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Motivation

Theorem (Kunen, Rowbottom, Solovay, etc). MAy, implies K>: Every ccc forcing
has property K.

Question (TodorceviC). Does Ko imply MAy, 7

Theorem (Todorcevic). PID 4+p > Ry implies no S-spaces.
Question (Todorcevi€). Under PID, does no S-spaces imply p > N1 7

Definition (Todorcevic). PFA(S) is an axiom that there exists a coherent Suslin
tree S such that the forcing axiom holds for every proper forcing which preserves
S to be Suslin.

Theorem (Farah).t = Xy holds in the extension with a Suslin tree.

Proof. Suppose that T is a Suslin tree, and take = : T — [w]NO such that

s<pt—m(s) D" n(t) and s Lyt — w(s) N«(t) finite.

Then for a generic branch G through T, the set {n(s) : s € G} is a C*-decreasing
sequence which doesn’t have its lower bound in [w]Xo. L]
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PFA(S) was introduced to combines many of the consequences of the two contra-
dictory set theoretic axioms, the weak diamond principle, and PFA.

Theorem (Consequences from the weak ). A Suslin tree forces the following.
(Farah) t = N;.
(Farah) It doesn’t hold that all X1-dense subsets of the reals are isomorphic.
(Larson—TodorceviC) Every ladder system has an ununiformized coloring.
(Larson—TodorceviC) There are no Q-sets.
(Moore—Hrusak—Dzamonja) ¢(R,R,#) holds.

Theorem (Consequences from PFA). Under PFA(S), S forces the following.
(Todorcevic) 280 = R, = h = add(N).
(Farah) The open graph dichotomy.
(Todorcevi€¢) The P-ideal dichotomy.

(TodorcCeviC) There are no compact S-spaces.



Today, we see the following.

Theorem. Under PFA(S), S forces the following.

1. Every forcing with rectangle refining property has precaliber X.

§2. There are no wy-Aronszajn trees.

83. All Aronszajn trees are club-isomorphic.

84. The weak club guessing and O fail.



§1. Every forcing with rec. ref. has precaliber Xy in the ext. with S under PFA(S).

Definition. FSCOq is the collection of forcing notions P such that
e conditions of P are finite sets of countable ordinals,
e P js uncountable, and

o <p is equal to the superset relation O, that is, for any o and 7 in P, o <p 7 Iiff

oT.

E.g., a specialization of an Aronszajn tree, freezing an (wi,w1)-9ap,
adding an uncountable homogeneous set of a partition.

Definition (Y.). A forcing notion P in FSCOqy has the rectangle refining property
(REC) if P is uncountable and

for any I and J € [PIN1, if IUJ forms a A-system, then
there are I' € [I]™ and J' € [JIN1 s.t. for everype I’ and g€ J', p Ipq.

Note that REC implies CCC.
FSCO, C FSCOQOq is defined (omitted here).



Lemma. For any ladder system and its colorig, there is a forcing with REC in FSCO»
which adds a function uniformizing the coloring.

Theorem (Larson—TodorcCevic). In the extension with a coherent Suslin tree, every
ladder system has a coloring which cannot be uniformized.

So, S forces that MAy, (REC in FSCO5) fails.

Lemma. Under MAy, (S), S forces that every forcing with REC in FSCO5 has pre-
caliber Ny.

Therefore,

Theorem. Under MAy,(S), S forces that every forcing with REC in FSCO5 has
precaliber R, and MAy, (REC in FSCO5) fails.

Compare with the following.

Theorem (TodorCevic—VeliCkoviC). Every ccc forcing has precaliber Xy iff MAy,
holds.



§2. There are no wo-Aronszajn trees in the extension with S under PFA(S).

T his proof is quite standard.

Claim. For a o-closed forcing P and an S-name T for an wo-tree, P adds no new
S-names for cofinal chains through T whenever ¢ > X1 holds.

Claim. For an S-name T for a tree of size Xy and of height wy which doesn’t
have uncountable (i.e. cofinal) chains through T, there exists a ccc forcing notion
which preserves S to be Suslin and forces T' to be special (i.e. to be a union of
countably many antichains through T).

