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A topological space X is an nCM-space (non-Continuously Mappable space) if X
cannot be continuously mapped onto [0,1].
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A topological space X is an nCM-space (non-Continuously Mappable space) if X
cannot be continuously mapped onto [0,1].

@ J. Isbell, 1965, 1969; A.W. Miller, 1983

A topological space X is an nBM-space (non-Borel Mappable space) if X cannot be
mapped onto [0,1] by any Borel map.

A uniform space X is an nUCM-space (non-Uniformly Continuously Mappable space)
if X cannot be uniformly continuously mapped onto [0,1].

@ P. Corazza, 1989

uniform space X

X is an nBM-space — X is an nCM-space — X is an nUCM-space

@ preserved by appropriate maps
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non(nBM-space) = non(nCM-space) = non(nUCM-space) = ¢
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non(nBM-space) = non(nCM-space) = non(nUCM-space) = ¢

Theorem (Miller, 1983)

The theory ZFC + ¢ = X, + (VA C “2)(A is annCM-set = |A| < ¢) is consistent
relative to ZFC.
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nBM-set of cardinality ¢ - CH, MA, p = ¢, b = ¢, MA(countable), . ..
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non(nBM-space) = non(nCM-space) = non(nUCM-space) = ¢

Theorem (Miller, 1983)

The theory ZFC + ¢ = R, + (VA C “2)(A is annCM-set = |A| < ¢) is consistent
relative to ZFC.

§

Corollary (Corazza, 1989)

The theory ZFC + ¢ = X, + (VA C R)(A is annUCM-set = |A| < ¢) is consistent
relative to ZFC.

v

nBM-set of cardinality ¢ - CH, MA, p = ¢, b = ¢, MA(countable), . ..

The following statements are undecidable in ZFC.
“there exists an nBM-set of cardinality ¢”

“there exists an nCM-set of cardinality ¢”
“there exists an nUCM-set of cardinality ¢”
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Theorem (folklore)

ind(X)= 0 for any completely regular (Tychonoff) nCM-space X.
Ind(Y)= 0 for any normal nCM-space Y.

(UPJS Kosice) nCM-space 1% of February 2012 5/27



Theorem (folklore)

ind(X)= 0 for any completely regular (Tychonoff) nCM-space X.
Ind(Y)= 0 for any normal nCM-space Y.

ind(X)= 0 for any uniform nUCM-space X.

(UPJS Kosice) nCM-space 1% of February 2012 5/27



Theorem (folklore)

ind(X)= 0 for any completely regular (Tychonoff) nCM-space X.
Ind(Y)= 0 for any normal nCM-space Y.

Theorem

| A\

ind(X)= 0 for any uniform nUCM-space X.

| A

Corollary

Any separable metrizable nUCM-space is homeomorphic to a subset of “2.

.

@ any second-countable topological space X is metrizable if and only if X is regular
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ind(X)= 0 for any uniform nUCM-space X.

Theorem (Isbell, 1965)

For an nUCM-space A C “2 there is a perfect set P C “2\ A.
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For an nUCM-space A C “2 there is a perfect set P C “2\ A.

A subset A of a perfect Polish space X is called Marczewski null measurable ((s%)-set)
if any perfect subset of X contains a perfect subset disjoint with A.

Corollary (Corazza, 1989)

An nUCM-subset A of a perfect Polish space X is Marczewski null measurable.
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ind(X)= 0 for any uniform nUCM-space X.

Theorem (Isbell, 1965)

For an nUCM-space A C “2 there is a perfect set P C “2\ A.

A subset A of a perfect Polish space X is called Marczewski null measurable ((s%)-set)
if any perfect subset of X contains a perfect subset disjoint with A.

Corollary (Corazza, 1989)

An nUCM-subset A of a perfect Polish space X is Marczewski null measurable.

Metric separable space X is totally imperfect if X does not contain a homeomorphic
copy of the perfect Cantor set “2.

nBM —— nCM — nUCM — (s°) — (TI)

!

