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The beginning

@ Is every set definable?
@ Is every set definable in some generic extension?

@ Hamkin’s question: Is every set X definable in some cardinal
preserving extension of the ground model?

@ What about X C w?
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The beginning

@ Is every set definable?
@ Is every set definable in some generic extension?

@ Hamkin’s question: Is every set X definable in some cardinal
preserving extension of the ground model?

@ What about X C w?
@ Cardinal exponentiation can not help: it may collapse cardinals
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The beginning

Is every set definable?

Is every set definable in some generic extension?

Hamkin’s question: Is every set X definable in some cardinal
preserving extension of the ground model?

What about X C w?
Cardinal exponentiation can not help: it may collapse cardinals

Use the spectrum of some cardinal invariant to code!
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Coding by MADnNess

@ a=min{|A4]: A C [w]* is MAD}
@ spectrum(a)= {|A|: A C [w]” is MAD }
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Coding by MADnNess

@ Let X Cw.

@ a=min{|A4]: A C [w]* is MAD}
@ spectrum(a)= {|A|: A C [w]” is MAD }
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Coding by MADness

@ a=min{|A4]: A C [w]* is MAD}
@ spectrum(a)= {|A|: A C [w]” is MAD }
o LetX Cw.
If CH holds then there is a c.c.c poset P such that

VP = “n e X iff Ryy1 € spectrum(a)”.
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If CH holds then for each X C w there is a c.c.c poset P such that

VP E“n e X iff 8,41 € spectrum(a)”.
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Coding by MADnNess

If CH holds then for each X C w there is a c.c.c poset P such that }

VP E“n e X iff 8,41 € spectrum(a)”.

@ Question: Let X C w+ w. Isthere a c.c.c poset P such that
VP |=“n e X iff R, 1 € spectrum(a),
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Coding by MADness

If CH holds then for each X C w there is a c.c.c poset P such that }

VP E“n e X iff 8,41 € spectrum(a)”.

@ Question: Let X C w+ w. Isthere a c.c.c poset P such that
VP |=“n e X iff R, 1 € spectrum(a),

@ No problem with {N1,R,, ... }and {¥ 2, N,.3,...}
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Coding by MADness

If CH holds then for each X C w there is a c.c.c poset P such that J

VP E“n e X iff 8,41 € spectrum(a)”.

@ Question: Let X C w+ w. Isthere a c.c.c poset P such that
VP |=“n e X iff R, 1 € spectrum(a),

@ No problem with {N1,R,, ... }and {¥ 2, N,.3,...}

@ findac.c.cposet P s.t.
VP E{R,:1<n<w)Cspectrum(a) A R, 41 ¢ spectrum(a)
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Spectrum of a cardinal invariant

Characterize spectrum (r) for different cardinal invariants!
@ r cardinal invariant (e.g. a, b)
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Spectrum of a cardinal invariant

Characterize spectrum (r) for different cardinal invariants!

@ 1 cardinal invariant (e.g. a, b)
@ r=min{|X|: X € X} orr =sup{|X|: X € X,}
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Spectrum of a cardinal invariant

Characterize spectrum (r) for different cardinal invariants!

@ 1 cardinal invariant (e.g. a, b)
@ r=min{|X|: X € X} orr =sup{|X|: X € X,}
@ spectrum (r)= {|X] : X € X%;}
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Cofinality spectrum of groups

@ S(w) the group of all permutations of the natural numbers
@ Define the cofinality spectrum  of S(w) as follows:
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@ S(w) the group of all permutations of the natural numbers
@ Define the cofinality spectrum  of S(w) as follows:
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proper subgroups.
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@ S(w) the group of all permutations of the natural numbers
@ Define the cofinality spectrum  of S(w) as follows:

® )\ € CF(S(w)) iff S(w) is the union of an increasing chain of A
proper subgroups.

@ Shelah and Thomas: (1) if {sn : n < w} € [CF(S(w))]* increasing
then pcf ({xn : N <w}) C CK(S(w))
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Cofinality spectrum of groups

@ S(w) the group of all permutations of the natural numbers
@ Define the cofinality spectrum  of S(w) as follows:

® )\ € CF(S(w)) iff S(w) is the union of an increasing chain of A
proper subgroups.

