index £(a) € X such that

L. ha <1 fe(a) <1 hat1-

2. The sequence (h, | @ < k) is < increasing (increasing everywhere).
And hence it is certainly strongly increasing.

Then the sandwich argument (Lemma 2.7) will show that {fe) | o < K}
is strongly increasing.
The functions h,, are defined as follows.

1. hy € Iluea S(a) is any function.
2. If § < k is a limit ordinal, then define
hs = sup{hq | @ < 0}.

That is
hs(a) = U{ha(a) | < 6}

for every a € A. Since each S(a) has regular order type > k, and as
0 < k, clearly hs € ,ca S(a).
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3. If hy € Hgea S(a) is defined then it is bounded by g (since S(a) C
g(a)) and hence (as g is an exact upper bound) h, < fe¢ for some £ €
X, which we denote £(«). Now let nga) = proj(fe(a), S) be the pro-

jection function, and define h, 41 € I1S so that hgy1 > sup{ha, fgza)}.
Thus hg41 > he and since fg(a) <; fgza) we have
ha <1 fe(a) <1 ha+1, for every a. (I.7)

Hence
Xo={(a)|]aer} CX

is an increasing enumeration, and it is an evidence for (%), (by the sandwich
argument and since (h, | @ < k) is strongly increasing). -

We shall give in Lemma 2.19 below a useful condition on f from which
(), follows. But first we need a combinatorial theorem.

2.16 Definition. If S C ) is a stationary set, then a club guessing sequence
is a sequence (Cs | § € S), where each Cs C ¢ is closed unbounded in 6,
such that for every closed unbounded D C ) there exists some § € S with
Cs C D.

We shall use the notation S? = {§ € A | ¢f(6§) = x}. Clearly for regular
infinite cardinals k < A, S} is stationary in .

2.17 Theorem (Club Guessing). For every regular cardinal k, if X is a
cardinal such that cf(\) > k7, then any stationary set S C S} has a club-
guessing sequence (Cs | 6 € S) (such that Cs C ¢ is closed unbounded of
order type k).

Proof. We shall prove this for uncountable x’s, though the theorem holds
for k = Ny as well.

Let S C S be any stationary set. Fix a sequence C' = (Cs | § € S) such
that Cs C 4 is closed unbounded of order type k, for every 6 € S. If E C A
is any closed unbounded set, define

C|E=(CsnE|éeSNE).

Here E' = {§ € E | EN¢ is unbounded in 0} is the set of accumulation
points of E. Clearly E’ C F is closed unbounded. The sequence C | E is
defined on S N E’ in order to ensure that Cs N E is closed unbounded in §.

We claim that for some closed unbounded set E C A, C' | E is club-
guessing. (The theorem demands a sequence defined on every § € S, but
this is trivially obtained once a guessing sequence is defined on a closed
unbounded set intersected with S.)
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To prove this claim, assume that it is false, and for every closed un-
bounded set E C A there is some closed unbounded set D C A not guessed
by C | E. That is, for every 6 € SN E’

CsNE < Dg.

So we can define a decreasing (under inclusion) sequence of closed un-
bounded sets E% C ) for a < kT by induction on « as follows.

1. E9=\.

2. If v < kT is a limit ordinal, and E® for o < v are already defined, let
E"={E*|a <~} Clearly EY C ) is closed unbounded.

3. If E% is defined, then E**! = (E“NDga)’. So for every § € SNE*T,
CsNE* ¢ Botl,

Let E = ({E* | a < kT}. Again E C X is closed unbounded because
cf(\) > k™.

Now we get the contradiction. Take any 6 € SN E. There exists some
a < kT such that Cs N E = Cs N E* (since the sets E® are decreasing in C
and Cs has cardinality k). So Cs N E* = Cs N E“ for every o > «a, and in
particular for ' =a + 1. Butas 6 € SN E*L, CsNE~ ¢ Bt .

2.18 Exercise. 1. Club guessing is a relative of the diamond principle
which gives much stronger guessing properties. For example, prove
that ¢, implies a sequence (Cs | § € S3?) with Cs closed unbounded
in 0 such that, for every closed unbounded set £ C wq, there exists a
closed unbounded set D C w9 such that for every 6 € Sg2 N D, Cs is
almost contained in F (i.e. except a bounded set). Prove that it is
not possible to have full guessing at a closed unbounded set. That is,
it is not possible to require that Cs C F for every § € 552 N D.

2. Prove the club-guessing theorem for x = Ny as well.

Hint. For S C Sy fix C = (Cs | 0 € S) where each Cj is an w-
sequence unbounded in §. For every closed unbounded set £ C A
define the “gluing to E” sequence C' | E = (Cy | 6 € SN E*) by

Ci(n) = max(E N (Cs(n) + 1)).

Try to prove that for some club E C A\, C' | E is club guessing. Have
enough patience for wq trials.

Club guessing is used in the following lemma which produces sequences
that satisfy ().

2.19 Lemma. Suppose that



22 I. Cardinal Arithmetic

1. I is a proper ideal over A.
2. k and X\ are reqular cardinals such that k™ < \.

3. f=(fe| £ <A is a sequence of length \ of functions in On? that is
<y-increasing and satisfies the following requirement:

For every § < X with cf(§) = k*T there is a closed unbounded set
Es C 6 such that for some &' > 6 in A

sup{fa | @ € Es} <1 fs. (1.8)
Then (%), holds for f.

Proof. Let S = S’,’j++ be the stationary subset of k1 consisting of all
ordinals with cofinality . Fix a club-guessing sequence on S: (C,, | a € S).
So for every a € S, C,, C « is closed unbounded, of order type x, and for
every closed unbounded set C C kT there is 6 € S such that Cs C C.

Now let U C X be an unbounded set, and we shall find Xy C U of order
type « such that (fe | £ € Xo) is strongly increasing. For this we first define
an increasing and continuous sequence (£(i) | i < k1) C A of order-type
k1T by the following recursive procedure.

We start with an arbitrary £(0). For ¢ limit, £(i) = sup{&(k) | k < i}.

Suppose for some i < kt that {{(k) | k < i} has been defined.

For every a € S define

ha = Sup{fg(k) | kE<iNke Ca}. (19)

Then ask: is there an ordinal o > £(7) below A such that h, <; f,7 If the
answer is positive, let o, be the least such o < A, and, if negative, let o,
be (i) + 1.

Since A > k™7 is regular, we can define

£(i+1) >sup{on | @€ S} with&(i+1) e U.
It follows, in case the answer for h, is positive, that

ho <1 fe(it1)-

Finally D = {£(k) | k € k™ T} is closed and has order type 1. Let
d = supD. Then D is closed unbounded in § < A, and cf(§) = x*+. By
assumption there is a closed unbounded set Es C § such that (I.8) holds.
Thus for some fs
Sup{f§ ‘ ¢ e Eg} <7 fsr- (1.10)
Observe that D N Ej is closed unbounded in §, and thus C = {i € k™7 |
&(i) € Es} is closed unbounded. Hence for some o € S, C,, C C. So (1.10)
implies that
sup{fei) [ 1 € Ca} <1 [ (L.11)
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Let N, C C, be the set of non-accumulation points of C,, that is those
i € Oy for which C, Ni is bounded in 7. We shall prove that {fe;) [ i € Nu}
is strongly increasing. Since £(i + 1) € U for every i, the sandwich lemma
(2.7) gives a strongly increasing subsequence of {f, | « € U} of order-type
K.

Claim. For every i < j both in C,,

Sup{fg(k) | k <A ke Ca} <7 fﬁ(]) (112)

Proof of the claim. Recall how fe(; 1) was defined. We considered (1.9)
and asked if h,, is <; dominated by some f,. The answer was positive, since
fs/ is such a bound. Hence the claim and the lemma follow. -

2.20 Exercise. Let k and A be regular cardinals with ™ < X, and let
F be any function with dom(F) C [A|<* and such that F(X) € X\ for
X € dom(F). Suppose that for every § € S;‘H there exists a closed un-
bounded set Es C § such that [Es]<" C dom(F). Then the following set S
is stationary: the set of all ordinal a € S for which there exists a closed
unbounded set D C « with the property that, for any ¢ < b both in D,
F{deD|d<a})<b.

A typical application of Lemma 2.19 is the following

2.21 Theorem. Suppose that I is a proper ideal over a set of reqular car-
dinals A, and X\ is a regular cardinal such that IIA/I is A-directed. If
(ge | € < A) is any sequence in ILA, then there exists a <p-increasing se-
quence f = (fe | £ < A) of length X in ILA/I, such that g¢ < fex1 for every
& < X\ and (%), holds for f for every reqular cardinal k such that k™ < X
and {a € A|a < rkTt} € 1. Hence if k = |A|T is such a cardinal, then by
Theorem 2.15 and the fact that (x), holds, we have an exact upper bound g
to the sequence f so that {a € A | cf g(a) < Kk} € I.

Proof. We shall define a <j-increasing sequence (fe | £ < A) in ITA/I as
follows. At successor stages, if f¢ is defined, let fe41 be any function in ITA
that <-extends fe and ge.

1. At limit stages § < A there are two cases. In the first cf(d) = T
where  is regular and {a € A |a < k*T} € I. Then fix some Es5 C §
closed unbounded and of order type cf(d), and define

fs =sup{fi|i€ Es}.
Then fs(a) < a when a > k™, and thus fs € ILA/I since {a € A |
a<rktt}el

2. If § < A, but case 1 above does not hold, let fs € ILA be any < upper
bound of (f¢ | £ < 0) guaranteed by the A-directedness assumption.
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Now Lemma 2.19 implies that (x), holds for every regular cardinal x of
the required form. -

In the following, we shall apply Lemma 2.19 (or rather its consequence
Theorem 2.21 above) and obtain an important representation of successors
of singular cardinals with uncountable cofinality. But first we introduce a
notation.

2.22 Notation. Let X be a set of cardinals, then
X ={at|ae X}
denotes the set of successors of cardinals in X.

2.23 Theorem (Representation of uT as true cofinality). Suppose that u is
a singular cardinal with uncountable cofinality. Then there exists a closed
unbounded set C C p such that

pt = tef(IIC) /g0
where J* is the ideal of bounded subsets of CH).

Proof. Let Cy C p be any closed unbounded set of limit cardinals such that
|Co| = cf(p) and all cardinals in Cj are above cf(u). Clearly all cardinals
in Cy that are limit points of Cy are singular cardinals, and hence we can
assume that Cy consists only of singular cardinals.

Observe that HC(SH /Jb is u directed, and in fact is uT directed since
i is a singular cardinal. Indeed, suppose that F' C HC’SH has cardinality
< w and define h(a) by h(a) = sup{f(a) | f € F} for every a € C’é+) above
|F'| (so that h(a) € a), and h(a) is arbitrarily defined on smaller a’s. This
proves that every subset of HC'(()H of cardinality < p is bounded in < jba.
But then it follows that subsets of HC(SH of cardinality p are also bounded:
decompose any such subset F' =, <cf(y) F,, where each F,, has cardinality
< p, then bound each F,, and finally bound the sequence of bounds.

Thus HCSH /J* is ut directed and we may construct a Jb¢ increasing
sequence f = (fe | € < p™) in HC’(()JF) such that (x), holds for every regular
cardinal k < p (apply Theorem 2.21 in its simpler form in which there is
no need to extend a given sequence g).

Theorem 2.15 implies that f has an exact upper bound h : C(ng) — On
such that

{a e C{P | cf(h(a)) < K} € J* (1.13)

for every regular k < p. We may assume that h(a) < a for every a € CSH,
since the identity function is clearly an upper bound to f.
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2.24 Claim. The set {a € Cy | h(a™) = a™} contains a closed unbounded
set.

Proof of Claim. Suppose toward a contradiction that for some stationary
set S C Cy, h(a™) < at for every a € S. Since all cardinals of Cy are
singular, cf(h(at)) < « for every @ € S. Hence (by Fodor’s theorem)
cf(h(a™)) is bounded by some k < p on a stationary subset of « in S. But
this is in contradiction to (I.13) above.

Thus we have proved the existence of a closed unbounded set C' C Cj such
that h(a™) = a™ for every a € C. We claim that u* = tcf(IIC(F) /Jb?).
But this is clear since h | C*), which is the identity function, is an exact
upper bound to the sequence (fe [ CH) | ¢ < pT) which is J*¢ increasing
and of length . This ends the proof of the claim and Theorem 2.23. -

A somewhat stronger form of this theorem is in Exercise 4.17.

2.25 Exercise. Prove the following representation theorem for u% in case
Cf(u) = No.

2.26 Theorem. If i is a singular cardinal of countable cofinality then for
some unbounded set D C p (of order type w) of reqular cardinals

pt = tcf(IID/J°?)

where J*? is the ideal of bounded subsets of D. For example, there exists a
set B C{X, | n < w} such that tef IIB/J*® = N, ,;.

Hint. Let Cy be any w sequence converging to p, consisting of regular
cardinals. Repeat the proof above and define D = {cf(h(a)) | a € Cy}.
Then use Lemma 2.3.

The theory of exact upper bounds, which is the basis of the pcf theory,
can be developed in various ways. For example [10] presents Shelah’s Tri-
chotomy theorem, and extends it to further analyze the set of flat points.
Suitably interpreted, Theorem 2.15 is equivalent to Theorem 18 of [10]. The
following exercise establishes the connection between the Trichotomy and
the bounding projection property.

2.27 Exercise. (The Trichotomy theorem.) Suppose that A > |A|" is a
regular cardinal, and f = (fe | £ < A) is a <; increasing sequence. Consider
the following properties of f and a regular cardinal « such that |[A| < k < X:

Bad, There are sets of ordinals S(a) for a € A such that |S(a)] < &
and sup_of_S <j;-dominates f, and there is an ultrafilter D over A,
extending the dual of I, such that for every a < A f+ <p fs for some

B < A (where f = proj(fa,S)).
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Ugly There exists a function g € On? such that, forming t, = {a € A|
g(a) < fa(a)}, the sequence (t, | & < A) which we know to be C;
increasing does not stabilize modulo I. That is, for every a there is
some (3 > « in A such that g\ to € IT.

Good,, There exists an exact upper bound ¢ to the sequence f such that
cf(g(a)) > & for every a € A.

Prove that the bounding projection property for & is equivalent to =Bad,, A
- Ugly. Hence the Trichotomy theorem which says that if neither Bad, nor
Ugly, then Good,.

2.28 Exercise. (Lemma 0.D, Chapter V, [14]) If A is a regular cardinal and
Vi < A pldl < X\ if £, € On? for a < A, then for some unbounded E C X,
for all @ < B both in E, f, < fz and {a € A | fa(a) = fz(a)} does not
depend on «, 3 in F.

Hence, if I is an ideal over A and f, <; fs for all & < 3, then (x) holds.

Hint. For a € A fix some 7y, > sup{fo(a) | @« € A\}. For a < A, a € A,
define s*(a) = {fs(a) | 8 < a} U{v,}. Define go = proj(fa,s*). Let
T = {6 < X | cf(d) = |A|T}. For a € T there exists u, < a such that
9o = DProj(fa, s*=). By Fodor’s theorem we may assume p = p, is fixed
on a stationary set 77 C T. Moreover, since s has cardinality |u| and
|14l < X, we may assume that g, = ¢ is fixed for « € T C T”, stationary.

2.2. Application: Silver’s Theorem

One form of Silver’s theorem says that if x is a singular cardinal of un-
countable cofinality such that 2% = 6 for a stationary set of §’s in &, then
2% = k. A slightly more general form is the following

2.29 Theorem. (Silver [17]) Let k be a singular cardinal with uncountable
cofinality: Vo < cf(k) < k. Suppose that there exists a stationary set of
cardinals S C k such that, for every § € S, 6% = §+. Then

Hcf(n) ——

as well.

Proof. Assume that S C &, of order type cf(k), is a stationary set of
cardinals such that for every 6 € S

5Cf(l€) — §+ )

We have established the existence of a closed unbounded subset C' C x with
k't = tef(ICH) /J%). So, by taking S N C for S, we may conclude that
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I1S™) / J,q has true cofinality x* and let f = (f¢ | £ € k) be J* increasing
and cofinal there.

Since A°f(®) = A\t for all A € S, there exists an encoding of all pairs
(A, X) where X € [N*) by ordinals in A*. Hence we can encode each
X € [k]4") by a function hyx € TIS™), where hx (A1) gives the code of
X NA. Thus, if X #Y then hx and hy are eventually disjoint. Since each
hx is J*¢ dominated by some f¢ for £ € kT, the following lemma concludes
the proof of our theorem:.

2.30 Lemma. For every function g € ILS™H) | the collection
F={X e [x]"™ | hx < g}
has cardinality < k.

Proof. Suppose that, on the contrary, |F| > xT. For each § € S fix an
enumeration of g(§1) € 6T that has order-type < §. Using this enumeration,
hx(67) is “viewed” as an ordinal in §, denoted kx (§) whenever hx (61) <
g(d%). Thus for every X € F, hy is translated into a pressing down function
defined on a final segment of S.

By Fodor’s theorem, for some stationary set Sx C S, kx is bounded
on Sx, say by dx < k. Now the number of subsets of S is bounded by
2¢f(r) < 1, and hence there exists a subset Fy C F of cardinality xT, a
fixed stationary set Sp, and a fixed cardinal §o € S such that Sx = Sy
and dx = dg for every X in Fy. Moreover the translation function taking
6 € Sy to that ordinal in dy that indirectly encodes X N § can also be
assumed to be independent of X € Fj, since there are at most (53“”) =dg
such functions. Yet this is absurd because the translation function of hx
completely determines X = |J{X Nd | d € So}. A contradiction which
proves the lemma and the theorem. o

2.31 Exercise. Show that the following form of Silver’s theorem is equiva-
lent to 2.29 (cf. [8]). Let s be a singular cardinal with uncountable cofinal-
ity: Ro < cf(x) < k. Suppose that Af(%) < k for all A < k, and there exists
a stationary set of cardinals S C & such that, for every § € S, §°f(9) = §+,

Then
K:Cf(li) .

as well.
2.32 Exercise.

The proof given by Baumgartner and Prikry (in [1]) to Silver’s theorem
simplifies the original proof, and is actually simpler than the proof given
here which serves to illustrate some of the pcf concepts. In addition the
Baumgartner—Prikry proof relies on very elementary notions. The following
exercise describes that proof. Assume that x is a singular cardinal with
uncountable cofinality.
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1. If S C & is a stationary set such that 6°f(®) = ¢ for § € S, define on
IS arelation Rby f R giff {a € S| f(aT) < g(a™)} is stationary.
Prove that for every g the cardinality of R~'g = {X € k(") | hx R g}
is < k.