0-dim
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The following statements are equivalent.
@ X is annCM-space.
@ [0,1]\ f(X) is dense in [0, 1] for any continuous f : X — [0,1].
© 1(X) is zero-dimensional for any continuous f : X — [0, 1].
X) is totally imperfect for any continuous f : X — [0, 1].

)
Q f(X)
@ f(X) is Marczewski null measurable for any continuous f : X — [0, 1].
Q@ 7(X) is an nCM-space for any continuous f : X — [0, 1].

nBM —— nCM — nUCM — (s°) — (TI)

!

0-dim
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Let P be a topological property. X is projectively P if every continuous image of X

into perfect Polish space is P.

nBM —— nCM — nUCM — (s°) — (TI)

!

0-dim
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Let P be a topological property. X is projectively P if every continuous image of X

into perfect Polish space is P.

X is an nCM-space if and only if X is projectively nCM-space.

nBM —— nCM — nUCM — (s°) — (TI)

!

0-dim
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Let P be a topological property. X is projectively P if every continuous image of X

into perfect Polish space is P.

Theorem

X is an nCM-space if and only if X is projectively nCM-space.

| \

Corollary

The following statements are equivalent.
@ X is annCM-space.
© X is projectively zero-dimensional.
© X is projectively totally imperfect.

© X is projectively Marczewski null measurable.

.

nBM —— nCM — nUCM — (s°) — (TI)

!

0-dim
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cov(P-set) = min{|A; | JA=1[0,1] A (VA€ A) “Ais a P-set"}
add(P-set) = min{|A|; U Ais nota P-set” A(VAe€ A)(AC[0,1]A "Ais a P-set")}

add(P-space) = min{|.A|; (3X)"X is a topological (uniform) space” A A C P(X)

A(VA € A) “Ais a P-space” A U Ais not a P-space” }

nBM —— nCM — nUCM — (s°) — (TI)

!

0-dim
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add(nBM-space) = add(nBM-set) = cov(nBM-set)
add(nCM-space) = add(nCM-set) = cov(nCM-set)
add(nUCM-space) = add(nUCM-set) = cov(nUCM-set)

nBM —— nCM — nUCM — (s°) — (TI)

!

0-dim
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add(nCM-space) = add(nCM-set) = cov(nCM-set)
add(nUCM-space) = add(nUCM-set) = cov(nUCM-set)
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nBM —— nCM — nUCM — (8% — (T

!

0-dim
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add(nBM-space) = add(nBM-set) = cov(nBM-set)
add(nCM-space) = add(nCM-set) = cov(nCM-set)
add(nUCM-space) = add(nUCM-set) = cov(nUCM-set)

cov((s®)-set) < cov(nUCM-set) < cov(nCM-set) < cov(nBM-set)

Corollary (Isbell, 1965; Corazza, 1989)

Ny < add(nCM-space), N1 < add(nUCM-space), add(nBM-space) < c.

nBM —— nCM — nUCM — (s°) — (TI)
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add(nBM-space) = add(nBM-set) = cov(nBM-set)
add(nCM-space) = add(nCM-set) = cov(nCM-set)
add(nUCM-space) = add(nUCM-set) = cov(nUCM-set)

cov((s®)-set) < cov(nUCM-set) < cov(nCM-set) < cov(nBM-set)

Corollary (Isbell, 1965; Corazza, 1989)

Ny < add(nCM-space), N1 < add(nUCM-space), add(nBM-space) < c.

Theorem (Miller, 1983)

ZFC + ¢ = x + add(nCM-space) = Ny is consistent relative to ZFC (k is a cardinal such
that cf(x) > Ro).

nBM —— nCM — nUCM — (s°) — (TI)

!

0-dim
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add(nBM-space) = add(nBM-set) = cov(nBM-set)
add(nCM-space) = add(nCM-set) = cov(nCM-set)
add(nUCM-space) = add(nUCM-set) = cov(nUCM-set)

cov((s®)-set) < cov(nUCM-set) < cov(nCM-set) < cov(nBM-set)

Corollary (Isbell, 1965; Corazza, 1989)

Ny < add(nCM-space), N1 < add(nUCM-space), add(nBM-space) < c.