@ Shelah and Thomas: (1) if {sn : n < w} € [CF(S(w))]* increasing
then pcf ({xn : N <w}) C CK(S(w))
(2) IF GCH holds and K C Reg s.t (i), (i) and (iii) hold,
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Cofinality spectrum of groups

@ S(w) the group of all permutations of the natural numbers
@ Define the cofinality spectrum  of S(w) as follows:

® )\ € CF(S(w)) iff S(w) is the union of an increasing chain of A
proper subgroups.

@ Shelah and Thomas: (1) if {sn : n < w} € [CF(S(w))]* increasing
then pcf ({xn : N <w}) C CK(S(w))
(2) IF GCH holds and K C Reg s.t (i), (i) and (iii) hold,
THEN CF(S(w)) = K in some c.c.c generic extension

@ Problem : Full characterization of CF (S(w))
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The spectrum of b

Shelah-Thomas: CF(S(w)) is pcf-closed. J

@ What about the spectrum of b?
@ What is the spectrum of b?
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The spectrum of b

Shelah-Thomas: CF(S(w)) is pcf-closed. )

@ What about the spectrum of b?
@ What is the spectrum of b?
@ b is the minimal size of an unbounded chain in (w*, <*)
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The spectrum of b

Shelah-Thomas: CF(S(w)) is pcf-closed. )

@ What about the spectrum of b?
@ What is the spectrum of b?
@ b is the minimal size of an unbounded chain in (w*, <*)
@ chain — spectrum(b)=
{k € MReg : 3 unbounded x-chain in (w*¥, <*)}
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The spectrum of b

chain — spectrum(b)=

{k € Reg : 3 unbounded x-chain in (w*, <*)}
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The spectrum of b
chain — spectrum(b)=
{k € PReg : 3 unbounded x-chain in (w*,<*)}

Theorem (Farah)

Assume GCH. Given any set K of uncountable regular cardinals there
is a c.c.c poset Hk s. t.

VM« = chain — spectrum(b) = K U {®; }.
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chain — spectrum(b) can be “arbitrary”

® 3= {B C w* : Bis <*-bounded in (w*, <*)}
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Additivity spectrum of ideals

chain — spectrum(b) can be “arbitrary”

® 3= {B C w* : Bis <*-bounded in (w*, <*)}
@ d(b)={xew’:x <*b}
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Additivity spectrum of ideals
chain — spectrum(b) can be “arbitrary” J

® 3= {B C w* : Bis <*-bounded in (w*, <*)}
@ d(b)={xew’:x <*b}
@ ¢ embeds (w¥, <*) into (B, C)
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Additivity spectrum of ideals
chain — spectrum(b) can be “arbitrary” )

® 3= {B C w* : Bis <*-bounded in (w*, <*)}

@ d(b)={xew’:x <*b}

@ ® embeds (w¥, <*) into (B, C)

@ 3 the o-ideal generated by the compact subsets of the irrationals.
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Additivity spectrum of ideals
chain — spectrum(b) can be “arbitrary” )

® 3= {B C w* : Bis <*-bounded in (w*, <*)}

@ d(b)={xew’:x <*b}

@ ® embeds (w¥, <*) into (B, C)

@ 3 the o-ideal generated by the compact subsets of the irrationals.
@ b =add(B)
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Additivity spectrum of ideals
chain — spectrum(b) can be “arbitrary” )

B={B C w* : Bis <*-bounded in (w*, <*)}

d(b) ={x € w : x <* b}

® embeds (w*, <*) into (B, C)

B the o-ideal generated by the compact subsets of the irrationals.
b = add(B)

°
°
°
°
°
@ If Z is an ideal, let ADD(Z) be the additivity spectrum of  Z:
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Additivity spectrum of ideals
chain — spectrum(b) can be “arbitrary” J

B={B C w* : Bis <*-bounded in (w*,<*)}

d(b) ={x € w : x <* b}

® embeds (w*, <*) into (B, C)

B the o-ideal generated by the compact subsets of the irrationals.
b = add(B)

If Z is an ideal, let ADD(Z) be the additivity spectrum of  7:

r € ADD(Z) iff

there is an increasing chain {C,, : « < k} C Z with U,<,C, ¢ 7.
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Additivity spectrum of ideals
chain — spectrum(b) can be “arbitrary” J