2. Prove that for every f,g € IIS™) that are eventually different either
fRgorgR f. Take any collection X; € [k]1(®), i < x*, of different
subsets and consider H = | J;.,.+ R~ hy,. If kF%) > g+ there must
be some g ¢ H, and hence hx, R g for every ¢ < x*. This is a
contradiction.

2.3. Application: a covering theorem

In this subsection V denotes the universe of all sets, and U a transitive
subclass containing all ordinals and satisfying the axioms of ZFC. (See, for
example, Levy [12] for the meaning of statements concerning classes.) If X
and Y are sets of ordinals in V' and U (respectively) and X C Y, then we
say that Y covers X.

The countable covering property of U (or between U and V') is the state-
ment that any countable set of ordinals X is covered by some countable set
of ordinals Y in U (that is, Y is in U, and Y is countable in V'). Similarly,
for any cardinal k, the < x covering property is that any set of cardinals
X of cardinality < & is covered by some set in U that has cardinality < &
in V. If the < k covering property holds for every cardinal k, then we say
that the “full” covering property holds for U: every set of ordinals X is
covered by some set Y in U such that X and Y are equinumerous in V.
The following theorem gives conditions by which the full covering property
can be deduced from the countable covering property.

2.33 Theorem. (Magidor) Suppose U is a transitive class containing all
ordinals and satisfying all ZFC axioms. Moreover, assume that

1. the GCH holds in U,

2. U and the universe V have the same cardinals, and moreover every
reqular cardinal in U remains reqular in V.

Then the countable covering property for U implies the full covering prop-
erty.

Proof. Observe first that if U and V' have the same regular cardinals, they
have the same cardinals and cfV (k) = cf¥ (k) for every ordinal. Also, for
every set X € U, |X|Y = |X|Y. We prove by induction on A € On that
every X C \is covered by some Y in U of the same V cardinality. Of course
if X is bounded in A then the inductive assumption applies, and hence we
can consider only sets that are unbounded in .
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If X is not a cardinal, let |A| be its cardinality. So [\ < A < AT in U as well
since V' and U have the same cardinals. Since A and || are equinumerous
in U, the inductive assumption for |A| implies that any subset of A can be
covered by a set in U of the same cardinality.

So we assume that A is a cardinal. If it is a regular cardinal, then any
unbounded X C ) is covered by A itself. Hence we are left with the case
that A is a singular cardinal, in V' and hence in U since both universes have
the same regular/singular predicate. Again, if X C X has cardinality A then
A itself is a covering as required, and hence we may assume that | X| < A.

Assume first that c¢f(\) = w. Then cfV(\) = w as well. Suppose that an
unbounded set X C A of cardinality < A is given. Take in U an increasing
cofinal in A sequence (\; | i € w). Since 2<* = \ is assumed in U, there
exists in U an enumeration of length A of all bounded subsets of A\ of
cardinality < |X|. Now consider the sequence X N\, i € w (where X is
the set to be covered) and cover first each X N \; by some Y; € U with
[Y:| = |X N A;|. Then define o; € X to be the ordinal that encodes Y; in
U, and form the countable set A = {«a; | i € w} of ordinals that encode X.
This countable set A can be covered by some countable set A’ in U, and we
can define in U a cover

Y = U{E C \; | FE is encoded by some ordinal in A" and |E| < |X]|}.

Clearly X CY and |Y| = |X]|.

Finally suppose that A is a singular cardinal with uncountable cofinality,
and it is here that the theory developed so far is employed. Since V and U
have the same regular cardinals cf” (\) = cf(\).

We work for a while in U and apply the Representation Theorem 2.23 to
A. In fact, we must analyze the proof and use the construction rather than
the theorem. Recall that we took an arbitrary closed unbounded set Cy C A
consisting of singular cardinals, and such that |Cy| = c¢f(A) < min Cp. Then
we constructed a J%¢ increasing sequence f = (fe | £ < AT) in HC(()+) such
that for all limit ordinals § < AT a closed unbounded set E5 C § was chosen
with |Es| = ¢f(d) < A and then

f5 = jbd sup{fi | 1 E E(s}

was defined. All of this is done in U, but now we pass to V and deduce
that (*), holds for every regular k < A (by Lemma 2.19). Hence f has an
exact upper bound h such that {a € C{™ | cf(h(a)) < K} € J for every
k < A. Now the argument of Claim 2.24 applies, and there exists (in V') a
closed unbounded set C' C Cy such that {fe | C*) | ¢ < At} is cofinal in
IC) /g,

We continue now the proof that any set X C A of cardinality A\g < A can
be covered in U by a set of the same cardinality. Since X is unbounded in
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A, Ao > cf(X). For every a € C cover X N« by some Y, € U (a subset of
a) of cardinality < A\g. We assume in U an enumeration of length a™ of all
subsets of a of size < A\g. There is an index < at that encodes Y, in U.
The function d taking o™ € C’é+) to that coding ordinal is defined in V' and
is bounded by some f¢ € U. Namely d [ CF) < jua fe [ CH). In U, choose
for every a € C a function g, : fe(a™) — « that is one-to-one. Then in V
look at the values g, (d(a™)) < «, and find a stationary set S C C on which
these values are bounded, say by k. The set {go(d()) | & € S} C k can be
covered by some set Y in U that has the same cardinality (namely cf())).
Now look in U at the set UaECO 95'Y. Every index in g;'Y represents
a subset of a of cardinality < )\, and hence this yields a cover of X of
cardinality Ag. -

2.34 Exercise. There is actually no need to start with countable covering
in order to deduce covering for all higher cardinals. The following general-
ization is left as an exercise.

2.35 Theorem. As in Theorem 2.33 assume that V and U C V have the
same regqular cardinals, and the GCH holds in U. Let Ao be any cardinal
such that every countable set of ordinals is covered by some set in U of
cardinality < X\g. Then any set of ordinals X is covered by some set in U
of cardinality | X| + Ao.

3. Basic properties of the pcf function
For any set A of regular uncountable cardinals define
pcf(A) = {\ | for some ultrafilter U over A, A = cf(ITA/U)}.

Some easily verifiable properties:

1. If A = tcf(ITA/F) for some filter F' over A, then X\ € pcf(A). (For any
ultrafilter U that extends F' A = tcf(IIA/U).)

2. A C pcf(A). Since for every a € A we can take the principal ultrafilter
over A concentrating on {a}.

3. A C B implies pcf(A) C pcf(B). Because every ultrafilter D over
A can be extended to D’ over B, and the ultraproducts IIA/D and
IIB/D’ are the same.

4. For any sets A and B, pcf(A U B) = pcf(A4) U pcf(B). Indeed, if
A € pcf(AU B), and D is an ultrafilter over AU B with ultraproduct
of cofinality A, then either A € D or B € D (or both) and hence
A € pef(A) or A € pef(B). For the other direction use the previous
item.
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We say that A is an interval of regular cardinals if for some cardinals
a < (3, A is the set of all regular cardinals x such that o < k < (3. This
term is slightly misleading because one may misinterpret it as saying that
all cardinals between « and [ are regular.

3.1 Theorem (The “no holes” argument). Assume that A is an interval
of regular cardinals satisfying |A| < min A, and X is a regular cardinal with
sup A < X. Let I be a proper ideal over A such that ILIA/I is X directed.
Then A € pcf(A).

Proof. We may assume that every proper initial segment of A is in I (or
else substitute for A its first initial segment that is not in I.) It now follows
that A is infinite and unbounded (without a maximum).

Theorem 2.21 gives an <j-increasing sequence f = (fe | £ € A) in ITA/I
that satisfies (%), for every regular cardinal k in A (and thus for smaller
cardinals of course). In particular (), Al+ holds, and f has an exact upper

bound h € On? such that
{a € A|ct(h(a)) <k}el (1.14)

for every k € A (this by Theorem 2.15). Since the identity function id :
A — A taking a to a is clearly an upper bound of f, h(a) < a for I-almost
all a € A. Yet (1.14) implies that

{a € A|cf(h(a)) <min A} € I,

and hence we have min(4) < cf(h(a)) < a for I-almost all @ € A. Changing
h on a null set, we may assume for simplicity that this holds for every a € A,
namely that

cf(h(a)) € A forallaec A

(as A is an interval of regular cardinals). Since the sequence f has length A,
ITh/T has true cofinality A. Consequently II,c acf(h(a))/I has true cofinality
A as well. Since |A| < min A, Lemma 2.3 gives a proper ideal J on B =
{cf(h(a)) | @ € A} C A, such that IIB/J has true cofinality A as well. So
A € pcf(A). We note in addition that J is the Rudin—Keisler projection
obtained via cf o h, and hence (I.14) implies for every x < sup(A) that
Bnkeld. -

Upon examination of the proof, the reader will notice that the follow-
ing slightly stronger formulation of the theorem can be obtained. In this
formulation the requirement that A is an interval is relaxed.

3.2 Theorem. Assume that A is a set of reqular cardinals such that |A| <
min A, and X is a reqular cardinal such that sup A < . Suppose that I is a
proper ideal over A containing all proper initial segments of A and such that
ITA/T is A-directed. Then A € pct(A’) for some set A’ of regular cardinals
such that
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1. A’ C [min(A),sup(A)), and A" is cofinal in sup(A).
2. |A'| <A

In fact, X is the true cofinality of ITA’/J for an ideal J over A’ that contains
all bounded subsets of A’.

Proof. Follow the previous proof and let A’ be the set {cf(h(a)) |a € A}. -

3.3 Notation. The property |A| < min A assumed for the set of regular
cardinals appearing in the theorem is so pervasive in the pcf theory that
it ought to be given a name. Following [6] we say that a set of regular
cardinals A is progressive if |A] < min A.

3.1. The ideal J_),
Let A be a set of regular cardinals. For any cardinal A define
Jea[4] = {X C A | pcf(X) C A}

In plain words, X € J.\[A] iff for every ultrafilter D over A such that X €
D, cf(ITA/D) < A. That is, X “forces” the cofinalities of its ultraproducts
to be below .

Clearly J.[A] is an ideal over A, but it is not necessarily a proper ideal
since A € J.»[A4] is possible. However, if A € pcf(A), then J[A] is proper
(A & Jca[A], or else pcf(A) C A shows that A & pcf(A)). When the identity
of A is obvious from the context, we write J. instead of J<x[A]. Note that
if A C B then J.\[4] = Jox[B]NP(A).

Let JX,[A] be the dual filter over A. Then

Al = ﬂ{D | D is an ultrafilter and cf(ITA/D) > A}.

3.4 Theorem (A-Directedness). Assume that A is a progressive set of reg-
ular cardinals. Then, for every cardinal A, TIA/J<A\[A] is A-directed: any
set of less than X functions is bounded in ILA/J<\[A].

Proof. The theorem holds trivially if A € Jcz[A], since [ITA/Jcy| = 1 in
this case. So we assume that J. is a proper ideal over A. Let kg = min A
be the first cardinal of A, and k1, k2 be the second, third etc. cardinals
of A. The case A\ < k, for n finite is quite obvious: if A\ = k, then
Jex = P({Ko,-..,kn-1}) and for every family F' C IIA of cardinality < A,
sup F' € TIA, because (sup F)(a) = J{f(a) | f € F} < a, since |[F| <A< a
for every a & {Ko,...,kn—1}). So we can certainly assume that A > k,, for
all n € w, and hence that {s,} € J<x.

Since any null subset of A can be removed without changing the structure
of ITA/J., we may assume that |A|",|A|TF |A|"3 ¢ A. That is we can
assume that

|A|T? < min A < \.
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We shall prove by induction on Ag < A that ITA/Jy is )\f{-directed: for
every F'={f; |i € Ao} CIIA a family of functions of cardinality A\g, F' has
an upper bound in ITA/J.). The case A\g < min(A) is obvious as we saw.

Solet F' = {f;|i € Ao} C IIA be a subset of IIA where Ay < A and
assume that ITA/J.y is Ag-directed. Our aim is to bound F' in ITA/Jy.

In case A is singular, we take (o | # < cf(Ag)) increasing and cofinal in
Ao, and obtain g; € IIA for every i < cf(X¢) that bounds {f¢ | £ < a;}. Then
we apply the inductive assumption again to the sequence {g; | i < cf(Ag)},
and obtain a bound to F'.

Thus )¢ is assumed to be a regular cardinal above |A|*3. We shall replace
F by a J., increasing sequence that satisfies (), for k = |[A|T. That is,
using Theorem 2.21 we define a Jj-increasing sequence (f; [ £ < Ao)
satisfying (%), and such that f; < f.

Hence we can assume that the sequence f = (f; | ¢ < Ag) that we want
to dominate satisfies (*) 4+ and thus has an exact upper bound g € On*
in <;_,14) (by Theorem 2.15).

Since the identity function taking a € A to a is an upper bound of our
sequence f, we may assume that g(a) < a for all a € A (by possibly changing
g on a null set). We intend to prove that B ={a € A | g(a) = a} € J»[4],
and thus that g =;_, ¢’ for some g’ € IIA which will show that g bounds f
in HA/J<)\[A]

Assume toward a contradiction that B &€ J.[A]. Then (by definition of
J<») there is an ultrafilter D over A such that B € D and cf(ITA/D) > A.
Clearly DN Joy = 0, or else cf(ITA/D) < A. The sequence f of length
Ao < A is necessarily bounded in ITA/D and we let h € IIA/D be such a
bound. So h(a) < g(a) for every a € B (since g(a) = a for a € B). Hence
(by definition of an exact upper bound) there is some f; in f such that
h1 B <j_ 4 fi | B. But this would imply h <p f;, which contradicts the
definition of i as an upper bound. -

3.5 Corollary. Suppose that A is a progressive set of reqular cardinals. For
every ultrafilter D over A

cf(ILA/D) < X iff Jox[A]N D # 0.

Hence cf(ITA/D) = X iff Jox+ N D # 0 and Joy N D = (. Namely,
cf(ITA/D) = X iff AT is the first cardinal p such that J<, N D # 0.

Proof. Tt JoA[A]ND # () and X € J.»[A]ND, then by definition of X € Jy
Cf(ILA/D) < A.

On the other hand, if J.y N D = (), then the above theorem stating
that TTA/J<y is A-directed gives that IIA/D is A-directed as well. Thus
cf(ITA/D) < A is impossible in this case. The additional conclusion of the
corollary is easily derived. -



34 I. Cardinal Arithmetic

This corollary allows us to investigate the relationship between J.)[A]
and Jy+[A]. By definition X € J+[A] iff X C A and for every ultrafilter
D over A containing X, ¢f(IIA/D) < A. For this reason, J . +[A4] is also
denoted J<y[A].

If A & pcf(A), for example when A is singular, then J.\ = J<x. However,
if A € pcf(A) then JoyCJ<y (where C is the strict inclusion relation).
Indeed, if D is an ultrafilter over A such that cf(ITA/D) = A, then by
Corollary 3.5 applied to A*, J<x N D # ), and certainly J.x N D = (. This
argument shows that there is a one-to-one mapping from pcf(A) into P(A).
Namely choosing Xy € J<x \ J<x for every A € pcf(A). Thus we have the
following theorem which is not evident from the definition of pcf.

3.6 Theorem. If A is a progressive set of reqular cardinals, then
Ipef(A)[ < [P(A)]
Another consequence of Theorem 3.4 is that max pcf A exists.

3.7 Corollary (Max Pcf). If A is a progressive set of regular cardinals,
then the set pcf(A) contains a maximal cardinal.

Proof. Observe that if Ay < A2 are cardinals, then Jcy,[4] C Jca,[4]
Define

I = J{J<xlA] | X € pef(A)}.

For every A € pcf(A) J<[A4] is a proper ideal on A, and hence I (being the
union of a chain of proper ideals) is also a proper ideal.

Since I is a proper ideal it can be extended to a maximal proper ideal,
and we let E be any ultrafilter over A and disjoint to I. Let u = c¢f(IIA/FE).
Since E is disjoint to I, it is disjoint to every J<x[4] for A € pcf(A4), and
hence cf(ITA/E) > X by the previous corollary. That is u = cf(ITA/FE) =
max(pcf A). As an important consequence we note that u = sup pcf(A) =
max pcf(A) is a regular cardinal (since it is in pcf A). =

3.8 Exercise. If ) is a limit cardinal then

JaalA] = | J<olA]
O<A

Another way of writing this statement is that for every cardinal A (not
necessarily limit)

Tl = [ Jeor [4] = | J<ol4]-
<\ <\

The no holes argument has the following consequence.
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3.9 Theorem. Suppose that A is a progressive interval of reqular cardinals.
Then pcf(A) is again an interval of reqular cardinals.

Proof. We may assume that A is infinite, as the finite case is clear. We may
also assume that A has no last cardinal (and deduce the general theorem
in a short argument). Let Ay = max pcf(A). We must show that every
regular cardinal in the interval [min(A4), o] is in pcf(A). Say u = sup A.
Since p ¢ A (A has no maximum), p is a singular cardinal (because A is
progressive). Since A C pcf(A) and A is an interval of regular cardinals,
the substantial part of the proof is in showing that any regular cardinal in
(1, Ao] is in pef(A). But if A is a regular cardinal and g < A < A, then
J<y is a proper ideal (since A < max pcf(A)). By Theorem 3.4, ITA/J.y is
A-directed. Hence Theorem 3.1 applies, and A € pcf(A). -

We can get some information even when A is not progressive.

3.10 Definition. Suppose that A is a set of regular cardinals and k <
min(A) is a cardinal. We define

pef, (A) = U{pcf(X) | X C Aand |X|=«}.

That is, pcf, (A) is the collection of all cofinalities of ultraproducts of A
over ultrafilters that concentrate on subsets of A of power  (or less).

Similarly to the previous theorem stating that pcf(A) of a progressive
interval A is again an interval of regular cardinals, we have the following.

3.11 Theorem. If A is an interval of reqular cardinals, and Kk < min A,
then pcf, (A) is an interval of regular cardinals.

Proof. Define Ao = sup pcf, (A), and let A be a regular cardinal such
that min(A) < A < Ag. Then for some X C A such that |X| = &,
A < max pcf(X). Hence J»[X] is proper, and we may assume that every
initial segment of X is in J<x. As X is progressive, I1X/J. is A-directed,
Theorem 3.2 can be applied, and it yields that A € pef(X’) for some X' C A
of cardinality < |X|. Thus A € pcf,.(A). =

Yet another consequence of the A-directedness of ITTA/J is the following

3.12 Theorem. Suppose that A is a progressive set of reqular cardinals and
B C pcf(A) is also progressive, then

pcf(B) C pcf(A4).

