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Evolution
d-separable: there is a o-discrete dense set

nwd-separable: there is a o-nwd dense set

X4(X) is d-separable.

—) d-separable nwd-separable

So-So-Sp:
e products of nwd-separable spaces are nwd-separable
e X“ is nwd-separable

e |s there a non-nwd-separable space with a nwd-separable
square?

e there is a compact nwd-separable space which is not
d-separable: X = w* x D(2)~
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a selective strengthening of properties

If Do, D;, ... aredense, then there are
U @] .
small Fo, Fi, ... st ,,Fnisdense

R-separable  (1-separable): if Dy, Dy, ... are dense then
there are xg € Do, X1 € Dy,... S.t. {Xo, X1, ... } is dense.

M-separable (fin-separable): if Do, Dy, ... are dense then
3F € [Do]¥,F1 € [D1]™,... st. FoUF1 U... is dense.
G1(D,D): I. picks a dense Dy, Il picks X € Dy, |. picks a dense
D4, Il picks x; € Dy, etc

Il wins iff {xo, X1, ...} is dense.

Il wins G1(D, D) = 1-separable = fin-separable = §(X) = w
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e How to guarantee that Il wins G,(D, D)?
o 7w (X) =w: if {Uy:n € w}is amn-base, Il picks X, € Dy NUj,.
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Underlying set: X = Fin(w,w)
Basic nhb of F € X: for all F € [w¥]<¥

V(F,F)={GeX:GDFA
[ -separable (vf € F)(¥n € domG \ domF)(G(n) # f(n))}

not 1-separable: D, = {s € Fin(w,w) : |s| > n}
@arable Assume s, € Dy.

Define f : w — w by f(n) = sp(n)
{sn:new}nV(D{f})=0.

@E fin-separable:eventually different forcing
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A separation theorem
So0-So-Sp: Con( 3 first countable X and X has a partition T U* Y U* Z
into uncountable dense subspaces s.t. X is left-separated in type w1,
(1) T is D-separable; (2) Y is NWD-separable, but not d-separable;
(3) Z is Luzin, so it is not nwd-separable.
(4) T UZ is d-separable but not NWD-separable.
(5) Y U Z is nwd-separable, not d-separable, not NWD-separable.
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A separation theorem
So-So-Sp: Con( 3 first countable X and X has a partition T U* Y U* Z
into uncountable dense subspaces s.t. X is left-separated in type w1,
(1) T is D-separable; (2) Y is NWD-separable, but not d-separable;
(3) Z is Luzin, so it is not nwd-separable.
(4) T UZ is d-separable but not NWD-separable.
(5) Y U Z is nwd-separable, not d-separable, not NWD-separable.
(6) T UY is d-separable, NWD-separable, but not D-separable.

T
,,,,,,,,,,,,,,,,, TUY
|
ol Y
|
.

D-separable }—:—:—){ NWD-separable

,,,,,,,,,,,, -

|

; ] Tuz

|

|

| R DR YUZ

| |

l L

| [ o Z

| N |

| [ |



Separation theorems in ZFC

fin-separable D-separable NWD-separable

[s00 =

separable d-separable nwd-separable



Separation theorems in ZFC

fin-separable D-separable NWD-separable

[s00 =

separable d-separable nwd-separable

e First countable examples in ZFC ?



Separation theorems in ZFC

fin-separable D-separable NWD-separable

[s00 =

separable d-separable nwd-separable

e First countable examples in ZFC ?

e Examplesin ZFC ?



Separation theorems in ZFC

fin-separable D-separable NWD-separable

separable d-separable nwd-separable



Separation theorems in ZFC

fin-separable D-separable NWD-separable

separable d-separable nwd-separable

o IfY =X x Q, where X is the Gs topology on D(2)“* , then Y is
NWD-separable, but not d-separable.
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There is a countable dense subspace of D(2)° which is not
NWD-separable.

e JSS: there is a countable, dense subspace X of D(2)¢ s. t.

e X can be partitioned into dense subspaces

D= {Dn ne w}
e X is D-forced, i.e. if D C X is somewhere dense, then

D > DpnU for some n € w and non-empty open set U.

e Then X is not NWD-separable.
e If E, C Dy is nowhere dense, then E = | J, ., En is not dense,
because it can not contain any D, N U.
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Positive theorems

wW(X) = w o-disj w-base cpt MN

Frechet

So-So-Sp.:

e Compact, MN nwd-separable spaces have o-disjoint 7-bases
e MN nwd-separable spaces are D-separable



Countable and compact examples

1-separable

fin-separable D-separable NWD-separable

separable d-separable nwd-separable

e Con(d compact, D-separable, no o-disjoint 7-base)?
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Weight of examples

There is a countable, not NWD-separable space X with
w(X) = 2%,

Smaller weight?

Bella, Bonanzinga and Matveev:
min{w(X) : X is countable, not 1-separable} =cov (M).

min{w(X) : X is countable, not fin-separable} =d.

Thm (SoSoSp) If cof (M) = w; then
min{w(X) : X is a countable non-D-separable space} =w,

Thm. If cof (M) = i = w; then there is a countable submaximal
space with weight w.



Thank you!



