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Quasi-normal convergence of sequence (f, : n € w)

Pointwise convergence

Quasi-normal convergence

Uniform convergence
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QN-property

X has the property QN if each sequence of continuous functions
converging to zero is converging to zero quasi-normally.
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QN-property

X has the property QN if each sequence of continuous functions
converging to zero is converging to zero quasi-normally.

@ b-Sierpinski set is a QN-set
@ perfectly normal QN-space is a o-space

wQN-property

X has the property wQN if each sequence of continuous functions
converging to zero has a subsequence converging to zero
quasi-normally.

@ QN=wQN (Laver model), QN#wQN (any model of ZFC + t = b)

@ y-space is a wQN-space

@ wQN-set is perfectly meager, perfectly normal wQN-space X has
Ind(X) = 0 and possesses the Hurewicz property H**

(UPJS Kosice) Selection principles 31% of January 2011 4/26



Selection principles

Cp(X) possesses the sequence selection property, shortly SSP, if
for any functions £, fy, fo,m : X — R, n,m € w, such that

a) f, — fon X,
b) fom — fnon X forevery nc w,
c) every f, fy, frm is continuous,
there exists 8 € “w such that f, 5, — fon X.
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Theorem (M. Scheepers, D. H. Fremlin)

Let X be a topological space. Then the following are equivalent:
@ X is awQN-space;
@ Cp(X) possesses SSP.
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Theorem (M. Scheepers, D. H. Fremlin)

Let X be a topological space. Then the following are equivalent:
@ X is awQN-space;
@ Cp(X) possesses SSP.

X is Fréchet (or Fréchet—Urysohn) if for any A C X and x € Athere is
Xn € A, n € wsuch that x, — x.

If Cp(X) is Fréchet, then Cp(X) possesses SSP. ]
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Selection principles

X satisfies the pointwise—pointwise sequence selection principle,
shortly PSP, if for any functions f, f,, f, m : X — R, n,m € w, such that
a) fp, — fon X,

b) fo.m — foon X forevery ne w,
c) every fp m is continuous,

there exists an increasing 3 € “w such that f, g,y — f on X.

PSP QSP DSP
PSQ QSQ DSQ

PSD QSD DSD
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Selection principles

X satisfies the quasi-normal—pointwise sequence selection
principle, shortly QSP, if for any functions f, 5, fo. m : X — R,
n,m € w, such that

a) f, L fon X,

b) fom X, £, on X for every n € w,
c) every fnm is continuous,

there exists an increasing 3 € “w such that f, ;) — f on X.

PSP QSP DSP
PSQ QSQ DSQ

PSD QSD DSD
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Selection principles

X satisfies the pointwise—quasi-normal sequence selection
principle, shortly PSQ, if for any functions f, f,, fo. m : X — R,
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a) f, — fon X,
b) fo.m — fpon X forevery ne w,
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Trivial relations

PSD —— QSD —— DSD

| | |

PSQ —— QSQ —— DSQ

| | |

PSP —  QSP —— DSP
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Trivial relations

DSD

|

PSQ —— QSQ —— DSQ

| | |

PSP — QSP — — DSP

PSD - a sequence of functions converging to zero would have to
converge discretely

QSD - a sequence of functions converging to zero quasi-normally
would have to converge discretely
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A perfectly normal topological space X

DSD

|

PSQ —— Q@SQ —— DSQ

| | |

PSP —— QSP — DSP

The following are equivalent:
@ X satisfies PSQ;
Q X satisfies QSQ;
© X satisfies DSD;
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A perfectly normal topological space X

DSD

|

PSQ —— Q@SQ —— DSQ

| | |

PSP —— QSP — DSP

The following are equivalent:
@ X satisfies PSQ;
Q X satisfies QSQ;
© X satisfies DSD;
© X is a QN-space.
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Covering properties

e coverl/-UU=Xand X ¢ U

S1(A, B)-property

For each sequence (U, : n € w) of covers from A, there exist sets
Un € Up such that {U,; ne w} € B.
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Covering properties

e coverl/-UU=Xand X ¢ U

S1(A, B)-property

For each sequence (U, : n € w) of covers from A, there exist sets
Un € Up such that {U,; ne w} € B.

Usn (A, B)-property

For each sequence (U, : n € w) of covers from .4 which do not contain
a finite subcover, there exist finite subsets F, C U/, such that
{UFn; new} eB.