ZFC + ¢ = X, 4 add(nCM-space) = Ny is consistent relative to ZFC. \

nBM —— nCM — nUCM — (s°) — (TI)
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0-dim
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@ Any subset of a metric nBM-space X is an nBM-space.

@ F. subset of a normal nCM-space is an nCM-space.
© Any subset of a uniform nUCM-space X is an nUCM-space.

nBM —— nCM — nUCM — (s°) — (TI)

!

0-dim
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@ Any subset of a metric nBM-space X is an nBM-space.
@ F. subset of a normal nCM-space is an nCM-space.
© Any subset of a uniform nUCM-space X is an nUCM-space.

A topological space X is hereditarily nCM-space, shortly hnCM-space, if any subset
of X is an nCM-space.

Theorem (Corazza, 1989)

If CH holds true then there is an nCM-set which is not hereditarily nCM-set.

nBM —— nCM — nUCM — (s°) — (TI)

!
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@ Any subset of a metric nBM-space X is an nBM-space.
@ F. subset of a normal nCM-space is an nCM-space.
© Any subset of a uniform nUCM-space X is an nUCM-space.

A topological space X is hereditarily nCM-space, shortly hnCM-space, if any subset
of X is an nCM-space.

Theorem (Corazza, 1989)

If CH holds true then there is an nCM-set which is not hereditarily nCM-set.

nBM —> hnCM —— nCM —— nUCM — (s°) — (TI)

!

0-dim
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Theorem (Sierpinski, 1934)

If CH holds true then

Proposition Cs There is a set of reals of cardinality ¢ such that no interval of reals is
its continuous image.
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Theorem (Sierpinski, 1934)

If CH holds true then
Proposition Cs There is a set of reals of cardinality ¢ such that no interval of reals is
its continuous image.

x an uncountable cardinal not greater than ¢; X a Polish space; Z a o-additive ideal
which has Borel base and | JZ = X.

Asubset L C X is called a k-Z-setif |L| > xand |[LNA| < kforany Ac Z.

@ x-N-set - k-Sierpinski set

@ k-M-set - k-Luzin set

@ N¢-Luzin set - Luzin set

@ N-Sierpinski set - Sierpinski set.

k-Z-set of cardinality x can be constructed under the assumption x = cov(Z) = cof(Z).
There is ¢-Sierpinski set if and only if cov(N) = ¢.
There is c-Luzin set if and only if cov(M) = ¢.
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Theorem (Sierpinski, 1934)

If CH holds true then
Proposition Cs There is a set of reals of cardinality ¢ such that no interval of reals is
its continuous image.

.

Theorem (Sierpinski, 1928 - 1934)

Any image of a Lusin set by Baire (Borel) function into reals has strongly measure
zero.

.

Theorem (Sierpinski, 1929-1934)

Any image of a Sierpiriski set by measurable function into reals is perfectly meager.
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Theorem (Sierpinski, 1934)

If CH holds true then
Proposition Cs There is a set of reals of cardinality ¢ such that no interval of reals is
its continuous image.

Theorem (Sierpinski, 1928 - 1934)

Any image of a Lusin set by Baire (Borel) function into reals has strongly measure
zero.

Theorem (Sierpinski, 1929-1934)

Any image of a Sierpiniski set by measurable function into reals is perfectly meager.

An ideal / of a Boolean algebra B is said to be x-saturated if every subset AC B\ /
suchthat an b € Iforany a, b € A, a # b has cardinality |A| < &.
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Theorem (Sierpinski, 1934)

If CH holds true then
Proposition Cs There is a set of reals of cardinality ¢ such that no interval of reals is
its continuous image.

A\

Theorem (Sierpinski, 1928 - 1934)

Any image of a Lusin set by Baire (Borel) function into reals has strongly measure
zero.

A,

Theorem (Sierpinski, 1929-1934)

Any image of a Sierpiriski set by measurable function into reals is perfectly meager.

