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Algebraic sums of trees and null sets

L Motivation & setup

L Definitions and notation

We will work in the Cantor space 2¥ and the Baire space Z%, both
equipped with coordinate-wise addition +.

For A, B C 2“(or Z*) the algebraic sum of A and B is the set

A+B={a+b:acAAbecB}.



Algebraic sums of trees and null sets

L Motivation & setup

L Definitions and notation

Let T C B<¥, B € {2,Z} be a tree. We will use the following
notions related to trees:

msucct(o)={beB: o be T}
msplit(T) ={o € T: |succt(o)| > 2};
m w-split(T) ={o € T: |succr(0)| = w}.



Algebraic sums of trees and null sets
L Motivation & setup

L Definitions and notation

Atree T C B<¥, Be {2,7},is called

m a Sacks or perfect tree, if
(Vo e T)3r € T)(o CTATesplit(T));

m a uniformly perfect tree, if it is perfect and
(Vnew)(B"NT Csplit(T) v B"NT =10);

m a (w—)Silver tree, if there are A C [w]¥ and x € 2* (Z¥) such
that
T ={oc€2~¥(Z=¥): (Vn € dom(c) Nw\A)(a(n) = x(n))};

m a splitting tree, if (Vo € T)(3N € w)(Vn > N)(Vi € 2)(37 €
T)(oc CTAT(n)=1i);

m a Miller tree, if (Vo € T)(IT € T)(c C 7 A 7 € w-split(T)).



Algebraic sums of trees and null sets

L Motivation & setup

L Tree ideals

For a tree T C B<% the set
[T]={x€2¥: (Vn)(x [ ne T)}.

denotes all infinite branches of T.

Definition
Let T be a family of some kind of trees. A tree ideal ty associated
with T is defined as follows

Acty < (VT eT)@T' C T, T eT)([T|NnA=0).

Examples: Marczewski (o—)ideal sy associated with Sacks trees, ug
with uniformly perfect trees, vy with Silver trees.



Algebraic sums of trees and null sets

L Motivation & setup

LAlgel;)raic sums lemmas and Z—Luzin sets

Let Z be a o—ideal.

Definition
We call A an Z—Luzin set, if |[A| > |[AN /| for each | € .

For the o—ideal M of meager sets M—Luzin sets are known as
generalized Luzin sets and for the o—ideal A of null sets A/'—Luzin
sets are known as generalized Sierpinski sets.

Theorem (M., Zeberski 2015)

Let ¢ be a regular cardinal. Then for every generalized Luzin set
L C R and every generalized Sierpifiski set S C R it is the case that
L+ S € s.
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L Motivation & setup

LAlgel;)raic sums lemmas and Z—Luzin sets

The essential part of the proof were lemmas of the following form.

Lemma

Let T € {M,N}. For A€ T and a perfect set P there exists a
perfect set P’ C P such that

A+ P eT.



Algebraic sums of trees and null sets

L Motivation & setup

L What we aim for?

Let T be a family of some kind of trees and let Z be a o—ideal.

Foreveryset Ac Zand atree T € T thereexists T'"C T, T' €T
such that

A+[TN+[TN+---+[TNeT

n—times

for each n € w.

During this talk we focus on the measure case and its
neighborhood.



Algebraic sums of trees and null sets
L_Null sets in the Cantor space
L Small sets

Definition

We call A C 2% a small set if there is a partition {/, : n € w} of w
into intervals and a collection (J, : n € w) such that J, C 2/ for

n € w with ) LJs|

n€w [l < o0 and

AC{xe2¥:(I%new)(x I, )}
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L_Null sets in the Cantor space

L Small sets

Definition
We call A C 2% a small set if there is a partition {/, : n € w} of w

into intervals and a collection (J, : n € w) such that J, C 2/ for
n € w with ) LJs|

n€w [l

< oo and

AC{xe2¥:(I%new)(x I, )}

Theorem (Bartoszyriski, 1988)

Every null subset of 2“ Is a union of two small sets.
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L_Null sets in the Cantor space

L_Small sets and Silver trees

For every small set F C 2% and every Silver tree T there is a Silver
tree T' C T such that for every n € w

FA[T+[T+ ... +[T] is small

n—times




Algebraic sums of trees and null sets

L_Null sets in the Cantor space

L_Small sets and Silver trees

For every small set F C 2% and every Silver tree T there is a Silver
tree T' C T such that for every n € w

FA[T+[T+ ... +[T] is small

n—times

m Let F be small with an associated partition {/,: n € w} and a
collection of legal sequences {J, : n € w}.




Algebraic sums of trees and null sets

L_Null sets in the Cantor space

L_Small sets and Silver trees

For every small set F C 2% and every Silver tree T there is a Silver
tree T' C T such that for every n € w

FA[T+[T+ ... +[T] is small

n—times

m Let F be small with an associated partition {/,: n € w} and a
collection of legal sequences {J, : n € w}.

m Let T be a Silver tree with associated A € [w]* and a pattern
xT € 2%,
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L_Null sets in the Cantor space

L_Small sets and Silver trees

For every small set F C 2% and every Silver tree T there is a Silver
tree T' C T such that for every n € w

FA[T+[T+ ... +[T] is small

n—times

m Let F be small with an associated partition {/,: n € w} and a
collection of legal sequences {J, : n € w}.