Hence if pcf(A) is progressive, then pef pef(A) = pef(A).
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Proof. Suppose that u € pcf(B), and let E be an ultrafilter over B such
that
Hn = Cf(HbeB b/E) (115)

For every b € B fix an ultrafilter D; over A such that
b = cf(ILA/Dy).
Define an ultrafilter D over A by
XeDiff {beB|X €Dy} €E. (I.16)

We shall prove that p = cf(ILA/D), and hence that u € pcf(A).
Consider (I1.15). If, for every b € B, (b, <p/) is an ordering that has true
cofinality b, then p = cf(Ilyep V'/E) as well. Hence

= cf(Ilyep(ILA/Dy) / E). (1.17)

It remains to implement this iterated ultraproduct as an ultraproduct of
A over D. For this aim consider the Cartesian product B x A and the
ultrafilter P defined on B x A by

HePit{beB|{ac A|(bja)c H} € Dy} € E.

For any pair (b,a) let r((b,a)) = a be its right projection. The reader
should prove the following isomorphism

3.13 Claim. H(b,a}eBxA 7“(<b, a>)/P = HbeB(HA/Db)/E.

Thus p (an arbitrary cardinal in pcf(B)) is the cofinality of the ultra-
product I syepxa 7((b,a))/P. But the projection map r : B x A — A,
shows that the ultrafilter D defined in (I.16) is the Rudin—Keisler projec-
tion of P, and we are almost in the situation of Lemma 2.3, which concludes
that u = cf(IIA/D). However Lemma 2.3 cannot be used verbatim because
|B x Al < min A is not assumed. All we know is that |B| < min B. Recall
(Lemma 2.3) that we had a map from I1A into Il oyepxa 7({b, a)) carrying
h € IIA to h € I, syepxa 7((b,a)) defined by

h({b, a)) = h(a).

We have proved that this map induces an isomorphism denoted L of ITA/D
into Iy ayepxa T({b,a)), but the problem is to prove that the image of L
is cofinal there. Let A = min B. We have assumed that |B| < A, and we
shall use the fact that the reduced product modulo J<[A] is A-directed as
follows. Given any g € Il(.ayepxa 7({b,a)) define for every b € B the map
g» € I1IA by

gu(a) = g(b,a).
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Then {gp | b € B} is bounded in ITA/J\[A] by some function h € ITA, and
we thus have that g, <;_, 4] h for every b € B. Hence

9b <D, h

since Jox N Dy = () (because cf(TTA/Dy) = b and A < b). So g <p h is
concluded. -

4. Generators for J_)

A very useful property of the J ideals is that for every cardinal A € pcf(A)
there is a set By C A such that

J<)\+ [A] = J<)\[A] + B

which means that the ideal J_y+[A] is generated by the sets in J.y[A] U
{Bx}. That is, for every X C A, X € J_+ iff X\ By € Jcx. So By is a
maximal set in J<[A] in the sense that if By C C € J< then C\B) € Jc.
The property that J<x[A] is generated from J.[A] by the addition of a
single set is called normality.

Normality of A € pcf(A) is obtained by means of a universal sequence for
A, and these sequences are studied first.

4.1 Definition. Suppose that A € pcf(A4). A sequence f = (fe | £ < A)
of functions in ITA, increasing in <;_,, is a universal sequence for X if and
only if, for every ultrafilter D over A such that A = c¢f(ILA/D), f is cofinal
in ITA/D.

4.2 Theorem (Universally Cofinal Sequences). Suppose that A is a pro-
gressive set of regular cardinals. Then every A € pcf(A) has a universal
sequence.

Proof. The proof is obvious in case A = min A. (The functions f; defined
by fe(a) = & will do.) Therefore we shall assume that [A|" < min 4 < A.

Suppose that there is no universal sequence for A. This means that for
every J.-increasing sequence f = (fe | £ < A) there is an ultrafilter D over
A such that cf(ITA/D) = X but f is bounded in ITA/D.

The proof is typical in that it makes |A|T steps and obtains a contradic-
tion from the continuous failure at every step.

So for each a < |A|* we shall define a J. increasing sequence f* =
(f& 1€ < A) in IIA, and assume that no f¢ is universal. The definition is
by recursion on « < |A|" and the fact that IIA/J. is A directed is used in
this construction.

If we visualize the functions f¢ as lying on a matrix (§,a) € A x |A|T,
then in each column « the functions f§ are <,_, increasing with ¢, and in
each row £ the functions fg‘ are < increasing with «.
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To begin with f° = (fg | £ < \) is an arbitrary <;_,-increasing sequence
in ITA/J<y of length A.

At limit stages § < |A|t we define f° = (fg | € < A) by induction on
& < X so that for every £ < A

Lof <Joa fg for i < &.

2. sup{ff |a <0} < fg.

Suppose now that f* is defined. Since it is not universal, there exists an
ultrafilter D, over A such that

1. cf(ITA/D,) = A, and

2. the sequence f< is bounded in <p,.

So we can choose fg‘“ that bounds the sequence f* in <p_. The sequence

f;"“ for 0 < i < A is defined recursively by requiring that
1. fo*tlis J_, increasing and cofinal in IIA/D,,, and
1 .
2. ft1 > fo (everywhere) for every i < \.

To sum-up, we have constructed <;_,-increasing sequences f¢, each of
length A, and ultrafilters D, over A, for a < |A|* so that:

1. for every i < A, (ff | o < |A|T) is increasing in < (i.e., for a; < ag <
|A|T, [ (a) < f2(a) for every a).

K3

2. f*=(f&| &< A) is bounded in IIA/D, by fg*!.
3. fo*tlis cofinal in 1A/ D,,.

Now let h = sup{f§ | « < |A|*}. Then h € ITA, because |A|" < min A.
Find for every a < |A|* an index i, < A such that h <p, fi"". This is
possible since f@*1 is cofinal in I1A/D,. Now pick an ordinal i < X such
that ¢ > i, for every a < |A|*. This is possible since A > |A|T is regular.
So h <p, [t for every a < |A|*.

Define
The sets A® C A are increasing with «, that is A% C A% for a < 3 < |A|*
(since f& < f7).

The contradiction is obtained when we show that A% C A%t (strict

inclusion) for every o < |A|* (and contrast this with A* C A). For this,
observe the following two statements.

1. A* & D, because f{* <p, fOO‘Jrl < h.

2. A°*l € D, because h <p_ ft.
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_|

If A € pcf(A) and D is an ultrafilter over A such that cf(ITA/D) = A,
then AN (XA + 1) € D because otherwise {a € A | a > A} € D and then
cf(ITA/D) > A. Thus, if (fe | £ € A) is a universal sequence for A, we may
assume that fe(a) = ¢ for alla € A\ A

4.3 Exercise. If A = max pcf(A), then any universal sequence for \ is
cofinal in TTA/J

Universal sequences can be used to prove the following

4.4 Theorem. For every progressive set A of reqular cardinals,
cf(IT4, <) = max pcf(A).
Hence cf(I1A, <) is a regular cardinal.

Proof. The partial ordering < in this theorem refers to the everywhere dom-
inance relation on ITA. The required equality is obtained by first proving >
and then <.

Suppose that A = max pcf(A), and D is an ultrafilter over A such that
A =cf(ITA/D). Then <p extends < on ITA. That is, for f,g € 1A, f < g
implies f <p g. This shows that any cofinal set in (ILA, <) is also cofinal
in (ITA, <p), and hence that cf(IIA, <) > cf(IIA, <p) = \.

Now we must exhibit a cofinal subset of (IIA4, <) of cardinality A in order
to conclude the proof.

Fix for every u € pcf(A) a universal sequence f* = (f! | i < p) for p.
Let F' be the set of all functions of the form

sup{ 51’ 2-‘;2,..., i’i’"}
where g1, g, . . ., 1y is a finite sequence of cardinals in pcf(A) (with possible

repetitions) and i < py are arbitrary indices. (Recall the definition of
sup{gi,...,gn}: at every a € A it returns max{g;(a),...,gn(a)}). Clearly
|F| = A.

4.5 Claim. F' is cofinal in (IIA, <).

Proof of claim. Let g € TIA be any function there. Consider the following
collection of subsets of A:

I={>(f,9)| f € F}.

(Recall that >(f,g9) = {a € A | f(a) > g(a)}.) This collection is closed
under unions, that is

>(f1,9) U >(f2,9) = >(sup{fi, f2},9)-
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If A € I, namely if >(f,g) = A for some f € F, then evidently g < f
as required. But otherwise we obtain a contradiction by extending I to
a proper maximal ideal J, and considering p = cf(IIA/.J). Then f*, the
universal sequence for i, is cofinal in ITA/J, and at the same time it is <;
bounded by g since f <; g for all f € F. Yet this is obviously impossible,
and thus the theorem is proved. o

It f/ = (fg’ | € < A) is universal sequence for A, and if f = (f¢ | £ < A) is
another sequence in ITA, <;_,-increasing and dominating f’ (for all ' < A
there is & < X such that ff’, <., fe) then clearly f is also universal for A.
Hence we can use Theorem 2.21 and deduce the following

4.6 Lemma. Suppose that A is a progressive set of regqular cardinals, and
A € pcf(A). Let p be the least ordinal such that AN & J<x[A]. Then there
is a universal sequence for \ that satisfies (x), with respect to J<\[A] for
every reqular cardinal k such that k < p, and in particular for k = |A|T.

Proof. Observe first that p < A+ 1. (Let D be an ultrafilter over A such
that A = ¢f(IIA/D). Then AN (A+1) € D,orelse {a € A|a> A} €D
and then cf(ITA/D) > X. Thus A € pcf(A N (A +1))). Observe also that
i = A is impossible, since A is regular and A N A is necessarily bounded in
Aas |[Al < minA < A\. The case u = A + 1 is rather trivial: A € A and
Ja[A] = P(AN ). In this case the functions defined by fe(a) = ¢ for all
a € A\ X are as required (and (), holds). So we assume that u < A and
AN p is unbounded in p.

Let <fé | £ < A) be any universal sequence for A\. Theorem 2.21 can be
applied to this sequence and to I = J.,. This gives a sequence f¢ € I1A
that dominates fé and that satisfies (%), for every regular cardinal x such
that k™ < Aand {a € A | a < kTT} € I. Thus (x), holds for every regular
K< . -

We intend to prove next the existence of a generating set for J_,+. For
this we need first the following characterization of generators for J_y+.

4.7 Lemma. If A is a progressive set of reqular cardinals and B C A is
any subset, then

Joxt[Al = Jaa[A] + B (L18)

if and only if
B e Jo\+[4] and (1.19)
If D is any ultrafilter over A with cf(IIA/D) = A (1.20)

then B € D.
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Proof. Assume first that (I.18) holds. Then (I.19) is obvious. We prove
(1.20). If D is any ultrafilter over A with cf(ILA/D) = X, then DNJ_\+[4] #
0, and if X € DN J_.y+[A4] is any set in the intersection then (I.18) implies
that X \ B € J-A[A]. Since DN J.y =0, B € D follows.

Now assume that (I1.19) and (I1.20) hold, and we prove that J_y+[A] =
J<x[4] + B.

Since B € Joy+[A], Jox+[A] 2 JcalA] + B.

To prove J z+[4] C Jcr[A] + B assume X € J_y+[A] and prove that
X\ B € J. as follows. Let D be any ultrafilter over A such that X\ B € D.
Since X € J_y+, cf(ILA/D) < AT. But ¢f(IIA/D) = X is impossible as
B ¢ D and we assume (1.20). Hence cf(IIA/D) < A. —|

4.8 Theorem (Normality). If A is a progressive set of reqular cardinals,
then every cardinal A € pcf(A) is normal: there exists a set Bx C A such
that

J<)\+[A] = J<)\[A] + Bi.

Proof. By Lemma 4.6, there exists a universal sequence f = (fe | £ < A) for
A that satisfies () 4+. Hence f has an exact upper bound A in On?/J_.
Since the identity function is an upper bound of f, we can assume that
h(a) < a for every a € A. Now define

B={a€ A|h(a) =a}.

We are going to prove that B satisfies the two properties (I.19) and (1.20)
which concludes the theorem and shows that B is a generator for J_y+. We
first prove that B € J_ y+[A]. If D is any ultrafilter over A containing B
then

cf(ITIA/D) < A (I.21)

is deduced in two steps. If DN J<y # 0, then the strict inequality of (1.21)
holds by definition of J.x. But if DN J.y = (), then h remains the exact
upper bound of the <p increasing sequence f in <p (just because D extends
the dual filter of J<y). So cf(Ilh/D) = A. As h is =p equivalent to the
identity function over A, IIA/D has cofinality .

To prove (1.20), suppose that D is an ultrafilter over A and cf(ITA/D) =
A If B¢ D then {a € A | h(a) < a} € D, and thus [h]p (the =p-
equivalence class of h) is in ITA/D. Yet DNJ-\[A] = 0 (or else cf(ILA/D) <
A), and this implies that fe <p h for every & < X (because f¢ <;_, h). So
f is not cofinal in ITA/D, in contradiction to f being a universal sequence
for A. =

The generator set B), is not uniquely determined, but if B; and Bs are two
generators (they both satisfy 1.18), then the symmetric difference B;ABs
is in J<y[A]. So generators are uniquely determined modulo Jcy, and we
can use a “generic” notation.
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4.9 Notation. For a progressive set of regular cardinals A and for any
cardinal A € pcf(A), By[A] denotes a subset B C A such that (I1.19) and
(1.20) hold, or equivalently

Joat+[A] = J<a[A] + B. (1.22)

We also use the expression “B is a Bj[A] set” if (I1.22) holds for B. We
often write B) instead of By[A], when the identity of A is obvious.

The sequence (By[A] | A € pcf(A)) is called a “generating sequence” for
A, because the ideal J.) is generated by the collection {B), | A\g < A} (see
Corollary 4.12). It is convenient to write By = @ when \ & pcf(A).

The following conclusion will be needed later on.

4.10 Lemma. Suppose that A is a progressive set of reqular cardinals. If
Ao € A and X € pcf(Ayg), then Ba[Ao] =_ 140 Ao N BAlA]. (This justifies
our inclination to write By instead of Bx[Ao].)

Proof. We prove (1.19) and (1.20) for Ag N By[A]. Clearly Ag N By[4] €
J<a[Ao]. If Dg is any ultrafilter over Ay such that cf(IIAy/Dy) = A, then
Ag N By[A] € Dg can be argued as followed. Assume Ag \ By[A] € Dy, and
extend Dy to an ultrafilter over A, still denoted Dy. Then cf(ITA/Dg) = A
and By[A] € Dy is in contradiction to (1.20). =

For a progressive set A with A = max pcf(A) and B a B)[A4] set, we have
by (1.20) that
A\ B € Jcy (1.23)

since A € Jy+[A]. Hence we can take Byax(pef(a)) = A

We will conclude that the ideal J.»[4] is (finitely) generated by the sets
{B,[A] | p < A} using the following “compactness” theorem, which says
that any set X € J< is covered by a finite collection of B,’s for u < A.

4.11 Theorem. (Compactness) Suppose that A is a progressive set of reg-
ular cardinals and (By | A € pcf(A)) is a generating sequence for A, then
forany X C A

X g.B,\1 LJB)\Z...UB)\7l

for some finite set {\1,..., A} C pef(X).

Proof. This can be proved by induction on A = max pcf(X), since X\ By €
J<x and so max pcf(X \ By) < A -

4.12 Corollary. If A is a progressive set of regular cardinals then for every
cardinal X, for every set X C A, X € Jca[4] iff X is included in a finite
union of sets from {By | N < A}.
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Observe that A & pcf(A \ By[A]). For let Dy be any ultrafilter over
Ag = A\ By[4]. Extend Dy to an ultrafilter D over A. Since IIA/Dy is
isomorphic to IIA/D, it suffices to prove that cf(ITA/D) # A. But since
A is disjoint to By[A], BA[A] ¢ D. So (1.20) implies this, and we have
obtained the following result. A set B € J_ +[A4] is a By set if and only if
A € pcf(A\ B).

If A € pcf(A) and f = (fe | £ < A) is a universal sequence for A, then the
definition of By[A] = {a € A | h(a) = a}, where h is an exact upper bound
of f, shows that (fe¢ [ Bx | £ < \) is cofinal in IIBy/J<x. This result is
sufficiently interesting to be isolated as a theorem (and we give a somewhat
different proof).

4.13 Theorem. If A is a progressive set of regular cardinals and A\ €
pct(A), then for some set B C A we have tcf(IIB/J<A[B]) = A. In fact,
any universal sequence for A is cofinal in ILB)/J<y and thus shows that

th(HB)\/J<)\) =\ (124)

Proof. We know that there exists a universal sequence for A and that there
exists a generating set B). We will prove that any universal sequence f =
(fe | € < A) for Ais cofinal in IIBy/J<. That is, if h € ILB, is any function
then

<(fe | Ba,h) € Jc for some £ < .

Otherwise the sets <(fe | Bx,h) are positive and decreasing with £ < A
(mod J. ). Hence there is a filter over B containing them all and extending
the dual filter of J.5[B)]. Extending this filter to an ultrafilter D over A,
DNJca[4] = 0 and the ultraproduct IIA/D has cofinality A (as By € D and
DnJ<y = 0). In this ultrapower h bounds all functions in f, in contradiction
to the assumption that f is universally cofinal. Thus the restriction to By[A]
of any universal sequence for A is cofinal in TIB)/J<. -

In particular, (I.24) shows (again) that A = max pcf(B,) whenever A €
pcf(A4). We have, more generally, the following characterization.

4.14 Lemma. The following are equivalent for every filter F over a pro-
gressive set of reqular cardinals A and for every cardinal \.

1. tef(ITA/F) = A.
2. By € F, and F contains the dual filter of J<»[A].
3. cf(ITIA/D) = X for every ultrafilter D that extends F.

In particular we get for every ultrafilter D that

f(ITA/D) = X\ iff By € D and DN Joy = 0. (1.25)
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FEquivalently,
cf(ITA/D) = X iff A is the least cardinal such that By € D. (1.26)

Proof. Fix a filter ' and a cardinal \. 1 => 3 is obvious. Assume 3 and
we prove 2. Since cf(IIA/D) = X for every ultrafilter D that extends F,
By € D for every such ultrafilter (by (I1.20)). Hence By € F. It is clear that
F' contains the dual filter of J.y, or else an extension of F' can be found
that intersects J., and thus has an ultraproduct with cofinality below A.

Assume now 2, and then the fact already proved that tcf(IIBy/J<y) = A
shows that tcf(ILTA/F) = A (as IIA/F and IIB,/F are isomorphic, since
By € F)

In particular, if D is an ultrafilter over A, then D N J.y = () iff the dual
filter of J. is contained in D. So the equivalence of 1 and 2 of the lemma
estabilshes (1.25). —

4.15 Exercise. 1. If D is an ultrafilter over a progressive set A, and A
is the least cardinal such that By € D, then A = cf(IIA/D).