Theorem (Miller, 1983)

LetZ C Borel(R) be c-saturated ideal of Borel(R). Any ¢-Z-set A is an nBM-set.
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a topological space X; G C P(X)
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a topological space X; G C P(X)

Go=6GCG =G, C---CG,C...

o gw1 = gw1+1
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a topological space X; G C P(X)

Go=6GCG =G, C---CG,C...

(] gw1 = gw1+1
@ B(G) be the smallest s-algebra containing G
@ C(G) be a family of complements of sets in G
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a topological space X; G C P(X)

Go=6GCG =G, C---CG,C...

o gw1 = gw1+1

@ B(G) be the smallest s-algebra containing G
@ C(G) be a family of complements of sets in G
@ ifC(9) C G, then B(G) = G.,,

(UPJS Kosice) nCM-space 1% of February 2012



a topological space X; G C P(X)

Go=6GCG =G, C---CG,C...

o gw1 = gw1+1

@ B(G) be the smallest s-algebra containing G

@ C(G) be a family of complements of sets in G

@ ifC(9) C G, then B(G) = G.,,

@ the order of G is the first ordinal a, « > 0, such that G, 1 = Ga
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a topological space X; G C P(X)

Go=6GCG =G, C---CG,C...

gw1 = gw1+1

B(G) be the smallest o-algebra containing G

C(G) be a family of complements of sets in G

if C(G) C G.,, then B(G) = G.,

the order of G is the first ordinal o, & > 0, such that G, 1 = G

a perfectly normal space X has bounded Borel rank (X € bBr) if a family of
open subsets of X has smaller order than w4

o-space - every F, subset of X is a Gs subset of X
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a topological space X; G C P(X)

Go=6GCG =G, C---CG,C...

gw1 = gw1+1

B(G) be the smallest o-algebra containing G

C(G) be a family of complements of sets in G

if C(G) C G.,, then B(G) = G.,

the order of G is the first ordinal o, & > 0, such that G, 1 = G

a perfectly normal space X has bounded Borel rank (X € bBr) if a family of
open subsets of X has smaller order than w4

o-space - every F, subset of X is a Gs subset of X

Theorem (Bing, Bledsoe, Mauldin, 1974)

If G is a countable family of subsets of real line such that C(G) C G and
Borel(R) C B(G), then G has order w1 .
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Theorem(Bing, Bledsoe, Mauldin, 1974)

If G is a countable family of subsets of real line such that C(G) C G and
Borel(R) C B(G), then G has order wj.

nBM — hnCM —— nCM — nUCM — (s%) — (TI)

!

0-dim

(UPJS Kosice) nCM-space 1% of February 2012



Theorem(Bing, Bledsoe, Mauldin, 1974)

If G is a countable family of subsets of real line such that C(G) C G and
Borel(R) C B(G), then G has order wj.

A,

Theorem (Reclaw, 19897?)

Let X be a separable metric space. If X is of bounded Borel rank then X is
annBM-space. In particular, any o-set is an nBM-space.

.

nBM —> hnCM ——> nCM —— nUCM — (s°) — (TI)

!

0-dim
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Theorem (Szpilrajn-Marczewski, 1930)

An X1 -Sierpiniski set is a o-space.
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~ -cover U - every x € X lies in all but finitely many members of &/ and X ¢ U
S+(I, I)-property, 1996

For each sequence (U, : n € w) of countable open ~-covers, there exist sets U, € U,
such that {U,; n € w} is an open v-cover.

\

Theorem (Hales, 2005)

Perfectly normal space X is hereditarily S1(I', I')-space if and only if X is both,
an S+(I',I')-space and a o-space.

.

bBr — nBM —— hnCM —— nCM —— nUCM — (8%

N !

o 0-dim
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fn, N fon X J

@ if there exists a sequence of positive reals (e, : n € w) converging to zero

Q forany x € X:
|fn(X) — f(X)| < é€n
holds for all but finitely many n € w

bBr — nBM —— hnCM —— nCM —— nUCM — (s°)

N !

o 0-dim
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QN-property, 1991

X has the property QN if each sequence of continuous real valued functions
converging pointwise to zero is converging to zero quasi-normally.