The following is the motivation of this work.

Theorem (Todorcvic). PFA implies the failure of U ,, for any unctbl k.
Theorem (Magidor). It is consistent that PFA and Uk ., hold for any unctbl k.
Theorem (Magidor). It is consistent that PDFA and Uk, hold for any unctbl k.
Theorem (Raghavan). PID implies the failure of Uy, for any unctbl k, and
PID4b > X1 implies the failure of Uk, for any k with cf(k) > ws.

Question. Does PID +p > Ny imply the failure of Uy w, 7

We note that Uy, w,; holds iff there exists a special wyo-Aronszajn tree.



Claim. For an S-name T for a tree of size Xy and of height wi which doesn’t
have uncountable (i.e. cofinal) chains through T, there exists a ccc forcing notion
which preserves S to be Suslin and forces T to be special (i.e. to be a union of

countably many antichains through T).

Sketch. Assume that <7 is an S-name such that IFg “ T'= (w1, <7) " and for any
seSand o, Binwy, ifslkg” a frB" and a < B, then slFg " a<;48".
Take a club C on wq s.t. for every § € C, every node of S5 decides <N (d x 9).

[P consists of finite partial functions p: S — U <[w1]<N0)0 such that
o [w]<No

e for every s € dom(p) and n € dom(p(s)), p(s)(n) C sup(C'nNlv(s)) and
slFg ' p(s)(n) is an antichain in T,
e for every s and t in dom(p), if s <g t, then for every n € dom(p(s))Nndom(p(t)),

tlkg“ p(s)(n) Up(t)(n) is an antichain in T'",

p<pq:.<— p2q.



Note that P adds an S-name which witnesses that T to be special in the extension
with S.

It is proved that if Px .S has an uncountable antichain, then some node of S forces
that 7' has an uncountable chain. ]



§3. All Aronszajn trees are club-isomorphic in the extension with S under PFA(S).
Let 7' and U S-names for Aronszajn trees s.t. IFg“ T, U C w<¥1 & <p=<;=C ".

P consists of the functions p such that

e dom(p) is a finite e-chain of countable elementary submodels of H(X5) with
S, T and U,

e for each M € dom(p), p(M) = <t1]’w,f§\’4>, where t;; € S and

p p
fhriw™M — w*M ; non-empty finite partial injection for some of, < ht(¢},),

e for each M, M’ € dom(p) with M’ € M,

thy @M, th € M, oy, & M and o, € M,



e for each M € dom(p),

. p . p
— th decides the S-names T'Nw=“M and U Nw=%M,

— th kg dom(fh,) CT & ran(ff;) CU", and
— £ ke g P U fP is an order-preserving map whose domain is
M"S M/ M

M'edom(p)NM
with ¢ <gt},

a subtree of T in which every maximal chain is of height
|{M’ c dom(p) N M; ", <g t§w}| +17,

and for each p = <<t§4,f]1\94> M € dom(p)> and ¢ = <<tf,1w,f]‘{4> M € dom(q)> in P,

p<pgq:<= dom(p) D dom(q) & VM € dom(q) (t?w =t{, & fi; 2 f}@) .



For a P-generic Gp, define S-names ij and fGP such that, letting G g be a canonical
S-generic name over the extension by Gp,

ks Igy == {oh;ip€ Gp & M € dom(p) & th, € Gg} "
and

”_S Iy fG]P) e U an .
peGp
Medom(p)
with tf €Gg

Note that I'GP is an S-name for an uncountable subset of w; and
fcp is an S-name for an isomorphism {x € T;ht(x) € I'GP} — {y c U;ht(y) € I'GP}.

It is proved that P is proper and preserves S to be Suslin.



84. The weak club guessing and U fail in the extension with S under PFA(S).

Definition (Shelah). A ladder system (Cy; o € w1 N Lim) is called weak club guess-
ing if for every club D C wq, there exists o € wiNLiMm such that CoND is unbounded
in o.

Theorem (Shelah 7). PFA implies no weak club guessing ladder systems.