2. If A is a progressive set of regular cardinals and E = pcf(A) is also
progressive, then

pef(BA[A]) =, (g Balpef(A)].
(Use Theorem 3.12.)

4.16 Exercise. If A is a progressive set of regular cardinals then for every
cardinal A\, A = max pcf(A) iff A = tcf(ITA/J<y) iff A = cf(I1A/Jcy).

In Theorem 2.23 we have proved for pu, a singular cardinal with uncount-
able cofinality, that u = tcf(IIC(H) /J%) for some closed unbounded set of
cardinals C' C p. Since Jo, = Jo,+ C J¥? an apparently stronger claim is
obtained by asserting tcf(IICH) /J_,[CH)]) = pT.

4.17 Exercise (The Representation Theorem). If p is a singular cardinal

with uncountable cofinality, then for some closed unbounded set of cardinals
C C p, tefMICH) /T, [CH)]) = pF. Thus pt = max pef O,

Hint. Let Cy C p be a closed unbounded set of limit cardinals such that
pt = tcf(HC(g+)/de). Then define C C Cp so that CH) = B+ [CSH}.
Prove that Cj \ C is bounded in pu. Then use Theorem 4.13.

4.18 Exercise. For any filter F' over a progressive set A of regular cardinals,
define

pefp(A) = {cf(ITA/D) | D an ultrafilter over A that extends F'}.
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1. Prove that max pcf(A) exists.
Hint. Look at the minimal A such that F'N J<y # 0.

2. Deduce that cf(ITA/F) = max pcf(A), so that the cofinality of this
partial ordering is a regular cardinal.

3. If B C pcfp(A) is progressive, then pcf(B) C pcfp(A).

4. Suppose that A is a progressive interval of regular cardinals, and let
F be the filter of co-bounded subsets of A (X € F iff A\ X is bounded
in A). Then pcfz(A) is an interval of regular cardinals.

5. The cofinality of [u|"

Some of the most important applications of the pcf theory will be described
in this section. For example, we will prove that RYo < N(gx0)+. For this re-
sult we investigate obedient universal sequences and their relationship with
characteristic functions of elementary substructures. Some of the theorems
about obedient sequences proved and used in this section will be applied
in the following section to “elevated” sequences. These sequences are not
obedient, but they share enough properties with the obedient sequences to
enable uniform proofs. This explains our desire to deal here with the shared
properties (1.32 and 1.33) rather than with obedient sequences.

As usual, A is a progressive set of regular cardinals. Recall how B,[A]
was obtained. First a universal sequence (fe | & < A) for A\ was defined
which satisfied (%) 4+, then an exact upper bound h was constructed, and
finally the set By = {a € A | h(a) = a} was shown to generate J_,+[A]
over J.x[A]. Once this is done, we have greater flexibility in tuning-up B
by using elementary substructures, and we therefore say first a few words
about these structures.

5.1. Elementary substructures

Elementary substructures are extensively used in the pcf theory and its
applications, and in this section we study some basic properties of their
characteristic functions.

Let W be a “sufficiently large” cardinal, and Hy be the e-structure whose
universe is the collection Hy of all sets hereditarily of cardinality less than
U (which means having transitive closure of size < ¥). The expression
“sufficiently large” depends on the context and means that ¥ is regular and
is sufficiently large to include in Hy all sets that were discussed so far. We
also add to the structure Hy a well-ordering <* of its universe. We shall
seldom mention <* explicitly, but it allows us to assume that the objects
we talk about are uniquely determined.
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For the rest of this section x denotes a regular cardinal such that |A| <
Kk < min(A).

5.1 Definition. An increasing and continuous chain of length A of elemen-
tary substructures of Hy is a sequence (M; | i < A) such that

1. Each M; is an elementary substructure of Hy,
2. 41 < 12 < A implies that M;, C M,,, and
3. for every limit ordinal 6 < A, Ms = J,_5 M; (this is continuity).

We say in this paper that an elementary substructure M < Hy is “k-
presentable” if and only if M = |J,_, M; where (M; | i < k) is an increasing
and continuous chain of length x such that

1. M has cardinality x and K +1 C M.
2. For every i < k, M; € M;y1. (Thus M; € M; for i < j.)

We do not make any assumption on the cardinality of M; for i < &, which
may be x or smaller than k.

In order to define a k-presentable elementary substructure define, re-
cursively, the approaching structures M, and observe that each M, (and
even the sequence (M, | a < f3)) is an element of Hg and thus can be
incorporated in Mgy < Hy.

We shall use the following observation. Let M, denote the ordinal closure
of M, N On. That is v € M, iff ¥ € M, N On or + is a limit of ordinals in
M,,. Since M, € My,1 and My C Myi1, My € My, and My C My

For any structure N, we let Chy be the “characteristic function” of N.
That is, the function defined on any regular cardinal p such that |N|| < p
by

Chpy(p) =sup NN p.

Then Chy (1) € p since p is regular and N is of smaller cardinality.

A very useful fact that we are going to prove is that if M is k-presentable,
then for cardinals A < p, M N can be reconstructed from M N A and the
characteristic function of M restricted to the successor cardinals in the
interval (A, u]. We shall use the following form of this fact.

5.2 Theorem. Suppose that M and N are elementary substructures of Hy.
Let k < p be any cardinals (k is always regular uncountable).

1. If Mk C NNk, and, for every successor cardinal o™ € M Np+1,
sup M Nat =sup MNNNa™, (1.27)

then M N C NN p.
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2. Therefore, if M and N are both k-presentable and for every successor
cardinal ot € p+1

sup MNat =sup NNna', (1.28)
then M Npu=NnNp.

Proof. This is a bootstrapping argument. We prove by induction on §, a
cardinal in the interval [k, u], that M Nd C N N¢. For 6 = & this is an
assumption. If § is a limit cardinal, then M N§ C N N is an immediate
application of the inductive assumption that M N ¢ C N N for every
cardinal 0’ in the interval [k, d). Assume now that M Né C N N4, and
we shall argue for M NéT C NNd6T. If 67 ¢ M, then M contains no
ordinals from the interval [§,01] and the claim is obvious. So assume that
ot € M. (And hence §t € N since [6,0T]NN # 0.) Let v = sup(MNét) =
sup(M NN Nd&T). Now if « € M N+, then there exists some 3 € M NN N~y
such that a < 3. Consider the structure (Hg, €, <*) of which M and N are
elementary substructures, and pick an injection f : 3 — ¢ that is minimal
with respect to the well-ordering <* of Hy. Then f € M N N because
f is definable from the parameter §. Since o € M, f(a) € M, and hence
f(a) € N. But then, applying f~! in N, we get « € N. Thus MNB C NN}.

For the second part of the theorem, let M = J,_, M¢ and N = [J,_, Ne
be presentations for M and N. Observe that M Nk = NNk = k. Let
a™ be any successor cardinal in the interval (k,u]. We assume that v =
Chpy(a™) = Chy(at). We claim that there is a subset of M N N that
is closed and unbounded in <. Indeed, the approaching substructures M;
provide a closed unbounded sequence (sup(Mg Nat) | £ € k) which is
cofinal in . Likewise, N contains a closed unbounded sequence of order-
type k cofinal in . The intersection of these closed unbounded sets is as
required. Hence sup M Na™ =sup NNat =sup M NN Na' holds and
M Np= N Npis obtained by the first part of the theorem. -

Recall that a sequence of functions in ITA is universal for A if it is J. in-
creasing and cofinal in ITA/D whenever c¢f(IIA/D) = A. Recall also (Equa-
tion I.3) that a sequence (ps | £ < A) of members of a partial ordering
(P, <p) is persistently cofinal iff every member of P is dominated by all
members of the sequence with a sufficiently large index.

5.3 Definition. We say that a sequence (f¢ | £ < A) of functions in ITA is
persistently cofinal for X if their restrictions to B), form a persistently cofinal
sequence in I1IBy/J< . Namely if for every h € IIA there exists §; < A such
that

h | Bx <y_, fe | Bx
for all &y < & < A (where By = By[A4]).



48 I. Cardinal Arithmetic

For example, if (f¢ | £ < A) is universal for A then it is persistently cofinal
(see Theorem 4.13), and if the functions F¢ are such that f <;_, F¢ for
all £ < A, then (F¢ | £ < A) is also persistently cofinal, although it is
not necessarily J. increasing. Clearly, an arbitrary A sequence in IIA is
universal for A iff it is J. increasing and persistently cofinal.

A basic observation which is used later to define the transitive generators
is the following.

5.4 Lemma. Suppose that the progressive set A and the cardinal X € pcf(A)
belong to an elementary substructure N < Hy so that N =], Na where
|A| < k < min(A) is a reqular cardinal, |N| =k, k+1 C N, and (N, | a <
K) is an increasing chain of elementary substructures of Hy. If a sequence
of functions f = (fe | € < A) € N, with fe € I1A, is persistently cofinal for
A, then for every & > sup(IN N A)

<(Chn, fe) ={a € A| Chn(a) < fe(a)} is a By[A] set. (1.29)

Proof. We first make some preliminary observations. Since x < min A,
we have that Chy [ A € IIA. Since A,A € N = {J,., Na, we may as
well assume that A, \, f € Ny (or else re-enumerate the structures). Since
|A] < k and K C N, A C N and we can assume that A C Ny. Since ¥ is
sufficiently large, all the pef theory involved in defining By[A] etc. can be
done in Hy and hence in Ny. We may assume again that a generating set
B = Bj[A] is in Ny. Suppose that £ > sup(N N A). To prove (1.29) we need
two inclusions:

1. Chy | B <j_, fe | B, which shows that B C;_, <(Chn, fe).
2. <(Chn, fe) N (A\B) € J<, which shows that <(Chy, f¢) ., B.

We prove 1. For every a € A, if f¢(a) < Chy(a) then there exists an
index o = a(a) < k such that fe(a) < Chy,(a). Since |A| < k there exists
a single index a < & such that, for every a € A, fe(a) < Chy(a) implies
that fe(a) < Chy,(a). Hence for every a € A

fg(a) < C’hN(a) iff fg(a) < CYhN(1 (a) (130)

But the sequence f is persistently cofinal in IIB/J<y, and hence h [ B <;_,
fe | B for every h € N N1IIA, because & > sup(N N A). In particular, for
h=Chn, € N, we get

ChNa FB §J<>\ f& rB (m fact <J<)\).

That is, {b € B | fe(b) < Chn,(b)} € Jcx. Hence, by (1.30), {b € B |
fe(b) < Chy(b)} € Jcn. Thus

Chy I B <y, fe | B.
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This proves 1.
Now we prove 2. That is

{a € A\ B | Chy(a) < fe(a)} € Jcn. (1.31)

As A & pcf(A\ B), JeA[A\ B] = Jox+[A\ B] and hence II(A\ B)/J<y is
At-directed, and f (with functions restricted to A\ B) has an upper bound.
Since f € N, we have this upper bound in N. Let h € NNII(A\ B) be an
upper bound in <;_, of the sequence f restricted to A\ B. Then

fe 1 (A\B) <y, h < Chy [ (A\B).
But this is exactly (1.31) =

5.2. Minimally obedient sequences

Suppose that 0 is a limit ordinal and f = (f¢ | £ < ) is a sequence of
functions fe € ITA, where A is a set of regular cardinals and |A|" < cf(§) <
min(A) holds. For every closed unbounded set E C § of order type cf(d) let

hgp =sup{fe | § € E}.

That is, hg(a) = sup{fe(a) | £ € E}. Since cf(d) < min(A), hg € IIA.
We say that hg is the “supremum along E of the sequence f”. Observe
that if £y C Ey then hg, < hg,. The following lemma says that among all
functions obtained as suprema along closed unbounded subsets of § there is
a minimal one in the < ordering.

5.5 Lemma. Let § and f be as above (so |A| < cf(d) < min(A) and f is a
sequence of length § of functions in ILA). There is a closed unbounded set
C C § of order type cf(d) such that

ho(a) < hp(a)
for every a € A and E C § closed and unbounded (of order type cf(J)).

Proof. Assume that there is no such closed unbounded set C' C § as required.
We construct a decreasing sequence (E, | a < |A|T) of closed unbounded
subsets of ¢ of order type cf(d) each, such that for every o < |A|T, hp, £
he,,,. (Since |A| < cf(d), at limit stages of the construction we may take
the intersection of the clubs so far constructed.) Then find a single a € A
such that hg, (a) > hg,, (a) for an unbounded set of indices a.. Yet this is
obviously impossible. -

In applications of this lemma, an ideal J over A is assumed and the
sequence (fe | £ < 0) is <j-increasing. In that case, the minimal function
fo =sup{fe | £ € C'} <-bounds each f¢, for £ € C, and hence <;-bounds
all f¢’s for & < 4. This function fc is called “minimal club-obedient bound

of (fe | £ < 9)”.
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5.6 Definition (Minimally Obedient Universal Sequence). Suppose that A
is in pcf(A) and f = (fe | £ < A) is a universal sequence for A. Let x be
a fixed regular cardinal such that |A] < k < min(A). We say that f is a
“minimally obedient (at cofinality x)” if for every 6 < A such that cf(d) = &,
fs is the minimal club-obedient bound of (f¢ | £ < 6).

The universal sequence f is said to be “minimally obedient” if |A|T <
min(A) and it is minimally obedient for every regular s such that |A| < k <
min(A).

Suppose that |A|T < min(A) and A € pcf(A). In order to arrange a
minimally obedient universal sequence for A start with an arbitrary universal
sequence ( fgo | £ < A) and define the functions f¢ by induction on § < A
such that:

1. fo=f§, and feiq is such that
max{fe, f} < fes1.

2. At limit stages 6 < A with c¢f(d) = x and such that |A| < k < min(A)
let f5 be the minimal club-obedient bound of (f¢ | £ < 6).

3. At limit stages 6 < A with ¢f(d) not of that form use the fact that
ITA/J.y is A-directed to define f5 as a <;_, bound of (fe | £ < ).

Minimally obedient sequences will be used in conjunction with x-presentable
elementary substructures.

5.7 Lemma. Let A be a progressive set of reqular cardinals, and Kk be a
regular cardinal such that |A| < k < min(A). Suppose that

1. A € pcf(A),

2. f = (fe | & < A is a minimally obedient at cofinality k, universal
sequence for \, and

3. N < Hyg (for ¥ sufficiently large) is an elementary, k-presentable
substructure of Hy such that A\, f,A€ N. (So ACN.)

Let N denote the ordinal closure of N N On, that is the set of ordinals that
are in N or that are limit of ordinals in N. Then for every v € (NNA)\ N
there is a closed unbounded set C C v N N (of order-type k) such that
fy =sup{fe | £ € C} and thus

f+(a) € NNa for every a € A.

In particular, for v = Chy(X), v € N\ N, and f, = sup{fe | £ € C} for a
closed unbounded set C C v N N such that



5. The cofinality of [u]" 51

1. each f¢ isin N, and
2. for every h € NNIIA
h | Ba[A] <j_, fe | BalA]
for some € € C.

Proof. Since N is r-presentable, N = J, . Nq is the union of an increasing
and continuous chain such that N, € N,y;. It follows for every v € N,
that either v € N or cf(y) = k. Indeed, if v € N\ N, then v is a limit point
of ordinals in N and yet + is not a limit point of ordinals in any N, (or else
v € N, C N). Hence sup(y N N,) < v and

E = {sup(yNN,) | a < K}

is closed unbounded in v and of order-type k. Thus cf(y) = k. Observe
that £ C N, because N, € N implies that N, C N and in particular
sup(yN N,) € N.

Now take v € (NN )\ N and consider f,(a) for a € A. Since cf(y) = &,
f~ is the minimal club-obedient bound of (f¢ | £ < ), and there is thus
a closed unbounded set C' C v such that f, = fc. It follows from the
minimality of fo that fo = fong and we may thus assume at the outset
that C C N. So fy = fc = sup{fe | £ € C} is the supremum of a set of
functions that are all in N. (As C' C N implies that fe € N for £ € C.)
This shows that f,(a) € N for every a € A.

In particular, if v = Chy()), then v < A because K < A and N has
cardinality k. So v € N\ N. Item 2 is a consequence of the fact that
f is a universal sequence (see Theorem 4.13) and that C' is unbounded in
NN =

The conclusions of lemmas 5.4 and 5.7 will be given names (1.32 and
1.33) so that we can easily refer to these properties in the future. Let A
be a progressive set of regular cardinals and suppose that x is a regular
cardinal such that |A| < & < min A. Suppose that A € pcf(A), and
f = (fe | £ € \) is a sequence of functions in ITA. We shall refer to
the following two properties of a k-presentable N < Hy and a sequence
f = (fe | &< A)such that f € N.

If v = Chy(X), then (1.32)
{ac A[Chy(a) < fy(a)}

is a By[A] set.
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If v = Chy (M), then (1.33)
1. f, < Chy.

2. For every h € N NIIA there exists some d €
N N 1IIA such that

hIB<y_,dlBandd<f,

where B = B,[A].

We have seen that any persistently cofinal sequence for A satisfies (1.32)
(this is Lemma 5.4), and that any universal, minimally obedient sequence
satisfies (I1.33) as well (by Lemma 5.7).

Suppose that f is a sequence of length A and N < Hy is k-presentable
and such that f € N (so A, A € N). Suppose that both (1.32) and (1.33)
hold. If v = Chn(A), then f, < Chy by (1.33), and hence

fac A|Chy(a) = f,(a)} (134)
is a By[A] set by (1.32). We shall use this observation in the following,.

5.8 Lemma. Suppose that A is a progressive set of reqular cardinals and k
is a regular cardinal such that |A| < k < min A. Suppose that Ao € pcf(A)
and fro = (f?o | € < Xo) is a sequence of functions in IIA. Let N < Hy be
a k-presentable elementary substructure (VU is a sufficiently large cardinal)
such that A, Xo, fA € N. Suppose that N and f* € N satisfy properties
(1.82) and (1.33) for A = Ag. Put v = Chyx(Ao) and define

by, ={a € A|Chy(a) = fv)‘o"(a)}.
Then the following hold.
1. by, is a By, [A] set, namely
J<no[A] = T [A] + by, -
2. There exists a set b’/\0 C by, such that

(a) b\, €N
(b) bx, \ b\, € J<x,[A] (hence b is also a By, set).

Proof. Note that since f30 < Chy, by, = {a € A| Chy(a) < f30(a)}. We
have already observed in the paragraph preceding the lemma that 1 holds.
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We prove 2. As the definition of by, involves N and fi‘g’, we do not expect
that by, € N. However we shall find an inner approximation b'Ao of by, that
lies in N. If a € A and f}°(a) < Chy(a), then there exists some a <
such that f39(a) < Chy, (a) (because N = J, ., Na). Since |A| < k, there
is some sufficiently large a < x such that

fj‘oo(a) < Chy(a) iff f,i\oo (a) < Chy,(a)
holds for every a € A. Or equivalently (by negating both sides)
a € by, iff Chy, (a) < f3°(a).