Theorem (Reclaw, 1997)

Any metric QN-space is a o-space.
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N |

o 0-dim
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QN-property, 1991

X has the property QN if each sequence of continuous real valued functions
converging pointwise to zero is converging to zero quasi-normally.

Theorem (Reclaw, 1997)

Any metric QN-space is a o-space.

Theorem (Bukovsky—Hale$, Sakai, 2007)

Perfectly normal QN-space is an S+ (T, I')-space.
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Any metric QN-space is a o-space.

Theorem (Bukovsky—Hale$, Sakai, 2007)
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Theorem (L. Bukovsky, |. Reclaw, M. Repicky, 1991)

b-Sierpinski set is a QN-set.
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Theorem (L. Bukovsky, |. Reclaw, M. Repicky, 1991)

b-Sierpinski set is a QN-set.
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Theorem (Poprougénko, Sierpinski, 1930)

An Xy -Lusin set has bounded Borel rank.
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Theorem (Poprougénko, Sierpinski, 1930)

An Xy -Lusin set has bounded Borel rank.

Ny-(L)
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N !

o 0-dim
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b-(S) —> QN — hS(T,T)
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Let P be a topological property such that the unit interval [0, 1] is not P. If X is
projectively P then X is an nCM-space.
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Let P be a topological property such that the unit interval [0, 1] is not P. If X is
projectively P then X is an nCM-space.

wQN-property (weak QN), 1991

X has the property wQN if each sequence of continuous real valued functions
converging to zero has a subsequence converging to zero quasi-normally.

v
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Let P be a topological property such that the unit interval [0, 1] is not P. If X is
projectively P then X is an nCM-space.

Theorem (Bukovsky, Reclaw, Repicky, 1991)

Any wQN-space is an nCM-space.
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Let P be a topological property such that the unit interval [0, 1] is not P. If X is
projectively P then X is an nCM-space.

Theorem (Bukovsky, Reclaw, Repicky, 1991)

Any wQN-space is an nCM-space.

Let X be a Polish space. A set A C X has strongly measure zero if for any sequence
{en}pdo Of positive real numbers there is a sequence (A, : n € w) of open sets such
that A C (., A» and diam(A,) < en for any n € w.

Let X, Y be Polish spaces, AC X andf: A— Y. Iff is uniformly continuous and A
has strong measure zero then f(A) has strong measure zero as well.
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Let P be a topological property such that the unit interval [0, 1] is not P. If X is
projectively P then X is an nCM-space.

Theorem (Bukovsky, Reclaw, Repicky, 1991)

Any wQN-space is an nCM-space.

Let X be a Polish space. A set A C X has strongly measure zero if for any sequence
{en}pdo Of positive real numbers there is a sequence (A, : n € w) of open sets such
that AC U, .., Ar and diam(A,) < en forany n € w.

new

Let X, Y be Polish spaces, AC X andf: A— Y. Iff is uniformly continuous and A
has strong measure zero then f(A) has strong measure zero as well.

Theorem (Corazza, 1989)

Any subset of a Polish space X with strong measure zero is an nUCM-space.
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Ny-(L) conc’ conc —> SN —— UN
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c” Rothberger property S1(0,0) SN strong measure zero

5y property ~y UN  universal measure zero
conc  concentrated PM  perfectly meager

conc’ concentrated on its subset
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Theorem (Just—Miller—Scheepers—Szeptycki, 1996)

If t = b then there exists a set of reals X C “2 such that X is an S1(I', I')*-space and
X is not o-compact.
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Theorem (Just—Miller—Scheepers—Szeptycki, 1996)

If t = b then there exists a set of reals X C “2 such that X is an S1(I', I')*-space and
X is not o-compact.

Theorem (Scheepers, 1999)
A topological space X is an S1(I',I')*-space if and only if X is an S1(I', I')-space
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Theorem (Just—Miller—Scheepers—Szeptycki, 1996)

If t = b then there exists a set of reals X C “2 such that X is an S1(I', I')*-space and
X is not o-compact.