Proof. Let (Cy;a € w1 NLiM) be a ladder system.
P(Ca;ozEwlﬂLim> consists of pairs p = (pg,p1) such that

® po : w1 — wiq ; finite partial, strict increasing,

e p1 i wpNLiIM — wqp ; finite partial, regressive, and

e for each ¢ € dom(py), ran(pg) N Ce C p1(£),

p' <= po 2 pp and py 2 pi.

<
p _P<C’a;a€w1ﬂLim>

It suffices to show that P :newnLim) 1S Proper.



iff e po:wy; — wqp ; finite partial, strict increasing,
e p1 : wp NLIM — wq ; finite partial, regressive, and
e for each £ € dom(p1), ran(pg) N C¢ C p1(8),

=

P <

(Co;ax€wpNLim)
P

< - D D ol
p =P(cniacwinLim) p 1< po2po and p1 2 p;

Let A < 6 be large enough regular, N < <H(9),e, a Skolem function of H(A)>
countable with (Cqa;a € w1 NLiM), and p = (pg,p1) € PN N.

Show that ptT = <p0 U { (w1 N N,w1 N N) },p1> is (N, P)-generic.

Let D € N be dense C P, and ¢ <p pT with ¢ € D. Note that ¢g|N =¢p N N.
Take a countable M < H(\) in N with (Cy;a € wy NLiM), D and ¢N N. Then

{fr eD;r <pgn N and {<C§ N M,r1(§)> & e dom(rq) \ dom(g1 N N)}
D {(Cen M, q1()) ;€ € dom(g1) \ N with ¢1(¢) € N} }

is in M and not empty. Any member r of this set in N is compatible with q.

In fact, for any ' <p r in N, v’ and (rgUqg,r1 Uq1) are compatible. [J

(CajoewqNlim)



Theorem. Under PFA(S), S forces no weak club guessing ladder systems.

Proof. Let <Ca L€ w1> be an S-name for a ladder system.
Take a club F C wy s.t. V6 € E, any nodes of S5 decides the value of CV, Vv < 0.

P(Ca:a€w1> » consists of finite partial functions p with dom(p) C S such that for

any s € dom(p), p(s) = <pg,p§[> such that
° P} sup(ENlv(s)) — sup(E Niv(s)) ; finite partial, strictly increasing,

e p] I w1 — wq , finite partial, regressive,

(X} U t U t ' N
o slg < tedom (p) dom(pgp), tedom(p) dom(p1)> S P<Ca;a€wlﬂLim> ’
with t<gs with t<gs

< I !
p _P<C’a:a€w1>,E p — p 2 p

]P’<Ca:a€wl> 5 IS proper and preserves S.



In fact,

for any N < (H(0),€, a Skolem function of H(\)) with S, (Co:a €wr) and E,

p € P(Ca2a€w1>,EmN’ and q € P<Caioz6w1>,E with q S]P’< D,

C’aiC\dEWl%E

here exi I <p
there exists q <P ¢nacu),

q such that
E

/
for any r € ]P>< (Covecion ). q NN,

¢’ and r are compatible with P<Ca:a€w1> oy

C'aiozEw1>

Therefore every condition of IP< p NN is (N,IP< )-generic.

Ca:oze.ul) Ca:a€w1>

Compare with the following.

Theorem (Shelah, Moore). An w-proper forcing preserves weak club guessing
sequences on wi.

O case is similar to this.



Recall. A coherent Suslin tree S consists of functions in w<¥1 and closed under
finite modifications. That is,

e for any sand tin S, s <gt iff s Ct,

e S is closed under taking initial segments,

e for any s and ¢t in S, {a € min{lv(s),Iv(t)},; s(a) # t(a)} is finite, and

e for any s € S and ¢t € M), if {a € Iv(s);s(a) # t(a)} is finite, then ¢ € S.

For s and t € S with the same level, define

Yst {u€ S;s<gu} — {ue S;t <gu}
W W :
U — tU (ulllv(s),Iv(u)))
Note that v+ is an isomorphism, and if s, ¢, w are nodes in S with the same level,
then v ¢, Y4 and s, cCOmmute.