That is we have replaced the parameter N with N, in the definition of by,,
but g is still a parameter not in V.

Since f*o satisfies (1.33), there exists (for h = Chy,) some function
d € N such that

1. ChNa fB)\O <J<>\n d fB)\O and
2. d < fo.

Define
’)\O ={a€ A|Chy_(a) <d(a)}.

Now all parameters are in NV and clearly b\ € N. Property 1 above implies
that for almost all a € By,, Chy,(a) < d(a) (i.e. except on a Jcy, set).
Hence By, Cj_,, b')\o. Property 2 implies that b')\0 Cby,- -

Suppose that for every X € pcf(A) we attach a certain By[A] set b5. Then
the Compactness Theorem (4.11) gives a finite set Mg, ..., Ap—1 of pcf(A)
cardinals such that A = b3 U---Ub} . Now let N < Hy be such that
A € N and assume that the sets b} are chosen in N for each A € pcf(4)NN.
Then the covering cardinals Ag, ..., A,_1 can be found in NV, even when the
map A — b3 is not in N. To prove that, we define a descending sequence of
cardinals \g > --- > \; by induction on i, starting with Ay = max pcf(A),
so that the following two conditions hold.

2. If A=A\ (byU---Ub;_;) # 0, then A\, = max pcf(Ag).

Since b, ...,b;_, are in N, Ay € N as well, and hence A\, € N (whenever
A # 0 and \g is defined). It follows from lemmas 4.14 and 4.10 that
Ao > A1 > -+ > \i. Hence, for some k, Ay, = 0, and then A = b§U---Ub;_,.

Here is a main result saying that the number of characteristic functions
Chy | A is bounded by max pcf(A).
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5.9 Corollary. Suppose that A is a progressive set of reqular cardinals, K
is a regular cardinal such that |A] < k < min(A), and N with A € N is
a k-presentable elementary substructure N < Hy and containing, for every
A € pef(A)NN, a sequence f = (fg‘ | € < \) that satisfies properties (1.32)
and (1.33). Then there are cardinals Ao > A1 -+ > A, in N N pcf(A) such
that

Chy | A=sup{f20,...,f}, (1.35)

Yo ? 7Y
where v; = Chy(\;).

Proof. We employ Lemma 5.8, which assigns By[A] sets, b, € N, for every
A € pef(A) N N, so that

by C{ac Al Chyla) =y, (a)}. (1.36)

By the Inductive Covering procedure explained above, for some Ag, ..., Ap_1
in pcf(4) NN
A=), U---Ub,

n—1"

Since property (I.33) ensures that fé:hN(/\) < Chy, (1.36) implies that (1.35)
holds. =

Application: the cofinality of ([u]", Q)

For cardinals x < p, let [u]® denote the collection of all subsets of p of size
k. Under the inclusion relation C this collection is a partial ordering, and
we denote its cofinality by cf ([u]*, C). Likewise, [u]<" is the collection of
all subsets of p of cardinality less than k. For example, if p is a regular
cardinal then the collection of all proper initial segments of p is cofinal in
] <*.

One reason for the importance of studying cf([u]*, C) is the relationship

[[1"] = cf([u]", C) - 27 (1.37)

and its applications to cardinal arithmetic (which we shall see). The proof
of (I.37) is quite simple. Suppose that cf([u]®,C) = A and let Y = {Y; €
[u]® | © < A} be cofinal. A one-to-one map from [u]® to Y x 2% can be
defined as follows. For every E € [u]” find some E C Y;. Since Y; has
cardinality k, E is isomorphic to some subset S of k, and then we map E
to (Y;,.9).

We record some relatively simple facts about cofinalities of [u]”.

5.10 Lemma. For any cardinal p:
1. If K1 < K2 then

of ([, C) < of([u]™, C) - of ([R]™", ©).
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2. If uy < pa then cf([p1]®, C) < cf([ue]”, ©).

3. Suppose that k < p and E C [p]" is cofinal. Then there exists a cofinal
set in ([ut]", Q) of cardinality |E| - u*.

Proof. We prove the third item. For every u <~ < p* let f, be a bijection
from ~y to p. Then the collection of all sets of the form f.~ L' X, where X € E,
is cofinal and of cardinality |E| - u™. -

A consequence (which can be proved by induction) is that for every n < w,
cf([R,]¥0, C) = N,,.

The first application of the pcf theory to the subset cofinality question is
the following

5.11 Theorem. Suppose that p is a singular cardinal, and k < p is an
infinite cardinal such that the interval A of regular cardinals in (k,u) has
size < k. Then

cf([p]”, €) = max pcf(A).

Proof. Let u and k be as in the theorem. Define
A={~]|~ is aregular cardinal and k < v < u}.

We assume that |A| < k, so that A is a progressive interval of regular
cardinals. To prove the theorem, we first prove the easier inequality >.
Let {X; | i € I} C [u]" be cofinal and of cardinality cf([u]",C). Define
hi = Chx, | A. That is, h;(a) = sup aN X; for a € A. Then {h; | i € I} is
cofinal in (ITA, <). (Since for every f € ITA the range of f is a subset of u of
size < |A| < k, and is hence covered by some X;. So f < h;.) But we know
that the cofinality of (ITA, <) is max pcf(A4), and hence |I| > max pcf(A).

Now we prove the < inequality. We assume first that |A| < k and prove
the < inequality for this case. Then we can obtain the |A| = x case by
applying the first case to s (instead of ) and using

cf([1]*, C) < cf([u]*" . C) - kT

So assume that |A| < x (and hence & is uncountable). We plan to present
a cofinal subset of [u]* of cardinality max pcf(A). Fix for every p € pcf(A)
a minimally obedient (at cofinality x) universal sequence for p, and let
f=Af°| p € pcf(A)} be the resulting array of sequences. In fact, we
let f be the minimal such array in the well-ordering <* of Hy, so that
f € M for every M < Hyg such that A € M. Let M be the collection of
all substructures M < Hy that are x-presentable and such that A € M
(so A C M). We know that (1.32) and (1.33) hold. Consider the collection
F={Mnu| M e M} This collection is clearly cofinal in [p]”, since
for any set X € [u]* a structure M € M can be defined so that X C M
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(or even X € M). We shall prove that |F| < max pcf(A). We know (by
Corollary 5.9) that for every M € M, Chys | A is the supremum of a finite
number of functions taken from the array {f” | p € pcf(A)}, which contains
max pcf(A) functions. Hence it suffices to prove that whenever M, N € M
are such that Chy; | A= Chy | A, then M Ny = NNp. But this is exactly
Theorem 5.2. -

The theorem just proved (5.11) has important consequences for cardinal
arithmetic which we shall explore now. Look, for example, at up = N,
k=1Ng,and A ={X,, | 1 <n <w}. Then

cf (RN, C) = max pcf(A).

So N¥ = (max pcf(A))2%. If N, is a strong limit cardinal then [N,]¥
has cardinality 28, and this cardinal turns out to be regular since it is
max pcf(A). Similarly, for every n < w, cf([R,, C]¥, C) = max pcf(A4).
Hence

cf([Ro]™", ©) = ef([Ru]*, )

for every n,m < w.

Since A is an interval of regular cardinals, pcf(A) is also an interval of
regular cardinals (Theorem 3.9) containing all regular cardinals from Ry
to max pcf(A). Hence if we write max pcf(A) = R, then |a| = |pcf(A)]
follows. Yet |pcf(A)| < 2% (Theorem 3.6). Thus cf([R,]*°,C) = R, for
a < (2%)*, Thus we have proved the following theorem.

5.12 Theorem. cf([R,]", C) < Rgng )+
An immediate conclusion is

5.13 Theorem. XY < Rangy+ -

Proof. If 2% > X, (equality is impossible by Ko6nig’s theorem) then X0 =
2% and then 2%° < R,x, implies the theorem as a triviality. So we assume
that 280 < X,.

Suppose that R, = cf([R,]*,C). We have proved in the preceding
theorem that o < (2%0)*. Let {X; | i < No} C [N,]®° be cofinal. So
[Ro¥ € U{P(X;) | i < Ra}. Hence [[Ry]¥0] <280 Ry =Ry < Rigngys.

We want to generalize this theorem to arbitrary singular cardinals X5 such
that & < Ns. A straightforward generalization gives the following which we
leave as an exercise: If § is a limit ordinal such that § < N, then

Cf([N(;]w, g) < N(Q\é\)+

and hence 5
Nl; | < N(Q\(S\)+.
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We shall describe now a tighter bound: Ngf(é) < N(|5|cf(a>)+.
As in the proof for bounding X, which consists in first evaluating the
cofinality of ([N, ]*°, C), here too we first investigate cardinalities of covering
sets. For cardinals p > 7 a cover for [u]<7 is a collection C of subsets of p
such that for every X € [u]<" there exists Y € C with X C Y. For cardinals
>0 >71, cov(u,d, ) is the least cardinality of a cover for [u]<" consisting
of sets taken from [11]<?. So cov(u,6,7) measures how many sets, each of
cardinality < 6, are needed to cover every subset of p of cardinality < 7.

For example, cf ([u]", C) = cov(u, k*,k1). We shall prove the following.

5.14 Theorem. Suppose that p is a singular cardinal, and k < i a regular
cardinal. Let A be the set of all reqular cardinals in the interval [, u).
If |A| < k, then

cov(, 1, ef(1) ) = sup pefg(y (A):

(See Definition 3.10 for pcfep(,y(A).)
Before proving this theorem, let’s see how it can be employed.

5.15 Corollary. Suppose that § is a limit ordinal such that 6 < Xs. Then
COV(N57 |(5|+,Cf(5)+) < N(|5|cf(5))+

and hence s
N(C; @) < N(‘(g‘cf(é))+.

Proof. Suppose that § is a limit ordinal such that § < Ns. Let u = N4, and
k = |8]*. Define A as the set of all regular cardinals in the interval (k+-+, p].
So |A| < |4|. By Theorem 5.14, there exists a collection {X; | ¢ € I}, where
X; € [p]® and |I| = sup pcfeg,)(A), such that for every Z € [Rs]ef(),
Z C X, for some i € I. Yet, by Theorem 3.11, pef(,,)(A) is also an interval
of regular cardinals, containing all regular cardinals in the interval [T, R,,)
where R, = sup pefeg(,) (A). Now [pefeg,) (A)] < |[A]ef()] . 2ef (k) < |5]ef(r),
It follows (see the proof in the following paragraph) that o < (|&[<f(W)+.
That is, [I| < R(gery+ (as cf(u) = cf(d)). Hence IRs]FO| < ko)
N(|5)cf(9))+. Thus Ngf(a) < N(jg)ere)+ as required.

We prove that a < (|§|f")*+. Since § < |6]F < (]6]F))*, it follows
that the interval (Ns, R(|gjer(n)+) contains (|6]F )+ regular cardinals. But
the interval of regular cardinals in (N5, N,) is included in pefee(,)(A) and
contains < |6|f(#) regular cardinals. Hence a < (|§|<f(")F. .

We proceed now with the proof of Theorem 5.14. Let k < p and |A| < K
be as in the theorem. Since A is cofinal in p and |A] < &, cf(p) < k.
Let p = cf(p) be the cofinality of . We shall prove that cov(u, s+, pt) =
sup pcf ,(A).
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For the > inequality, we must prove that cov(u,x*,p™) > A for every
A € pef (A). That is, if Ag C A is of cardinality p we want to prove that
cov(, i+, pT) > max pcf(Ag). Solet {X; | i € I} be a covering of [p]°(#)
with sets X, of cardinality < x. For each X; define h; = Chx, [ Ag. Then
{h; | i € I'} is cofinal in (ITAg, <), and hence |I| > max pcf(Ay).

For the < inequality, we must provide a covering set for cov(u, ™, p*)
of cardinality sup pef ,(4).

For every A € pcf,(A), A € pcf(A) as well, and we fix a minimally
obedient at cofinality p* sequence f* = ( fg‘ | € < A) of functions in ITA
that is universal for .

For every o < p such that cf(a) = p*, let E, C « be a closed unbounded
subset of a of order type pT.

Define F as the collection of all functions of the form sup{f3!,---, far}
where \; € pcfp(A) and «; < A;. Clearly F has cardinality sup pcfp(A).
For every f € F let

E(f) = H{FEs@ | a € Aand cf(f(a) = p*}
Then the cardinality of E(f) is at most xT. Let
K(f) = Skolem(E(f)Uk™) < Hy

be the Skolem hull (closure) of F(f)U ™. We remind the reader that the
structure Hy includes a class well-ordering <* of all sets, and hence there is
a countable set of Skolem functions for Hy so that X < Hy iff X is closed
under all of these Skolem functions. The cardinality of K(f) is k.
Clearly K = {K(f) | f € F} has cardinality < sup pcf,(A). Our aim
now is to show that
K covers [p](#).

Since cf([x1]", C) = xT, this yields that
cov{yi, i ef(1)*) = sup pefoggu(A).

Let Z C p be of size p = cf(u). Define (M; | i < p™) an increasing and
continuous chain of elementary substructures M; < Hyg, each of cardinality
p, such that A, Z € My, M; € M;11, and Z C My. Let M = U'L<p+ M; be
the resulting p*-presentable structure.

For every a € ANM (and in fact for every a € A), Chps(a) has cofinality
pt. Indeed (Chpy(a) | i < pT) is increasing, continuous and with limit
Chps(a). There is another closed unbounded sequence in Chys(a) which
interests us, namely Ecy,), (), and we consider the intersection of these two
closed unbounded sets. So there exists a closed unbounded set D, C p*
such that for every i € D,

Ch, (a) S EChM(a)- (138)
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For every i < pT, M; has cardinality p and hence D(i) = ({D, | a €
AN M;} is closed unbounded in p*. Form the diagonal intersection D =
{jept|Vi<j(je D())}. Fixany jo € D' (alimit point of D). For every
a € AN M;, there exists some j; < jo such that a € ANM;,. If j; <i < jo
and i € D, then i € D(j;) and hence i € D,. So Chyy,(a) € Ecpy,(a)- Thus
(Chu,(a) | j1 <@ < joAi€ D) is asequence of ordinals in M;, N Ecp,, (a)
that tends to Chas,, (a) (whenever jo € D' and a € AN M;,).

Define Ag = AN Mj,. Then Ay € [A]*fW) and Ay € M. We plan to
apply Corollary 5.9 to Ag, p™ and M (substituting A, k, and N there). For
every A € pcf(Ap), A € pefyg(,)(A) and the sequence (fé\ [ Ao | €< A)is, in
M, universal for A and minimally obedient at p™. Hence, by 5.9,

Chy | Ag = f | Ag for some f € F. (1.39)

Since Z C M;

o the following proves that Z C K(f).

Claim. M;, N u C K(f).
By Lemma 5.2, this is a consequence of the following

5.16 Lemma. For every successor cardinal o™ € M, N p
sup (M, No™) =sup (M;, N K(f)Nno™).

Proof. Assume that o € M, Np. If o™ < kT, then kT C K(f) implies
the lemma immediately. So assume that o™ > s, and hence that o™ €
AN M, = Ap. Now (L1.39) implies that Chy(67) = f(oF) = . Hence
cf(a) = p* and E, C E(f) C K(f). The sequence (Chy,(o7) | j1 <i <
jo Ai € D) is unbounded in Chyy, (o), as we have observed above, and
thus shows that the lemma is correct. !

5.17 Exercise. 1. Let p, k, and A be as in Theorem 5.14. Suppose that
|A| < k. Prove that

cov(p, k1, Ry) = sup pefy, (A).
Conclude that if § < Ny is a limit ordinal, then
RE < R (50004 -
Hint. By induction on pu.

2. Suppose that ¢ is a limit ordinal such that for every cardinal p < §
o < §. Then R satisfies the same property, namely for every p < Ng,
MNO < Ns.

Hint. Without loss of generality, § < Ns. Prove that uX° < R by
induction on p < Ng.
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6. Elevations and transitive generators

Given a progressive set A of regular cardinals, we have proved the existence
of generating sets By = By[A]. Suppose that N is such that A C N C
pcf(A) and B = (By | A € N) is a generating sequence (defined only for A
in N). Then B is said to be smooth (or transitive) if for every A € N and
0 e By, By C Bi.

This definition is trivial when By = {6} (that is when 6 & pcf(4A N 9)).
However, we shall be interested in A’s for which 6 € pcf(A N 0) is possible
for € A. The reason for considering subsets N of pcf(A) in this definition,
rather than the whole pcf(A) (which would be most desirable) is that we
only know how to prove the existence of smooth sequences for sets N of
cardinality min(A).

Our aim is to obtain transitive generators; they will be useful in prov-
ing, for example, that for every progressive interval of regular cardinals A,
|pcf(A)| < |A|t%. However, there is still some material to cover beforehand.

Fix a progressive set A of regular cardinals and let k be a regular cardinal
such that |A| < k < min(A). For every A € pcf(A) let f* = (fé\ | € <A
be a universal sequence for A which is minimally obedient (at cofinality k).
It is convenient to assume that for a € A\ A, fé\(a) = £. The elevation
of the array (f* | A € pcf(A)) is another array (F* | A € pcf(A)) of
persistently cofinal sequences defined below, and which will be shown to
satisfy properties (I1.32) and (I1.33).

For every finite, decreasing sequence Ag > A1 > --- > A, of cardinals
such that Ag € pcf(A) and \j11 € AN A; for ¢ < n, and for every ordinal
Yo € Ao, define a sequence v1 € A1,...,7, € Ay by

Yir1 = 3 (Xig1)- (1.40)

Som = £20(\1), 12 = £ (A2), ete. until v, = f577) (A,). Now define the

elevation function Fly,, ., on Ag by

Elx,.... 7, (70) = Yn-

We say that the last value obtained, 7, is reached from f,i‘oo via the de-
scending sequence \g > A1 > - > A,

Fix a cardinal Ay € pcf(A). We want to define the elevated sequence
F*o_ first on AN Ag. Given any A € AN g, let F\, \ be the set of all finite,
descending sequences (Ao > A; > --- > \,,) leading from g to A\, = A, such
that A; for ¢ > 0 are all in A. For every 79 € Ag we ask whether there is a
maximal value among

{Eby,... 2, (00) [ (Ros -5 An) € Fxga )
If this set contains a maximum, let Fj‘o" (\) be that maximum, and otherwise
put F»;\OO()\) = fi‘[? (A). In case A € A and A > Ay, define F,%O (A) = 0. So
FA = (F2 | v < Ag) with F2 € 14 is defined.
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The elevated array (F?o | Ao € pcf(A)) thus defined will give the required
transitive generating sequence. Observe first that

f,i“’ < Fj‘“ for every v < Ag.