@ ~ -cover U - every x € X lies in all but finitely many members of U/
o family of all countable open ~ -covers: I’
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A perfectly normal topological space X

o-space - every F, subset of X is a G5 subset - Ag

QN = PS@ DSD\ /
\

\ /

PSP — QSP o-space

Sy(r,r) — wQN
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A perfectly normal topological space X

o-space - every F, subset of X is a G5 subset - Ag

/\/

QN =PSQ = QSQ =DSD

\ / 0\

PSP — QSP o-space

Sy(r,r) — wQN

© Laver model: QN =wQN
©Q ZFC +t=0b: thereisan S¢(I,I)-set which is not o-space
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Alternative proof

Any QN-space satisfies the QSQ-principle. \
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Alternative proof

Any QN-space satisfies the QSQ-principle.

Theorem (l. Reclaw)

A perfectly normal QN-space is a o-space.

A\
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Alternative proof

Theorem

Any QN-space satisfies the QSQ-principle.

Theorem (I. Reclaw)

A perfectly normal QN-space is a o-space.

Theorem (B. Tsaban — L. Zdomskyy)
Let X be a perfectly normal topological space. TFAE:
@ X isaQN-space;
© any Borel image of X into “w is eventually bounded.
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Approximation

If a normal topological space X satisfies QSQ, then Ind(X) = 0.
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Approximation

If a normal topological space X satisfies QSQ, then Ind(X) = 0.

Assume that X is a topological space with Ind(X) = 0:
@ any AJ-measurable function f : X — [0, 1] is a quasi-normal limit
of a sequence of simple AJ-measurable functions

@ any simple A3-measurable function g : X — [0, 1] is a discrete
limit of a sequence of simple continuous functions

If X is a perfectly normal topological space satisfying QSQ, then any
Borel measurable function f : X — [0, 1] is a quasi-normal limit of
a sequence of continuous functions.
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Archangel’skii’s properties («a;)

Fori=1,2,8,4, atopological space Y is («j)-space if for any
(Sp : n € w) of sequences converging to some point y € Y, there
exists a sequence S converging to y such that:

(1) Sp\ Sis infinite for all n € w;

(ap) SpN Sis infinite for all n € w;

(a3) Sp N Sis infinite for infinitely many n € w;
(cg) SpN S # ) for infinitely many n € w.
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Archangel’skii’s properties («a;)

Fori=1,2,8,4, atopological space Y is («j)-space if for any
(Sp : n € w) of sequences converging to some point y € Y, there
exists a sequence S converging to y such that:

(1) Sp\ Sis infinite for all n € w;

(ap) SpN Sis infinite for all n € w;

(a3) Sp N Sis infinite for infinitely many n € w;
(cg) SpN S # ) for infinitely many n € w.

TFAE:

@ X is a wQN-space;

Q@ Cp(X) possesses (a);
© Cp(X) possesses (a3);
Q Cp(X) possesses (aa).
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A perfectly normal topological space X

The following conditions are equivalent:
@ X is a QN-space.
Q@ Cp(X) possesses (a1);
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A perfectly normal topological space X

The following conditions are equivalent:
@ X is a QN-space.
Q@ Cp(X) possesses (a1);
© Bp(X) possesses (a1);
Q B,(X) possesses (az);
@ Bp(X) possesses (a3);
Q Bp(X) possesses (as);
@ B,(X) possesses SSP;
Q Xis a QNB-space;
©Q X possesses wQNB.
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A perfectly normal topological space X

@ family of all countable Borel covers / v -covers: B/ Br
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A perfectly normal topological space X

@ family of all countable Borel covers / v -covers: B/ Br
@ family of all countable closed covers / v -covers: F/ Fr

The following conditions are equivalent:
@ X is a QN-space;
© Closed(X) is weakly distributive / X possesses Ug,(F, Fr);
© Borel(X) is weakly distributive / X possesses Us, (B, Br);
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A perfectly normal topological space X

@ family of all countable Borel covers / v -covers: B/ Br
@ family of all countable closed covers / v -covers: F/ Fr

The following conditions are equivalent:
@ X is a QN-space;
© Closed(X) is weakly distributive / X possesses Ug,(F, Fr);
© Borel(X) is weakly distributive / X possesses Us, (B, Br);
© X possesses the property S¢(Fr, Fr);
©@ X possesses the property S¢(Br, Br);
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A perfectly normal topological space X

@ family of all countable Borel covers / v -covers: B/ Br
@ family of all countable closed covers / v -covers: F/ Fr

The following conditions are equivalent:
@ X is a QN-space;
© Closed(X) is weakly distributive / X possesses Ug,(F, Fr);
© Borel(X) is weakly distributive / X possesses Us, (B, Br);
© X possesses the property S¢(Fr, Fr);
©@ X possesses the property S¢(Br, Br);
Q X possesses the property (31)/Ko¢inac’s a4 (I, T);
@ X possesses the property (32);
© X possesses the property (33).
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Thanks for your attention! )
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