Theorem (Scheepers, 1999)

A topological space X is an S1(I',I')*-space if and only if X is an S1(I', I')-space

Theorem (see e.g. Bukovsky, 2011)

If t = b then there exists a set of reals X C “2 of cardinality b such that X is
an S1(I,T)-space and X \ [w]® is not a wQN-space. Hence, X is not a A-set.
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Theorem (Just—Miller—Scheepers—Szeptycki, 1996)

If t = b then there exists a set of reals X C “2 such that X is an S1(I', I')*-space and
X is not o-compact.

Theorem (Scheepers, 1999)

A topological space X is an S1(I',I')*-space if and only if X is an S1(I', I')-space

Theorem (see e.g. Bukovsky, 2011)

If t = b then there exists a set of reals X C “2 of cardinality b such that X is
an S1(I,T)-space and X \ [w]® is not a wQN-space. Hence, X is not a A-set.

If t = c then there exists a set of reals X C “2 of cardinality ¢ such that X is
an S¢(I',I)-space and X \ [w]“ is not an nCM-space.
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A subset A of a topological space X is called perfectly meager if for any perfect set P C X the
intersection AN P is meager in the subspace P.

A subset A of a perfectly normal topological space X has universal measure zero if for any finite
diffused Borel measure i on X we have p*(A) = 0, i.e. u(B) = 0 for some Borel B such that
ACB.

Theorem (Miller, 1983; Corazza, 1989)

There is a model of ZFC such that ¢ = X, and the following holds:
@ the following statements are equivalent for A C R
Q A<c
@ Ais annCM-set.
© A is hereditarily nCM-set.
Q AisannBM-set.
© AisannUCM-set.

@ any perfectly meager set is an nBM-set.

@ there is an nBM-set which is not perfectly meager set.

@ any universal measure zero set is an nBM-set.

@ there is an nBM-set which is not universal measure zero set.
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Theorem (Corazza, 1989)

There is a model of ZFC such that ¢ = X, and the following holds:
@ (he following statements are equivalent for A C R

Q A<

@ Ais annCM-set.

© A is hereditarily nCM-set.

©Q AisannBM-set.

© Ais annUCM-set.

Q A has strong measure zero (i.e. Generalized Borel Conjecture
holds).

@ any nUCM-set has universal measure zero.

@ there is universally measure zero set of cardinality ¢ (which is not an nUCM-set).
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Theorem (Ciesielski, Shelah, 1999)

There is a model of ZFC such that ¢ = X, and the following holds:

@ the following statements are equivalent for A C R

Q A<

@ AisannCM-set.

© A is hereditarily nCM-set.
Q AisannBM-set.

© Ais annUCM-set.

@ any nCM-set is perfectly meager.

@ there is perfectly meager set of cardinality ¢ (which is not an nCM-set).
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Theorem (Corazza, 1989)

There is Marczewski null measurable set X C “2 which is not an nUCM-space.

Theorem (Hilgers, 1937)

Any separable metric space of cardinality ¢ is a continuous injective image of

a separable metric spaces of every non-negative dimension including infinite
dimension.

A

Corollary (Mazurkiewicz, Szpilrajn-Marczewski, 1937)

@ Ifthere is a \-set (separable metric) of cardinality ¢ (e.g. if non(M) = ¢ or if
b = c) then there is a \-set of any dimension.

© Ifthere is a universal measure zero set of cardinality ¢ (e.g. if non(N') = ¢) then
there is a universal measure zero set of any dimension.
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Theorem (Miller, 1979)

The theory ZFC + “any uncountable set of reals has unbounded Borel rank’ is
consistent relative to ZFC.

Theorem (Bukovsky, Reclaw, Repicky, 1991)
non(wQN-space) = b.

Theorem (Rothberger, 1941)

If CH holds true then there is concentrated set which is not nCM-set.

Theorem (Corazza, 1989)

If CH holds true then there is concentrated set on its subset which is not hereditarily
nCM-set.
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