This is so because Elx, x(70) = f30(A) for every A € AN Ao; so that this
original value is among the values considered for maximum. Hence

F?0 is persistently cofinal for Ao.

This shows that Lemma 5.4 can be applied and property (1.32) holds when-
ever F* € N (and N is k-presentable).

Another observation concerns any x-presentable elementary substructure
N < Hy such that A, (f* | A € pcf(A)) € N. Being definable, the elevated
array is also in N. Even though each f* is assumed to be minimally obe-
dient, the elevated sequence F* is not anymore club-obedient. We have
however the following consequence of Lemma 5.7.

6.1 Lemma. If \g € pcf(A) N N and v = Chy(Xo), then for every A €
AN X, FJ0(A) € NN X (where N is the ordinal closure of N). Thus the
elevated sequence F*° satisfies (1.33). Namely,

1. FQ)O()\) < Chn(A) for every A € A, and
2. for every h € N NILA there exists some d € N NI1A such that
h|B<,.,,dlBandd<F)°
where B = Bj,[A].

Proof. Observe first that A C N, A € N, and F), » € N. Consider any
(A0s -+ An) € Fy,» and the ordinals ~; defined by (1.40). It follows from
Lemma 5.7 that 75 € N. If 4; € N then obviously v;11 = f?ii(Ai+1) € N.
If, however, 7; € N \ N, then Lemma 5.7 yields that f,i‘ (a) € N for every
a € A, and in particular v;4; € N. Thus El,..on(0) € N and hence
F,;\OO()\) eENNA

Thus (1.33)(1) holds for FAo. Since f* < F*o where f? is universal
and minimally obedient at «, (I1.33)(2) holds as well. =

6.2 Lemma. Let A, f, and N be as in the previous lemma. Suppose that
Ao € pcf(A) NN, v9 = Chy(Xo) and A € AN Ao.

1. If for some descending sequence Ao > -+ > A, = X in Fiy, 5
Elxg....xn (0) = Chn (V).
Then Chy () is the mazimal value in {Elx(v0) | A € Fxy.2} and hence
Chy(X\) = FJ°(N).
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2. Suppose that
F3O(A) = 1.
For any a € AN\, if
F,j‘(a) = Chn(a),

then
Fv):)" (a) = Chy(a)

as well.

Proof. Ttem 1 says that if some descending sequence leading from Ay to A
reaches Chy(A), then no sequence reaches a higher value. But this is clear
from Lemma 6.1 since Chy(\) is the maximal possible value.

Item 2 uses Item 1. It says that if v can be reached from fonO by a
finite descending sequence leading to A, and if there is another sequence
leading from A to a, so that Chy(a) can be reached from f2, then Chy (a)
can be reached already from fﬂf‘oo via the concatenation of these descending
sequences (and no higher value can be reached—by 1). o

Now we can get our transitive generating sequence.

6.3 Theorem (Transitive Generators.). Suppose that A is a progressive set
of reqular cardinals, and |A| < k < min(A) is a regular cardinal. Let (f* |
X € pcf(A)) be an array of minimally obedient (at cofinality k) universal
sequences. Let N < Hy be an elementary substructure that is k-presentable
and such that A, (f* | X € pcf(A)) € N. Let (F* | X € pcf(A)) be the
derived elevated array. For every Ao € pcf(A) NN put v = Chy(No) and
define
by, ={a € A|Chy(a) = F%O(a)}.

then the following hold:

1. Every by, is a By,[A] set, namely

J<xo [A] =Jox [A} + b, -

2. There exists sets b\ C by,, for Ao € pcf(A) NN, such that

(@) bx, \ by, € J<x[A].

b) b\, € N (but the sequence (b | Ao € pcf(A)NN) is not claimed
>\0 >\0
to be in N ).

3. The collection (by | A € pcf(A) N N) is transitive; which means that if
A1 € by then b)\l C by.
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Proof. The elevated sequence F*°satisfies properties (1.32) (because it is
persistently cofinal) and (1.33) (as shown in Lemma 6.1). Thus items I and
2 of our lemma follow from Lemma 5.8. Observe that by, C Mg + 1, since
B>\o € J<)\0+.

Transitivity (item 3) relies on Lemma 6.2. Suppose that Ag € pcf(A)NN
and Ay € by,. This means

Chy (M) = F° (A1)

where 79 = Chy(Ag). Say Chy (A1) = 1. We have to show that by, C by,
in this case. So assume that a € by,. This means

Chy(a) = F,i‘ll (a).
Now Lemma 6.2(2) applies and yields
Fi‘o‘) (a) = Chy(a)

which gives a € by, . =

Localization

Localization is the following property of the pcf function which will be
proved in this subsection.

If A is a progressive set of regular cardinals and B C pcf(A) is
also progressive, then for every A € pcf(B) there exists By C B
such that |By| < |A] and A € pcf(By).

The localization property implies that there exists no B C pcf(A4) with
|B] = |A|* and such that b > max pcf(BNb) for every b € B. For indeed if
there were such B it would be progressive, and if we define A = max pcf(B),
then A is not in the pcf of any proper initial segment of B. In fact, A >
max pcf(By) for any proper initial segment By of B. It is this conclusion,
the simplest case of localization, which is proved first.

6.4 Theorem. Assume that A is a progressive set of reqular cardinals.
Then there is mno set B C pcf(A) such that |B| = |A|*, and, for every
b€ B, b > max pcf(BNb).

Proof. Assume on the contrary that A is as in the theorem and yet, for some
B C pcf(A) of cardinality |A|", b > max pcf(B Nb) for every b € B. Since
A is progressive |A| < min A, and in case |A|T € A we may remove the
first cardinal of A and assume that |A|* < min A. The set E = AU B of
cardinality |A|T thus satisfies |E| < min E and the Transitive Generators
Theorem 6.3 can be applied to F.
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Find a k-presentable elementary substructure, N < Hy, that contains A
and B where k = |E|. Let (by | A € pcf(E) N N) be the set of transitive
generators (subsets of E) as guaranteed by Theorem 6.3. Let by € N be
such that by C by and by \ b € Jcx.

Since |A| < |B| we can find an initial segment By C B of cardinality |A|
such that if an arbitrary a € A is in some bg, § € B, then it is already in
some bz with 8 € By. Namely

Vace A[(3f€eB)acby = (3B€ By) acbg]. (1.41)
Let ﬂozmln(B\Bo) So B = BN pyand By € N.

Claim. There exists a finite descending sequence of cardinals \g > --- > A,
in N Npcf(By) such that

By C by, U---Uby (142)

n*®

Proof. In fact we shall find a finite sequence A, ..., A, € N Npcf(By) such
that By C b U---Ub) . The proof is the same as that of Theorem 4.11, but
one must be a little bit more careful to ensure that the pcf index-cardinals
are in N.

So let \g = max pcf(Bg). Clearly Ao € N and hence b’)\O € N. So
By = By \ by, € N, and \y = max pcf(B;) € NN ). Next define
By = By \b’/\1 etc. The point is that we have B; € N since b’/\F1 € N, and
we must stop with B, ;1 = 0 after a finite number of steps since \g > A1 .. ..
Since b\ C by,, (1.42) holds. .

The following claim will bring the desired contradiction and thus prove
the theorem. Recall that Gy = min(B\ By) and thus Gy > max(pcf(By)) >
A0, -5 Ap. Since fy € pef(A4), Bo € pef(bg, N A) (or else By € pef(A\ bg,)
which is impossible by Lemma 4.14). Yet the following inclusion shows that
this is impossible.

6.5 Claim. bﬁo NAC by, U...Uby,.
Proof. Consider any cardinal a € bg, N A. Then
a < bﬁ

for some 8 € By (by 1.41). As By C by, U--- U by
0 < ¢ < n. But transitivity implies

B € by, for some

n?

bg C by,
and hence
a € b)\i

as required. This claim shows that max pcf(bg, N A) < By, and yet Gy €
pcf(bg, N A) which is a contradiction! o
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Thus Theorem 6.4 is proved. o

Now we pass to the general case and prove the localization theorem.

6.6 Theorem (Localization). Suppose that A is a progressive set of reqular
cardinals. If B C pcf(A) is also progressive, then for every X € pcf(B) there
exists Bg C B with |By| < |A| and such that A € pcf(By).

Proof. We prove by induction on A that for every A and B as in the theorem
the conclusion holds for A. Replacing B with B)[B], we may assume that
A = max pcf(B).

6.7 Claim. We may assume that the set A\Npcf(B) has no mazimal cardi-
nal.

Proof. Suppose on the contrary the existence of some \g = max (ANpcf(B)).
It is easy to remove \g by defining

B, = B\ By,|B).

Then A € pcf(By) still holds since By, € J<x. We can now replace B with
Bi, and repeat, if necessary, this procedure a finite number of times until
the claim holds (for some By which is renamed B). =

We shall find now a set C C A N pcf(B) of cardinality < |A| such that
A € pcf(C). Such C is necessarily progressive. Together with the inductive
hypothesis this will conclude the proof; because for every v € C' we can
pick B(y) C B of cardinality < |A| and such that v € pcf B(y), and then
define By = (U, ¢ B(7). Since C C pef(By), A € pef(Bo) will then follow
from A € pcf(C) (by Theorem 3.12). So the following is the last piece of
the proof.

6.8 Claim. There exists a set C' C ANpcf(B) of cardinality < |A| and such
that \ € pcf(C).

Proof. Assume no such C exists. We shall construct a sequence (vy; | i €
|A|T) of cardinals in pcf(B) such that

v > max pef {v; | j < i}.
This will contradict Theorem 6.4.
So suppose that C'= {v; | j < i} have been defined. Then
A > max pcf(C).
Indeed A = max pcf(C) is impossible by our assumption that no such C
exists, and A < max pcf(C) is impossible since pcf(C) C pcf(B) and
A = max pcf(B). We can find now ; € pcf(B) above max pcf(C) (recall
that pef(B) has no maximum below \). -

4|



66 I. Cardinal Arithmetic

7. Size limitation on pcf of intervals

This relatively short section is devoted to a theorem which occupies a central
place in the pcf theory and to a famous application:

XY < max{(2%)F, R, }.

The reader will notice that many of the ingredients developed so far appear
in its proof. We know that for any A progressive set of regular cardinals
the cardinality of pcf(A) does not exceed 2!41, and it is an open question
whether |pcf(A)| < |A| or not. At present the following theorem with its
enigmatic appearance of the number four is the best result.

7.1 Theorem. Let A be an interval of regular cardinals such that |A| <
min A. Then
Ipef Al < |A]™.

Proof. Suppose that A is as in the theorem a progressive interval of regular
cardinals, but |pcf(A)| > |A|t%. Say |A| = p. The following proof provides
a sequence B of length pT of cardinals in pcf(A) such that each cardinal
b € B is above max pcf(B Nb). This, of course, will be in contradiction to
Theorem 6.4. s

Let S = SZ+ be the set of ordinals in p*2 that have cofinality p™. Choose
a club guessing sequence (Cy | k € S). So for every closed unbounded set
E C p*3 there exists some k € S such that Cy, C E.

Consider the cardinal sup(A), and let o be that ordinal such that 8, =
sup(A). Since pcf(A) is an interval of regular cardinals (by Theorem 3.9),
and since we assume that pcf(A) has cardinality at least p™, any regular
cardinal in {N, 1, | @ < p™} is in pef(A).

We intend to define a closed set D C pt* of order-type p*3, D = {q; |
i < p™3}, and the impossible sequence of length p*, B, will be a subset of
{R*. | @ € D}. The definition of the ordinal a; is by induction on i < p*3.

o+ao

1. Fori=0, ag = 0.
2. If i < p™ is a limit ordinal, then o; = sup{e; | j < i}.

3. Suppose that {a; | j < i} has been defined for some i < p™3, and
we shall define a;; ;. Consider i +1 C p™3 as an isomorphic copy of
{a; | j < i}. For every k € S look at the set Ci N (i + 1) and define
the set of cardinals e = {N, 4o, | j € Cx N (i +1)}. Then the set

of successors e,(:) = {yT | v € er} is a set of regular cardinals, and

we ask whether max pcf(egj)) < R, +4 or not. There are p™ such

questions, and therefore we can define a;11 < p+4 so that a; < ay41

and the following holds. For every k € S, if max pcf (e,(j)) < Rgypta,

then max pcf(egj)) <Nojai,-
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So D = {a; | i < p™} is defined. Let § = sup D. Then pu = R, 45 is a
singular cardinal of uncountable cofinality (that is, of cofinality p™3). The
Representation Theorem (Exercise 4.17) can be applied now. So there exists
a closed unbounded set C' C D such that

p =max pcf({R},, |a € C}). (1.43)

The closed unbounded set D is isomorphic to p*3, and C is transformed
under this isomorphism to a closed unbounded set E C p*3. That is

E={icpt|a; €C}.

By the club-guessing property, there exists k € S such that Cj, C E. If C},
denotes the non-accumulation points of C, we claim that B = {R} tay |
j € C}.} has the (impossible) property excluded by Theorem 6.4. Since the
order-type of Cy, is pT, that of C}, is also p™. It suffices to prove for every
1 € C} that

max pcf({N:Jraj [jeCenN(i+1)}) <RVopa,,- (1.44)

Consider the definition of ;1. The set ex = {Noja, | j € Cp N (i +
1)} was defined, and since e,(:r) C {NI,, | @ € C}, (1.43) implies that

ota

max pcf(e,(:_)) < p*. So the answer to the question for e; was “yes”, and
as a result (I.44) holds. -

This theorem leads to surprising applications. Consider for example A =
{X, | n € w}. Then cf([R,]¥,C) = maxpcf(A) by Theorem 5.11. But
pcf(A) is an interval of regular cardinals of size < N4. Hence if we write
max pcf(A) = Ny, then o < wy. Thus

cf (RGN0, C) < R,

This result holds even if 2% is larger than X,,,. It follows now immediately
that if 2% < N, then XY < X, . Shelah emphasizes that the former result
(concerning the cofinality of [X,,]¥) is more basic, and hence one should
ask questions concerning cofinalities rather than cardinalities, if one wants
to get (absolute) answers.

Generalizing this, we have:

7.2 Theorem. If X5 is a singular cardinal such that § < Ns then
Cf([N(s]‘é‘, Q)< N(|5|+4).

Proof. Write |§] = k. Then k < N5 and if A is the interval of regular
cardinals in (k,Ns) then |A| < |§| = k and A is a progressive set. Theorem
5.11 applies with p = N5 and it yields

cf([Ns]", €) = max pcf(A).
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But A is an interval of regular cardinals, and hence |pcf(A4)| < |A|T?, by
Theorem 7.1. This implies that max pcf(A) < N5y (jaj+ay < Vjg+4. Hence
cf(Ns]", C) < N(‘5‘+4).

We are now able to deduce the following application to cardinal arith-
metic.

7.3 Theorem. Suppose that § is a limit ordinal and |§|°(®) < Rs. Then

Ngf(é) < N(|5|+4).

Proof. Since |§|°(®) < Rs, § < Rs. Tt follows from the cofinality theorem
above that
Ngf@) < ‘(5|Cf(5) . Cf([N(s]‘é‘, Q) < Ny - R|s|+4)- (1.45)

#

8. Revised GCH

The generalized continuum hypothesis (G.C.H) saying that 2% = k™ for
every (infinite) cardinal x is readily seen to be equivalent to the statement
that for every two regular cardinals k < A we have A* = A. In [16] Shelah
considers a “revised power set” operation A defined as follows:

A = min{|P[ | P C [N]=F and Yu € [AJ*3Py C P (|Po| <k Au=JPo)}.

An inductive proof can show that the G.C.H. is equivalent to the statement
that for all regular cardinals k < A, A"l = X. The “revised” G.C.H theorem
says that for “many” pairs of regular cardinals we have A%l = ).

8.1 Theorem (Shelah’s Revised G.C.H). If 6 is a strong limit uncountable
cardinal, then for every A > 6, for some kg < 0, for every kg < k < 6

LY

The proof that we give here is adopted from a later article ([13]) of Shelah,
and it relies on two notions that we have to investigate first, pcf A)
and TD (f)

g—com (

8.2 Definition. Let A > 6§ > 0 = cf(0) be cardinals.

1. We say that P C [A\]=¢ is a (< o)-base for [\]= if every u € [\]<Y is
the union of fewer than o members of P. That is, for some Py C P,
[Po| < o, and u = |J Po.
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2. We define A% = min{|P| | P C [\]=% is a (< o) — base for [\]<’}.
Another notation for Al® is A=l We have A = Mool In a
similar fashion define A%<, Tt is the minimal cardinality of a set
P C [A]<Y so that every u € [\]<? is a union of fewer than ¢ members

of P.

3. We say that P C [\ is (< o)-cofinal in [\]? if every u € [A)? is
included in the union of fewer than o members of P. That is, for
some Py C P, |Po| < o, and u C |J Po.

4. We define \(@% = min{|P| | P C [\ is (< o)-cofinal in [\]?}.
Define \{7) = X&),

For a regular infinite cardinal ¢ and a set A of regular cardinal define

pcf (A) = {tcf(IIA/F) |F is a 0 — complete filter

over A and tcf(ILA/F) exists}.

g—com

(1.46)

(A filter is o complete if it is closed under the intersections of less than
o members of the filter.)

Clearly, A C pef,_ .., (A) C pcf(A).

Define JZ,“"[A] € P(A) by the formula X € JZ,“"[A] iff X C A
and whenever F' is a o-complete filter over A with X € F and such that
tef(ITA/ F) exists, then tcf(IIA/F) < A. Equivalently,

JINMAl = {X C A pef (X) €A}

Clearly, Jox[A] € JZ,“"[A]
8.3 Lemma. JZ,“"[A] is a o-complete ideal.

Proof. Suppose that X; € JZ,“"[A] for every i < o* where 0" < 0. We
prove that X = (J,,. Xi € JZ,“""[A]. So let F' be a o-complete filter
over A containing X and such that tcf(ILA/F) = 7 exists. We must show
that 7 < A. Assume that F' is proper (the cofinality of a reduced product
by a non-proper filter is 1). For every ¢ < ¢* consider the filter F' + X;
(defined as the collection of all subsets of A that contain a set of the form
ANX, for A e F). If for some i < 0%, F; = F' + X; is proper, then it is
a o-complete filter containing X; and such that tcf(ITA/F;) = 7 (extending
the filter F' will not change the cofinality of the existing reduced product).
But as X; € JZ,"[A], we get 7 < \.