B={B C w* : Bis <*-bounded in (w*,<*)}

d(b) ={x € w : x <* b}

® embeds (w*, <*) into (B, C)

B the o-ideal generated by the compact subsets of the irrationals.
b = add(B)

If Z is an ideal, let ADD(Z) be the additivity spectrum of  7:

r € ADD(Z) iff

there is an increasing chain {C,, : « < k} C Z with U,<,C, ¢ 7.
@ ADD(B) D chain — spectrum(b).
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Additivity spectrum of ideals

ADD(Z) = {k € Reg: IH{Cyh : a <k} /T with Up<,Cq ¢ Z.
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Additivity spectrum of ideals

@ ForC e 7T, let

ADD(Z) = {k € Reg: IH{Cyh : a <k} /T with Up<,Cq ¢ Z.
ADD(Z,C)={k € Reg :

Jincreasing {C,:a <k} CIst UucxCh=C}
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Additivity spectrum of ideals
ADD(Z) = {k € Reg: IH{Cyh : a <k} /T with Up<,Cq ¢ Z. J

@ ForCcZt,let
ADD(Z,C)={k € Reg :
Jincreasing {C,:a <k} CIst UucxCh=C}
@ ADD(Z) = U{ADD(Z,C): C € T*}.
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Additivity spectrum of ideals
ADD(Z) = {k € Reg: IH{Cyh : a <k} /T with Up<,Cq ¢ Z. )

@ ForCcZt,let
ADD(Z,C)={k € Reg :
Jincreasing {C,:a <k} CIst UucxCh=C}
@ ADD(Z) = U{ADD(Z,C): C € T*}.

Theorem

Assume that Z  P(l) is a o-complete ideal, C € Z*, and
A C ADD(Z,C) is countable. Then pcf(A) ¢ ADD(Z, C).

Soukup, L (HAS) Pcf theory and cardinal invariants of the reals: WS 2011 10/21



pcf(A) C ADD(Z, C) for a countable A € ADD(Z,C)

o = = = T 9Dac
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pcf(A) C ADD(Z, C) for a countable A € ADD(Z,C)

@ Forac Alet {C3:a <a} CZ,increasing, [ J{C2:a <a}=C.
@ Let x € pcf(A). Fix an ultrafilter ¢/ on A such that cf([[A/U) =k
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pcf(A) C ADD(Z, C) for a countable A € ADD(Z,C)

@ Forac Alet{C2:a < a} CZ, increasing, | J{C2: a <a}=C.
@ Let k € pcf(A). Fix an ultrafilter ¢/ on A such that cf([[A/U) = &
@ Let{g,: a < k} C []A be <y-increasing, <;-cofinal sequence.
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pcf(A) C ADD(Z, C) for a countable A € ADD(Z,C)

@ Forac Alet{C2:a < a} CZ, increasing, | J{C2: a <a}=C.
@ Let k € pcf(A). Fix an ultrafilter ¢/ on A such that cf([[A/U) = &
@ Let{g,: a < k} C []A be <y-increasing, <;-cofinal sequence.

@ ForgeJ[AletU(g)={xel:{facA:x € Coay) cu}.
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pcf(A) C ADD(Z, C) for a countable A € ADD(Z,C)

Forac Alet {C2:a <a} CZ,increasing, [ J{C2:a <a}=C.
Let x € pcf(A). Fix an ultrafilter ¢/ on A such that cf([[A/U) = &
Let {g. : @ < k} C [] A be <y-increasing, <j/-cofinal sequence.
Forg e [[AletU(g)={xel:{facA:x € Coay) cu}.

(U(ga) : @ < k) witnesses that k € ADD(Z, C)
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pcf(A) C ADD(Z, C) for a countable A € ADD(Z,C)

@ Forac Alet{C2:a < a} CZ, increasing, | J{C2: a <a}=C.
@ Let k € pcf(A). Fix an ultrafilter ¢/ on A such that cf([[A/U) = &
@ Let{g,: a < k} C []A be <y-increasing, <;-cofinal sequence.
@ ForgeJ[AletU(g)={xel:{facA:x € Coay) cu}.

@ (U(g,) : @ < k) witnesses that k € ADD(Z,C)

pcf(A) C ADD(Z) for a (countable) A C ADD(Z)?
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The ideals B, M and N restrictions

Assume that Z C P(l) is a o-complete ideal, C € Z*, and A ¢ ADD(Z,C) is
countable. Then pcf(A) c ADD(Z,C).
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The ideals B, M and N restrictions

Assume that Z C P(l) is a o-complete ideal, C € Z*, and A ¢ ADD(Z,C) is

countable. Then pcf(A) c ADD(Z,C). J
Theorem
If A c ADD(N) is countable, then pcf(A) c ADD(N). J
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The ideals B, M and N restrictions

Assume that Z C P(l) is a o-complete ideal, C € Z*, and A ¢ ADD(Z,C) is

countable. Then pcf(A) c ADD(Z,C). J
Theorem
If A c ADD(N) is countable, then pcf(A) c ADD(N). J

@ If A c [ADD(N)]“ then
there is C € 't such that A ¢ ADD(V, C).
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The ideals B, M and N restrictions

Assume that Z C P(l) is a o-complete ideal, C € Z*, and A ¢ ADD(Z,C) is

countable. Then pcf(A) c ADD(Z,C). J
Theorem
If A c ADD(N) is countable, then pcf(A) c ADD(N). J

@ If A c [ADD(N)]“ then
there is C € 't such that A ¢ ADD(V, C).
What about M?
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The ideals B, M and N\ restrictions

Assume that Z C P(l) is a o-complete ideal, C € Z*, and A ¢ ADD(Z,C) is
countable. Then pcf(A) c ADD(Z,C).

v

Theorem
If A C ADD(N) is countable, then pcf(A) C ADD(N).

Theorem (Thummel)

If A € [ADD(M)]”, then
there is C € M™ such that A € ADD(M,C) .
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The ideals B, M and N\ restrictions

Assume that Z C P(l) is a o-complete ideal, C € Z*, and A ¢ ADD(Z,C) is
countable. Then pcf(A) c ADD(Z,C).

v

Theorem
If A C ADD(N) is countable, then pcf(A) C ADD(N).

Theorem (Thummel)

If A € [ADD(M)]*, then
there is C € M™ such that A € ADD(M,C) .

Corollary
If A C ADD(,M) is countable, then pcf(A) C ADD(M).
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The ideals B, M and N restrictions
IfZ=MorZ=N,andA c ADD(Z) is countable, then pcf(A) Cc ADD(Z)

J
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The ideals B, M and N restrictions

IfZ=MorZ=N,andA c ADD(Z) is countable, then pcf(A) c ADD(Z)

)

B is the o-ideal generated by the compact subsets of the irrationals.
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The ideals B, M and N restrictions

IfZ=MorZ=N,andA c ADD(Z) is countable, then pcf(A) c ADD(Z) )

B is the o-ideal generated by the compact subsets of the irrationals.

Theorem
If A C ADD(B) is progressive and |A| < b, then pcf(A) C ADD(B). J
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The ideals B, M and N construction

Theorem

Assume that Z is one of the ideals B, M and V. If A = pcf(A) is a
non-empty set of uncountable regular cardinals, |A| < min(A)*" for
some n € w, then A = ADD(Z) in some c.c.c generic extension VF.
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The ideals B, M and N construction

Theorem

Assume that Z is one of the ideals B, M and V. If A = pcf(A) is a
non-empty set of uncountable regular cardinals, |A| < min(A)*" for
some n € w, then A = ADD(Z) in some c.c.c generic extension VF.

The ideals B, M and N have the Hechler property
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The ideals B, M and N construction

Theorem

Assume that Z is one of the ideals B, M and V. If A = pcf(A) is a
non-empty set of uncountable regular cardinals, |A| < min(A)*" for
some n € w, then A = ADD(Z) in some c.c.c generic extension VF.

The ideals B, M and N have the Hechler property

7 has the Hechler property iff given any o-directed poset Q there is a
c.c.c poset P such that
VP = Q is order-isomorphic to a cofinal subset of (Z, ).
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Hechler property

7 has the Hechler property iff given any o-directed poset Q there is a c.c.c
poset P such that
VP k= a cofinal subset {Iq : q € Q} of (Z, C) is isomorphic to Q.
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Hechler property

7 has the Hechler property iff given any o-directed poset Q there is a c.c.c
poset P such that
VP k= a cofinal subset {Iq : q € Q} of (Z, C) is isomorphic to Q.