If, for every i < o*, F + X; is non-proper, then X \ X; € F. Hence
the intersection of these sets which is the empty set is in F, and thus F is
non-proper. -
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8.4 Lemma. Suppose that A is a progressive set of reqular cardinals and
A =maxpcf(A). Then X € JZ,“"[A] iff X is a union of < o members of
JoalA]. That is, JZ,““™[A] is the o-completion of J-x[A].

Proof. Let J be the o-completion of J<y[A]. It is the collection of all sets
that are union of fewer than o members of J.\[A]. By the previous lemma,
JZ\““"[A] is o-complete, and hence it contains J. It remains to prove that
JZy°™[A] € J. So no assumptions on A were needed in this direction.

Assume for a contradiction that X € JZ ™ [A]\ J. Then J + (A \ X),
the ideal generated by J and A\ X, is proper. It is easily seen to be a o-
complete ideal. Let F' be the dual filter of that ideal. Then F' is o-complete
and X € F. Hence the cofinality of IIA/F' is smaller than .

Since A = max pcfA, there are f¢ for ¢ < A that are increasing and cofinal
in ITA/J<A[A] (Exercise 4.3, or Theorem 4.13). But this sequence is also
increasing and cofinal in ITA/F', and this is an obvious contradiction. =

We now strengthen the lemma by removing the assumption that A =
max pcf(A).

8.5 Theorem. Let A be a progressive set of reqular cardinals, and o a
regular cardinal. Then JZ,“™[A] is the o-completion of J<x[A].

Proof. We prove by induction on p that for every progressive set A of reg-
ular cardinals with g = maxpcf(A), for all cardinals A and o (regular),
JZ“"™[A] is the o-completion of J.[A].

We know already that Jx[A] C JZ,“"[A] and that JZ,“™ is o-complete.
It remains to prove that any X € JZ,“"[A] is a union of less than o sets
from Joa[A]. If p < A then X € J.\[A] and this case is uninteresting. In
case A < p, X € JZ,“"[A]. So by the previous lemma, X is a union of less
than o sets from J.,[A]. But the inductive assumption can be applied to
each one of these sets, and the lemma follows since o is regular. —1

Another characterization of the ideal JZ,“™[A] is provided by the fol-
lowing theorem dealing with the cofinality of product of cardinals under the
< relation: f < g iff for every a € dom(f) f(a) < g(a).

We know (Theorem 4.4) that X € J.y[A] iff ¢f(ILX) < A. For a similar
characterization of JZ,“" we need the following definition. Let o be a
regular cardinal and X a set of regular cardinals. If 7 C I1.X, we say that
F is (< o)-cofinal iff for every f € IIX there is a set Fo C F with |Fo| < o
and such that f < sup Fy. In other words, the functions formed by taking
the supremum of fewer than o functions from F form a cofinal set in I1.X.
The (< o)-cofinality of IIX is the smallest cardinality of a (< o)-cofinal
subset. It makes sense to assume that ¢ < min X when inquiring about the
(< o)-cofinality of X.
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8.6 Theorem. Suppose that A is a progressive set of regular cardinals,
o <min A is a reqular cardinal, and o < cf(\). Define

J={BCA|B=0 orlIlB has (< 0)-cofinality < \}
Then J = JZ,“™[A].

Proof. We first prove that J C JZ,“™. Suppose B € J and let D be a
o-complete filter over A containing B and such that tcf(IIA/D) exists and
is equal to A > A. This will lead to a contradiction, thereby proving that
B € JZ2,°™. Since tcf(ITA/D) = X, X is a regular cardinal and there is
an increasing sequence S in ITA/D of length X that is cofinal in ITA/D.
By definition of B € J, there is a set F C IIB of cardinality < A that is
(< o)-cofinal. For every f € F there is a function s € S such that f <p s
(f is defined on B and s on A, but as B € D, this makes sense). Since X
is regular and bigger than |F|, there is a single s € S such that f <p s for
every f € F. Since F is (< o)-cofinal, s <p sup F for some Fy C F of size
< 0. But as D is o-complete, and f <p s for every f € Fy, supFo <p s
as well. This is a contradiction, and thus J C JZ,“"[A].

Clearly J<5[A4] C J (by Theorem 4.4). If we prove that J is o-complete
then JZ,“™[A] C J follows from the previous theorem.

So let 0* < o and X; € J for i < ¢* be given. We shall prove that
X = U+ Xi € J. For every i < o* we have a (< o0)-cofinal set P; C
I1X; of cardinality < A. Then P = J,_,. P; has cardinality < A because
o < cf(M). The domain of each function in P; is X;, but we can extend it
arbitrarily on X and then P can be considered as a subset of IIX. Clearly
P is (< o)-cofinal. —|

We shall apply this theorem to the ideal JZ, “°™[A] rather than JZ, """ [A].
That is, replacing A with A™ in the theorem, we get the following corollary
in which ¢ < cf) is no longer required.

8.7 Corollary. Suppose that A is a progressive set of regular cardinals,
o < min A is a reqular cardinal, and o < . Define

J={BCA|B=0 orlIIB has (< 0)-cofinality < \}
Then J = JZ\“™[A].
8.8 Theorem. Suppose that:

1. A >0 > 0 > Ny are given, where § and o are reqular cardinals, and
2<0 <\

2. For everyAg Regﬂ)\\97 Zf|A| <0 then A € Jggcom[A].

Then \ = A<l
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Proof. Fix x sufficiently large, and let M < H(x) be an elementary sub-
structure of cardinality A and such that A +1 C M. We shall prove the
following claim which yields the theorem:

M N [N<%is a (< o)-base for [\]<7.
For this, we need the following lemma.

8.9 Lemma. With the same assumptions of the theorem and on M, let
g:k—Aand f:k — A+ 1 be given with k < 0, f € M, and such that
Va € k g(a) < f(a). Then there is a collection ® C M of functions from k
to A such that the following hold:

1. |?| < o.
2. Foreveryp € ®, g <p < f (that is, for alla € k, g(a) < p(a) < f(a)).

3. For every a € k, if g(a) < f(a), then for some p € ® g(a) < p(a) <
f(a).

Proof. Think of f as an “approximation from above” in M to the function g
(which is not in M, or else the theorem is trivial). The set ® is not required
to be a member of M, and each function of ® (if different from f) is a
better approximation that lies in M. For each a € k, if f(a) is not the best
approximation, then ® contains a function that gets a better value at a.

Fix in M a sequence (Cs5 | 6 < A, § € limA) such that Cs C ¢ is
unbounded in § and of order-type cf(d).

Define the following subsets of &:

Ey={a<r|gla)=f(a)}

Ey ={a<k|gla) < f(a), f(a) is a successor ordinal}
Ey, ={a<k|gla) < f(a), f(a) is a limit and cf(f(a)) < 0}

E3:/<;\(E0UE1UE2).

Since 2<¢ < X, any bounded subset of # is in M. So each E, is in M.
We define h on k as follows. For a € Ey, h(a) = f(a). For a € Fjy,
h(a) +1= f(a). For a € k\ (Ey U Ey), h(a) = min Cy(,) \ g(a).

Obviously h | Eg U E; € M. We prove that h [ E5 € M as well. By
definition h | Fy is a function in Ilseg,Cy(5). But 6 is regular, and since
|Es] < 6 and cf(f(8)) < 6, there is a bound below 6 on the values of
{cf(f(a)) | a € E2}, and hence [Ilsep, Cy(s)| < 2<% < A

So llser,Cyy € M, and hence h | B2 € M.
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There is no reason to assume that h [ E3isin M, but we shall find a set ®
of size < ¢ as required by the lemma. Define A = {cff(a) | a € E3}. Then
A C XA+1\0is a set of regular cardinals of size < k, and so A € JZ,“°"[A].
There is by Corollary 8.7 a family F of size < A that is (< o)-cofinal in
ITA. Since A € M we can have F € M and F C M. Since £ < min A
and A C Reg, F yields a family of functions, F' C Hsep,Crsy = P that
s (< o)-cofinal in P. As h | E3 € P, there is a set Fo C F of size < o
such that h | E5 < sup Fy. If e € Fy, then e(d) < f(J) but e(d) < g(9) is
possible. So we correct each e € Fy and define:

sy Je(d) i g(d) <e(d),
() = {f(é) otherwise.

Then ¢/ € M because e, f € M and every subset of  is in M. The collection
{h | (EgUE1UE3)"¢ | e € Fy} is as required, and the lemma is proved.

We continue now with the proof of the theorem. So let u € [A\]<? be given
and we shall find a subset of M N[\]<Y of cardinality < ¢ whose union is u.
Let x = |u| < 6 be the cardinality of v and take an enumeration g : K — u.
We shall define by induction on n € w a set ®,, of functions from x to A
such that the following holds.

1. Let fo: K — A+ 1 be defined by fo(a) = A. Then 5 = {fo}.
2. For every n, ®,, C M and |®,| < o. If f € ®,, then g < f.

3. For every f € ®, and a € & such that g(a) < f(a) there exists
p € ®,,11 such that g(a) < p(a) < f(a).

This is easily obtained by the lemma.
Let ® = ®,,. Then |®| < 0. For any f € @, the set

E(f) ={f(a) | a € r and f(a) = g(a)}

is in M (because f is, and any subset of k). We have u = U{E(f) | f € ®}
because if € u then & = g(a) for some a € &, and g(a) < fo(a). There
exists a sequence f, € @, so that if g(a) < fn(a) then fr,11(a) < fa(a).
And necessarily for some n g(a) = fn(a). So a € E(f,). This ends the
proof of Theorem 8.8. -

n<w

The following corollary shows that the theorem above can also be applied
when cf(0) < o.

8.10 Corollary. Suppose that:
1. A >0 >0 =cf(0) > Xy are given, where cf() < o, and 2<% < ).

2. For every A C RegN A+ 1\0, if |A| < 0 then A € Jg;com[A}.
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Then \ = \o=0],

Proof. Fix a sequence (0; | i < cf(#)) of regular cardinals that is cofinal in
0 and such that o < 6; for all i. We claim for every i < cf(#) that the
assumptions of Theorem 8.8 hold for A\ > 6; > &, and hence A = \l&<]
follows. But this clearly implies that A = &=,

For the claim, we must prove that if ' < 6 is regular then for every
A C RegnA+1\0,if [A] < ¢ then A € JZ,°°[A]. Suppose for a
contradiction that this is not the case, and for some o-complete filter D
over A C RegN A+ 1\ 6 we have tcf(ITA/D) = Ao > A\. We may assume
that A C 6, that is, we may assume that AN@ € D, or else A\ 6 is not
D-null and then it can be added to D without changing the true cofinality
of the reduced product, which contradicts the assumptions of the theorem.

If for every i < cf(0) A\0; € D, then by the o-completeness of D and the
fact that cf(f) < o, we get a contradiction. So for some i AN§; is not D-null.
But then D’ = D+ AN0; is o-complete and it follows that the true cofinality
of ITA/D’ remains \g. Yet this is impossible since (6;)/4M% < 2<¢ < X, A

8.1. Tp(f)

Let J be an ideal over a cardinal k. We recall some definitions. The collec-
tion of positive sets is denoted JT. The corresponding dual filter is denoted
J*. If R is a relation, if f and g are functions defined on «, then we define
f Rygifandonlyif {i € x| f(i) R g(i)} € J*. We also write f R;+ g for
{ier]|fli) Rg(i)} & J. That is, f(i) R g(i) occurs positively.

Thus f #; g means that {i € k| f(i) = g(i)} € J, and f =;+ g means
that —~f #£; g.

Let x be a cardinal and D a filter over k. Consider the <p ordering on
On”. For f € On”, II;.f(4) is denoted IIf, and II;«, f(i)/D is denoted
ITf/D. (We consider only functions f such that f(i) > 0 for i € k.)

For F C IIf, we say that F is a set of pairwise “D-different” functions,
if for every distinct f1, fo € F we have fi #p fo. For any f € On”, define

Tp(f) =sup{|F| | F CIIf is a set of pairwise D-different functions}

(Shelah investigate several different definitions, and this cardinal is denoted
TY in [13].)

8.11 Theorem. Suppose that D is a filter over k, f € On" and Tp(f) = A.
If 28 < X then the supremum in the definition of Tp(f) is attained. In
fact, if 2% < X and F C IIf is any maximal family of pairwise D-different
functions, then |F| = A.

Proof. Suppose on the contrary that F C IIf is maximal but |F| < A. Let
G C IIf be a collection of pairwise D-different functions such that

G| > |F| + 2. (1.47)
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For every g € G we can find f = f(g) € F such that X(g) ={i € x| f(i) =
g(i)} is not D-null. As (I1.47), there are two distinct functions ¢g; and g in
G such that f(g1) = f(g2) and X(g1) = X(g2). But this implies that gy
and go agree on a non-null set which is a contradiction to the assumption
that the functions in G are pairwise D-different. =

An obvious observation which turns out to be crucial is the following.
8.12 Lemma. If tcf(I1f/D) exists, then Tp(f) > tct(I1f/D).

Proof. Tf tcf(I1f/D) = A, then there exists a <p increasing sequence of
length A, and hence a set of cardinality A of pairwise D-different functions.
_'

Assume now that o is a regular uncountable cardinal, and D is a o-
complete filter over k. Then IIf/D is well-founded. This is used in the
following.

8.13 Lemma. Suppose that o is a reqular uncountable cardinal and D is a
o-complete filter over k. Suppose f € On" and Tp(f) > A where 2% < .
Then for some g <p [ we have Tp(g) = A.

Proof. Let ¢ <p f be minimal in the <p ordering such that Tp(g) > A.
Suppose for a contradiction that Tp(g) > A. There is a set {fo | @ < AT}
of pairwise D-different functions in IIg. For a@ < A" define

uo = {8 <X | fa <p fa}

If, for some «, |ug| > A, then u, proves that Tp(f,) > A in contradiction
to the minimality of g. Hence |u,| < A for every o < AT.

But now we can apply the Free Mapping theorem of Hajnal and obtain
F C A\t of cardinality AT such that a & ug (and 3 & u,) for every a # 3
in F. (The argument in short is the following. First, we can find Ao < A
such that |us| = Ao for unboundedly many a < A*. Re-enumerating, we
may assume |u,| = Ao for every a. On those a < A\* with cofinality \J we
bound u, N« in «, and use Fodor’s lemma.)

Hence there are f, € On”" for a < (2%)" such that f, £p fs whenever
« # (. But this is impossible in view of the Erdos-Rado partition theorem
(2%)F — (k1)2. Indeed, for a < B < k* define h(a, 3) as some i < K
such that f3(i) < fa(7). Then h has no infinite homogeneous set, which
contradicts the Erdos-Rado theorem. Thus Tp(g) = A.

Observe that since 2 < A, L = {a € k| g(a) € lim} is not null in D, and
hence we may assume without loss of generality that it is in D. (Or else let
h <p g be such that g(a) = h(a) + 1 for every a ¢ L, and h(a) = g(a) on
L. Let f,, for a < A, exemplify Tp(g) = A. By minimality of g, there are A
functions f, that are equal to h on a positive subset of x\ L. Since 2% < A,
two such functions are equal on a positive set, which is impossible.) -
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The following is one of the two main arguments used in the proof of the
revised GCH theorem.

8.14 Theorem. Assume that A > 0 > o = cf(0) > k are cardinals such
that:

1. 7 =9.

2. If T <o then " < 0.

3. J is an ideal on K.

4. There is a sequence X = (\; | i < k), \; < X\, such that
(a) Ty(A) = A,
(b) )\§U’G> = \; for every i < k.

Then X9 = \. (If we also assume 2° < X, then evidently N9 = \.)

Proof. In the proof, we actually weaken the requirement T7(\) = A to the
following conjunction.

1. There are f, € I, A, for & < A, such that a # 8 — fo #75 f3,

2. There are g, € ;<. \i, for @ < A, such that for every f € II;.\;
there exists a < k with f =7+ ga.

Fix a sequence of pairwise D-different functions f, € I, A;, for a < A,
as in 1 above.

For every i < k we assume )\§U’9> = )4, 5o there exists a family P; C [\;]?
of cardinality \; that is (< o)-cofinal in [\;]?.

Since |P;| = A, ;¢ P; is isomorphic to I« A;. So there is (by 2 above)
a family {go | @ < A} C I;¢.P; such that for every g € II;c,P; there is
a < A with ¢ =5+ ¢q.

For every g € I;c,.P; and A € JT, let g]A be the restriction of g to A4,
and IIg | A is I;c49(i). We define

F(glA) ={¢CeX|Vie A fe(i) € g(i)}

In other words, F(g [ A) is the set of ( € A such that f. | A € Ilg [ A.
Observe that if A C B C &, then F(g [ A) D F(g | B).

8.15 Claim. For every g € ;e P; and A€ JT, |F(g | A)| <6.

Since g(i) € P; C [\])?, |Thicag(i)] < 6% = 6. So, if |[F(g | A)| > 6,
we would have ¢ # ¢/ in A with f¢ | A= fo | A. But as A € J*, this
contradicts f¢ #; fe and proves the claim.
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8.16 Claim. Everyu € [\? is included in a union of fewer than o sets of the

form F(ga | A). That is, the collection F = {F(ga | A) | < X\, A € JT}

is (< o)-cofinal in [A]°.

Observe first that as |F| < A-2% = A, this claim proves the theorem.
Given u € [A]? define for every i < x

wi = {fali) | o € u}.

Then u; € [N\]=? and hence there is P C P; with |P#| < o and such
that u; C |JP}. Since o is regular, some 7 < o bounds all the cardinals
o; = |P}¥|, and, as 7" < o, we have that [II;c..0;| < 0. So

g =1Ilie f-c’Pz'u

is a subset of I1;c,P; of size < o. The following two lemmas finish the proof
of our claim.

8.17 Lemma. u C |J{F(g) | g € G}.

Proof. If ¢ € u then f(i) € u; for every i € k. Thus f¢(i) € |JP}* for every
i < K, and we can find g € G such that f¢(i) € g(¢) for all i < k. Namely,
¢ € F(g) as required. 4

8.18 Lemma. For every g € G there is a < X and A € JT such that
F(g) € F(ga | A). Thus as |G| < o, u is contained in the union of fewer
than o sets of the form F(go | A).

Proof. For every g € G there is some o < A such that g =+ g,. That is,
for some A € J*, g | A= go | A. We already observed that F(g) C F(g |
A), and hence the lemma follows. So Theorem 8.14 is proved. =

We shall use a variant of Theorem 8.14 in which the assumption % = 0 is
replaced with the assumption that 6 is a strong limit cardinal with cf(0) < o.

8.19 Corollary. Assume that X > 6 > o = cf(0) > K are cardinals such
that:

~

. 0 is a strong limit cardinal and cf(0) < o.