@ Hechler: B has the Hechler property,
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Hechler property

poset P such that

7 has the Hechler property iff given any o-directed poset Q there is a c.c.c
VP k= a cofinal subset {Iq : q € Q} of (Z, C) is isomorphic to Q. J

@ Hechler: B has the Hechler property,
» Hechler: (w¥, <*) has the Hechler property,
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Hechler property

poset P such that

7 has the Hechler property iff given any o-directed poset Q there is a c.c.c
VP k= a cofinal subset {Iq : q € Q} of (Z, C) is isomorphic to Q. J

@ Hechler: B has the Hechler property,
» Hechler: (w¥, <*) has the Hechler property,

@ Bartoszynski and Kada: M has the Hechler property,
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Hechler property

poset P such that

7 has the Hechler property iff given any o-directed poset Q there is a c.c.c
VP k= a cofinal subset {Iq : q € Q} of (Z, C) is isomorphic to Q. J

@ Hechler: B has the Hechler property,
» Hechler: (w¥, <*) has the Hechler property,

@ Bartoszynski and Kada: M has the Hechler property,
@ Burke and Kada: A has the Hechler property.
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@ A = pcf(A), |A| < min(A)™"

o Q= (JIA ).
@ 7 has the Hechler property: f : (Q, <) — (Z,C)
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How to obtain a model of A = ADD(Z)?

@ A = pcf(A), |A| < min(A)™"

° Q=([[A.<).

@ T has the Hechler property: f : (Q, <) — (Z,C)
® A C ADD(Z) is easy

@ Need:\ ¢ Athen A\ ¢ ADD(Z)

@ Key observation:
If B = pcf(B) is a progressive set of regular cardinals , A ¢ B,
then for each {f; : i < A} C [[B thereis g € [[ B such that
{i:f <g} =\
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The ideals B, M and N/

Theorem

Assume that Z = BorZ = M or Z = N. Given a nonempty, countable
subset A of uncountable regular cardinals, T.FA.E
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The ideals B, M and N/

Theorem

Assume that Z = BorZ = M or Z = N. Given a nonempty, countable
subset A of uncountable regular cardinals, T.FA.E

@ A =pcf(A)
v
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The ideals B, M and N/

Theorem

Assume that Z = BorZ = M or Z = N. Given a nonempty, countable
subset A of uncountable regular cardinals, T.FA.E

@ A =pcf(A)
@ A = ADD(Z) in some c.c.c generic extension.
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Farah: GCH —> chain — spectrum(b) is arbitrary (mod ;)
K = ADD(B) iff K = pcf(K)
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Questions

Farah: GCH —> chain — spectrum(b) is arbitrary (mod ;)
K = ADD(B) iff K = pcf(K)

@ Can we prove (some form of) a strong Hechler theorem ?
If Q is a o-directed poset then there is a c.c.c poset P s. t.
VP = a cofinal subset of (w*, <*) is order isomorphic to Q
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Farah: GCH —> chain — spectrum(b) is arbitrary (mod ;)
K = ADD(B) iff K = pcf(K)

@ Can we prove (some form of) a strong Hechler theorem ?
If Q is a o-directed poset then there is a c.c.c poset P s. t.
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Questions

Farah: GCH —> chain — spectrum(b) is arbitrary (mod ;)
K = ADD(B) iff K = pcf(K) J

@ Can we prove (some form of) a strong Hechler theorem ?
If Q is a o-directed poset then there is a c.c.c poset P s. t.
VP = a cofinal subset of (w*, <*) is order isomorphic to Q

AND chain-spectrum (b) = chain-spectrum (Q)

@ Conjecture : If K is a non-empty set of uncountable regular
cardinals, then in some c.c.c extension we have
chain — spectrum(b) = K and add (B) = pcf(K).
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Questions

@ spectrum(a)= {|A4| : A C [w]* is MAD }
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Questions

@ spectrum(a)= {|A4| : A C [w]* is MAD }
@ Characterize spectrum(a)!

?
@ {N,:1<n<w}Cspectrum(a) = X, 1 € spectrum(a).
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@ Soukup, L: Pcf theory and cardinal invariants of the reals ,
arXiv:1006.1808v1, to appear in CMUC.
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