2. IfT <o then " < 0.

3. J is an ideal on K.

4. There is a sequence X = (\; | i < k), \j < A, such that
(a) T;(N) = X,
(b) )\§0’9> = \; for every i < k.
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Then Ao0) = \.

Proof. Fix a cofinal in 0 sequence (0. | ¢ < cf(#)) such that 6 = 6. and
o < 0. for every e. (Start with any cofinal sequence, and replace . with
(6¢)" if necessary.)

Consider any € < cf(#). Observe that for every i < k we have \; = )\Eg’eﬁ].
This follows immediately from the assumptions that 6 is a strong limit
cardinal with cf(f) < o, and such that \; = )\ggw. Hence Theorem 8.14 is
applicable (with 6, in the role of #) and A = A%}, Since this holds for
every € < cf(0), we get A = \@0), =

8.2. Proof of the revised GCH
We prove the following form of the revised G.C.H.

8.20 Theorem. If @ is a strong limit singular cardinal, then for every A > 0,
for some o < 6,
A=A

Proof. Let g = (cf 0)T.

The theorem is proved by induction on A. For A = 6, A\ = Alo-?] and
the family of all bounded subsets of 8 is an evidence for this equality. (Any
subset of 6 is a union of c¢f(#) bounded subsets.)

We note for clarification that the induction can easily proceed in case
cf(\) # cf(9), and so we may assume that cf(\) = cf(d). However, we shall
not make any use of this in the following proof.

Case 1: For every A C RegNA\0, if |A| < 0 then A € JZ5 " [A].

In this case the inductive assumption is dispensable and Corollary
8.10 yields immediately that A\ = \[o0-<0],

Case 2: Not Case 1:
For some A C Reg N A\ 6 with [A] <6, A ¢ JZ5“"[A].

Hence there is a gg-complete filter D over A, where |A| = k < 6, such
that tcf(ILA/D) > X. Say f: k — A enumerates A. By Lemma 8.12,
Tp(f) > tcf(IIA/D) > A. By Lemma 8.13, there exists g < f defined
over k so that Tp(g) = A.

We claim that {i < x| g(¢) > 0} € D. If not, then {i < x| g(i) < 0} is
D-positive. But since cf(0) < o and D is og-complete, there is 8’ <
so that X = {i < x| g(i) < 0"} is D-positive. Hence Tp(g | X) = \.
But this is impossible since 6 is strong limit and (6')* < 6.

So we can assume now that for every ¢ < s, g(i) > 6. Hence by the
inductive assumption there is o(i) < 6 so that
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g(i) = g(i)le®-0. (1.48)

Since cf(f) < o¢ and D is og-complete, there is o, such that x,o¢ <
o <0 and {i < k| o(i) <o} is D-positive. For notational simplicity
we assume that (i) < o for all i < k. Take o1 = (6")". Now apply
Corollary 8.19 to A > 6 > o1 > x. This yields A\{?1:%) = X, but since
is a strong limit cardinal with cf(f) < oy we obtain Al71:0 = X,

_|

We note that Theorem 8.1 did not make the assumption that 6 is a
singular cardinal, but Theorem 8.20 did. To see how 8.1 can be derived
from 8.20, we argue as follows in case 6 is a regular uncountable strong
limit cardinal. There is a stationary set S C 6 of strong limit singular
cardinals. So if A > 6, then Theorem 8.20 applies to each § € S, and
A = M@0 follows for some o(0') < 0. By Fodor’s theorem, there is
fixed o < 6 such that o = o(¢’) for a stationary set of cardinals 8" € S.
This gives A = A%< So obviously for every o < r < 6, we get A = Al*.

8.3. Applications of the revised GCH

Two applications are given here, the first to the existence of diamond se-
quences and the second to cellularity of Boolean algebras. Both use the
following immediate corollary of the revised GCH theorem.

If o > 3, then for some regular uncountable ¢ < 3, there (1.49)
is a collection P, C [«] where |P,| = |a| and such that for
each z € [a]?, for some p € P,, p C z.

To begin this section we recall that for a stationary set S C A*, &1, (9)
is the following diamond statement: there is a sequence (S, | & € S) where
Sa € Pla), |Sal < A, and for every A C AT, {a € S| ANa € S,}is a
stationary set. If |S,| = 1, that is essentially S, C «, then the sequence
is the usual diamond sequence on S, and the resulting statement is the
classical diamond <y+(S). An intriguing theorem of Kunen’s (see [11])
states that O, (S) is equivalent to ©5+(S). (Somewhat more generally,
this holds for an arbitrary regular cardinal p not necessarily a successor
cardinal, where <>;(S ) is the diamond statement obtained by restricting S,
to have cardinality not greater than that of a.) When S = AT, we write
O instead of O, (S) ete.

A beautiful argument of Gregory [4] proves that if 2* = At and A% = ),
then &1 (53+) where Sj}+ is the stationary set of ordinals in A™ of cofinality
w. (There are stronger formulations, but this suffices to demonstrate the
application we have in mind.) To prove this theorem, let {X; | i < AT}
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be an enumeration of all bounded subsets of A*. For every a < AT define
S as the collection of all subsets of a that are formed by taking countable
unions of sets from {X; | i < a}. Since |a|f < A, [S4| < A. Now, if A C At
is given, then the set, C, of a < At for which V¢( < a Ji < a (AN = X;)
is closed unbounded in A*. If & € C and cf(a) = w then ANa € S,.
Applying Kunen’s theorem, we can obtain <+ (Sé+).

The revised GCH enables in many cases a stronger theorem in which
ANo = )\ is not required.

8.21 Theorem. If A > 1, and 2 = \*, then Ox+ holds. (Hence Oy is
in fact equivalent to 2> = \T for every A > 2,.)

Proof. As before, let {X; | i« < AT} enumerate all bounded subsets of AT.
., is the first strong limit cardinal, and the revised GCH theorem applies to
A>3, Sothere is 0 < 3, such that (1.49) holds for some family P C [A]7.

For every « in the interval [A,AT), |@| = A and hence P can be trans-
formed into a family P, C [@]? such that (I.49) holds (same o for all os).
Now we define S, as the collection of all subsets of o obtained as unions of
the form (J{X; | i € B} where B € P,. So |S,| < A.

The argument to prove that (S; | i < AT) is a diamond sequence is now
familiar. Let A C AT be any set. There is a closed unbounded C' C AT as
before so that for a € C' and { < « there is i < o such that AN¢ = X;. Now
pick any a € C such that cf(«) = 0. Pick an increasing sequence (o, | € < o)
cofinal in «, and for each € < & find i(e) < o such that AN ac = Xj(.
Define u = {i(¢) | ¢ < o}. Observe that if K C ¢ is any unbounded subset
of o then | J{X;«) | e € K} = Ana. For some B € P,, i(e) € B for
unboundedly many € < 0. Hence ANa ={X; | i€ B} € S,. .

We now begin the second application.

8.22 Definition. A subset X of a Boolean algebra is p-linked if there is a
function h : X — p such that z Ay # Op whenever h(x) = h(y).

Our aim is to prove the following theorem from [15]. (For background
and motivation and additional results consult [15] and [5].)

8.23 Theorem. Assume that u = p<==. If B is a c.c.c. Boolean algebra
of cardinality < 2", then B is u-linked.

The proof which follows is an example of an induction that relies on the
revised GCH. Since B satisfies the countable chain condition, its completion
has cardinality < |B|® < 2#, and so we can assume that B is a complete
Boolean algebra (and when we prove that it is p-linked then the original
algebra which is embedded in its completion is also p-linked).

We prove by induction on A, a cardinal such that p < A < 2#) that any
subset of B of cardinality A is p-linked. This is obvious for A = u, or when
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cf(A) < p (and the inductive claim holds for smaller cardinals), and so we
may assume that cf(\) > p. There are several ingredients in the proof
of this theorem, and so it is postponed until the required preparations are
made.

8.24 Definition. Let C' be a Boolean algebra, and D C C a subalgebra.
For any z € C let F, = {d € D | x < d} be the filter generated by z. For a
cardinal 0 the following property is denoted (xx)y (for the pair D and C):

(%) For every x € C there is F C F, of cardinality < # and such that
for every b € F,, there is a € F' such that a <b.

In other words, F, is generated by a subset of cardinality < 6.

8.25 Lemma. Let 6, u, and K be cardinals such that 0, < k. Suppose
that C is a Boolean algebra with a decomposition C = J, ., Ca, where the
sequence of Boolean subalgebras C,, is increasing and continuous (for limit
8, Cs = U;5 Ci). Assume the following:

1. Cy=10.
2. Each C,, is p-linked.
3. Property (xx)g holds for each of the pairs C,, C.

Let x be a sufficiently large cardinal and consider the structure H, (with
some well ordering of its universe, and with C' and its decomposition as
constants). Suppose that My and My are two elementary substructures of
H, that are isomorphic with an isomorphism g : My — My that is the
identity on kN My N M. Suppose in addition that 8 C My N My, and that
M1 N on = M2 n M.

Then for every non-zero x € My NC,

x Ag(z) #0c.
Proof. The rank of an element ¢ € C is the least ordinal 7 such that ¢ € C;.
Since Cy = 0, the rank of ¢ is a successor ordinal (below k) such that

¢ € Coy1\ Cy. Take x € M; of minimal rank a+ 1 such that z A g(z) = 0¢
and we shall obtain a contradiction.

Case 1. o € My N M. So g(a) = a. Let h: Cpy1 — p be the least
function (in the well-ordering of H, ) given by the assumption that Cy41
is p-linked. So h € M; N Ms, and since h is definable from « we have
g(h) =h (as g(o) = ). Say h(x) =n € p. As My N p = Ms N p, we have
g(h(2)) = g(n) = 1. But g(h(x)) = g()(g(x)) = h(g(x)). So Ag(x)) = n,
and hence h(z) = h(g(z)) which implies that z and g(z) have non-zero meet
in C.

Case 2. « € M\ M, and hence « # g(a) and g(«) € M3\ M;. Suppose
that g(a) < a (case g(a) > « is symmetric). Say g(x) =y, and g(a) = 3.
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Then B + 1 is the rank of y. Let a; < «a be the least ordinal in M; that is
strictly above 8. Since 8+ 1 < aq,

Yy € Coy-

Let F, C C,, be the filter generated by . Property (xx)g of the pair C,,
and C implies the existence of F' C F); of cardinality < 6 that generates F,.
As z and y are disjoint, the complement, —y, of y is in F, (since it is in
Cy, ) and hence there is a € F' that is disjoint from y. Since oy and z are in
My, we have F,, and F in M7 as well. But as 6 is included in M7, F C M,
and hence a € M; follows. The rank of a is as + 1 < 1. The minimality
of a; implies that ag < 8 (equality is impossible because § is not in Mj).
But now we can apply a similar argument to F, (for the pair Cg, C) and
discover b € Cz N M, that is disjoint to a. Say u € M is such that g(u) = b.
Then u € C, and hence 9 = uAais in Cy. Since b € Fy, u € F, and
hence x is in F, too. In particular, o # Oc. But g(xg) = b A g(a) and
is disjoint to b A g(a) because already a is disjoint to b. So zg is disjoint to
g(z0), in contradiction to the minimality of the rank of x. o

Here is a lemma which is an immediate consequence of the Engelking and
Karlowicz theorem [3]; we state it for reference and will return to its proof
later on.

8.26 Lemma. If u® = p then there is a map 7 : [2"]° — u such that if
T(My) = 7(Ms) then My and My have the same order-type (as subsets of
the ordinal 2*) and the order isomorphism g : My — My is the identity on
My N M.

8.27 Corollary. Suppose that § < p < k < 2* are cardinals such that
pu? = pu. Let C be a Boolean algebra of cardinality < 2*, and suppose that
C =U,<y Co where the C,, form an increasing and continuous sequence of
subalgebras such that: Cy = 0, each Cy, is p-linked, and (xx)y holds for each
pair Cy, C. Then C is p-linked.

Proof. Let x be sufficiently large and H, be the structure of sets of cardi-
nality hereditarily less than x, with a well-ordering of the universe and C'
as a constant. For every a € C find M(a) < H, of cardinality 6 and such
that 6 C M(a). With each M = M(a) we associate the following three
parameters.

1. MNp € [p)?. So there are u such parameters.
2. 7(M N2"), where 7 : [2#]% — 1 is the map from the lemma above.

3. The isomorphism type of M(a) (with a as a parameter). Since 2¢ < u
there are < p such types.
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The map taking a € C to the three parameters associated with M (a)
proves that C' is p-linked. For if M (a) and M (b) have the same parameters
then a A b # 0¢ by the following argument. Let g : M(a) — M(b) be
the isomorphism given by item 3. Then g(a) = b, and we plan to apply
Lemma 8.25. This is possible because (1) 7(M(a) N 2*) = (M (b) N 2*)
implies that g is the identity on 2# N M (a) N M(b), (2) 8 C M(a) N M(b)
by assumption, and (3) M (a) N = M(b) N because this is the first of the
three parameters. -

We continue the inductive proof of Theorem 8.23. Recall that A < 2*, B
is a complete c.c.c. Boolean algebra of cardinality < 2*, and every subset
of B of cardinality < A is p-linked. Our aim is to prove that any X C B
of cardinality A is p-linked. We intend to use Corollary 8.27, and we must
find C C B with X C C and such that the premises of 8.27 hold.

For every « such that 3,, < a < X\ we have a regular uncountable cardinal
o(a) < 3, and a family P, C [a]°(®) such that (1.49) holds. Since cf(\) # w
(in fact cf(A\) > p) there is an unbounded set £ C A such that for some
fixed o we have 0 = o(a) for every o € E. The symbols E and o retain
this meaning throughout the proof. We define 6 = 2<°.

8.28 Lemma. Let x > 2* be sufficiently large. Suppose that § is an ordinal
and (M; < H, | i < §) is such that:

1. cf(d) > 0.

2. B,E € My and 2, C M.

3. M; C Mj fori<j and M; € M.
4. |M;] < XA, and M; N\ € A

Then for M = J; .5 M; and By = BN M, (*x)a<- holds for the pair By and
B.

Proof. Given x € B consider F, C By, the filter of members of By that
are greater than . We want to find F C F, of cardinality < § = 2<°
that generates F,. We choose as € F, for ( < o by the following inductive
procedure. Suppose that A = {a. | € < (} is already chosen. Let G¢ =
{N\Z | Z C A¢ and Z € M}. So G¢ is the collection of all elements of B
that can be formed by taking meets of subsets of A¢ that happen to be in
M. Clearly Ac € G¢ C F,. Since |A¢| < 0, |G¢| < 2<7. If there exists
a € F; not covering any b € G¢, then let a¢ be such a. If there is no such
a, then the procedure stops and F' = G¢ is as required. We shall prove
that the construction cannot proceed for every ¢ < o. Suppose it does, and
consider A = {a¢ | ( < o}. Since cf(d) > o thereis i < § with A C M;. As
|M;| < X there is, already in M;;1 an ordinal @ € F such that [M;| < a.
So a4+ 1 C M;4; and hence also P, C M;;1 (where P, C [a]? satisfies
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(1.49)). Viewing the universe of M; as a copy of an ordinal < «, the set A
is a subset of a of cardinality o, and we have some p € P, such that p C A.
Since J,, C M;1, each subset of p is also in M, 1. It follows that for every
ac € p, AcNp € M and hence a¢ 2 A(A¢Np). Thus A(AcNp) —ac # O0p is
a sequence of o pairwise disjoint members of B, which contradicts the c.c.c.
since o is uncountable. o

We can complete now the proof of Theorem 8.23. We are assuming that
A < 2 cf(N) > p, p<=¢ = p, and every subset of B of cardinality smaller
than A is p-linked. A set X C B of cardinality X is given, which we want
to show is p-linked. Pick x sufficiently large and define M; < H,, for
i < cf(\) = &, such that

1. M; is increasing and continuous with i. |M;| < A, AN M; € A, and
M; € Mi+1.

2. B,X € My, p+1C My, I, C My, and X C M =J,,. M;.

We shall prove that B N M is p-linked, and hence that X is p-linked.
For any set R of ordinals, let nacc(R) denotes those o € R that are not
accumulation points of R (for some 8 < o RN (G, a) = 0).

Let R C k be a closed unbounded set such that every a € nacc(R) is a
limit ordinal with cf(«) > o. Then, for 6 € nacc(R), Lemma 8.28 applies
to the sequence (M; | i < §) and hence the pair B N M, B satisfies (xx)g
(6 = 2<7). But, then it follows that (x%)g holds for every 6 € R for the pair
BN Mg, B. Because if ¢f(§) > o then the lemma applies, and if cf(§) < o
then § is a limit of < ¢ non-accumulation points of R, and hence (xx)g holds
for BN Ms by accumulating < o sets, each of cardinality < 6.

Now let {p; | i < k) be an increasing and continuous enumeration of R,
and define C; = BN M,,, C = BN M. Then Corollary 8.27 applies with
0 = 2<9 and yields that B N M is p-linked. This proves Theorem 8.23.

For completeness we review the theorem of Engelking and Karlowicz that
was used in the proof.

8.29 Theorem ([3]). Assume that § and p are cardinals such that p° = p.
Then there are functions fe : 2 — p, for & < p, such that if A C 2#,
|A| <0, and f: A — p, then there is § < p such that f C fe.

Proof. 1t is convenient for the proof to see 2# as the set of functions from
pto 2. A “template” is a triple (D, S, F) where D € [u]?, S C 2P and
|S] < 0 (S is a set of functions from D to 2), and F' : S — p. The number
of possible templates is p.

For any template T = (D, S, F) we define fr on 2*. If a € 2# and
a | D € S, then we define fr(a) = F(a | D) (if o | D € S then fr(«a) is
any value).
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Given any A C 2#, |A| < 0, and f : A — p, find D € [u]? such that
a1 [ D # as | D whenever oy # ag arein A. S ={a | D|a€ A}. For
every s € S there is a unique a € A such that s = a [ D and we define
F(s) = f(a). Then f C fr. o

We can prove now Lemma 8.26. Clearly the map assigning to each X €
[2#]? its order-type (in #) ensures that two sets are isomorphic if they have
the same value. The problem is to ensure that two isomorphic sets have an
isomorphism that is the identity on their intersection. Given X € [2#]?, let
fx be the collapsing map which assigns to each x € X the order-type of
2 N X. Then there is some { < p such that fx C fe (by the Engelking
and Karlowicz theorem). Let’s color X with £ (say the first one). Now if
X and Y in [2#]? have the same order-type and the same color £, then the
isomorphism of X onto Y is the identity on X NY since it is equal to g;l og1
where g1 = fe [ X and go = fe [ Y.
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