m Let T be a Silver tree with associated A € [w]* and a pattern
xT € 2%,

m Set A’ C Ainfinite such that |A' N /,| <1 for any n € w.
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L_Null sets in the Cantor space

L_Small sets and Silver trees

m Set new sequences of legal patterns J, = (J, + x7 | ) U J,
and JJ = J/ +(00...010...)) (1 on position i € AN I,).
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L_Null sets in the Cantor space

L_Small sets and Silver trees

m Set new sequences of legal patterns J, = (J, + x7 | ) U J,
and JJ = J/ +(00...010...)) (1 on position i € AN I,).

m Then |J)| < 4|Jp|, hence the set
{xe2¥: @®new)(x| e}

is small. 0



Algebraic sums of trees and null sets

L_Null sets in the Cantor space

L_Small sets and Silver trees

For every null sets F C 2¥ and every Silver tree T C 2<% there
exists a Silver tree T' C T such that

F+[TN+[T+..+[T]eN.

n—times
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L_Null sets in the Cantor space

L Small sets and (uniformly) perfect trees

Lemma

Let ) .., an=s < oo, where a, > 0 for all n € w. Then there is a
nondecreasing sequence of natural numbers (kp)new Such that for

each b c w \
Z(Qb)k"a,, < 2P,

new

Theorem

For every small set A € 2¥ and every (uniformly) perfect tree T
there exists (uniformly) perfect tree T' C T such that

A+ [TN+[T+...+[T] is small.

n—times
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L_Null sets in the Cantor space

L Small sets and (uniformly) perfect trees

Corollary

For every null set A € 2% and every (uniformly) perfect tree T
there exists (uniformly) perfect tree T' C T such that

A+[TN+[TN+..+[TeN.

n—times




Algebraic sums of trees and null sets
L_Null sets in the Cantor space
mall sets and splitting trees
L Small sets and splitting t

For every small (null) set F C 2 there is a splitting tree T such
that for every n € w the set

F+[T]+[T]+...+[T]

n—times

is small (belongs to ).
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L_Null sets in the Cantor space
mall sets and splitting trees
L Small sets and splitting t

For every small (null) set F C 2 there is a splitting tree T such
that for every n € w the set

F+[T]+[T]+...+[T]

n—times

is small (belongs to ).

Question

Let F be a null subset of 2*. Is it true that for every splitting tree
T there exists a splitting tree T' C T such that

F+[TN+[T]+...+[TeN?

n—times




Algebraic sums of trees and null sets
L.M N N in the Cantor space
LM AN and (uniformly) perfect and Silver trees

Theorem

Let F e M NN and let T be a perfect (resp. uniformly perfect or

Silver) tree. Then there is a perfect (resp. uniformly perfect or

Silver) tree T' C T such that
F+[TN+[T]+...+[TeMnN.

n—times




Algebraic sums of trees and null sets
L& in the Cantor space

Leg

& and (uniformly) perfect, Silver, and splitting trees

Lemma (Bartoszynski and Shelah, 1992)

For every set E € £ there is a partition {l, : n € w} of w to
intervals and sets of finite sequences J, C 2", n € w, such that

1 | Jn] 1
Y new ST < 0, for each n € w s < o, and

EC{xe2?: (v°n)(x [ I, € )}
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L& in the Cantor space

Le

& and (uniformly) perfect, Silver, and splitting trees

Lemma (Bartoszynski and Shelah, 1992)

For every set E € £ there is a partition {l, : n € w} of w to
interva/s and sets of finite sequences Jp C 2l new, such that

[In] 1
Znew ST < 0, for each n € w 5 < 55, and

EC{xe2?: (v°n)(x [ I, € )}

Lemma

For every set E € £ there is a partition {l, : n € w} of w to
interva/s and sets of finite sequences J, C 2", n € w, such that

2“"‘ < for each n € w and

EC{xe2?: (v°n)(x[Il,€ )}
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L& in the Cantor space

Le

& and (uniformly) perfect, Silver, and splitting trees

Theorem

For every set E € £ and every Silver (resp. perfect or uniformly
perfect) tree T there is a Silver (resp. perfect or uniformly perfect)
tree T' C T such that for every n € w

E+[TN+[TN+...+[T]e€k.

n—times
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L& in the Cantor space

Le

& and (uniformly) perfect, Silver, and splitting trees

Theorem

For every set E € £ and every Silver (resp. perfect or uniformly

perfect) tree T there is a Silver (resp. perfect or uniformly perfect)

tree T' C T such that for every n € w
E+[TN+[TT+..+[T]ek&.

n—times

Theorem

For every set E € £ there exists a splitting tree T such that for
every n € w

E+[T]+[T]+..+[T] €€

n—times
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Le

in the Cantor space

Leg

& and (uniformly) perfect, Silver, and splitting trees

Let E € £. Is it true that for every splitting tree T there exists a
splitting tree T' C T such that

E+[TN+[TN+..+[T]eé&?

n—times




Algebraic sums of trees and null sets
L_Fake null sets in the Baire space

L Fake null sets - definition and characterization

We will say that a set A is fake null, denote by A € f N, if

(Ve > 0)(3(on : 1 € w)) 22;‘ <c&Ac | o]

new new
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L_Fake null sets in the Baire space

L Fake null sets - definition and characterization

We will say that a set A is fake null, denote by A € f N, if

(Ve > 0)(I(on: n € w)) (Z 2; <e&AC U [0,,])

new new

Couple of properties of FA/

m It is a translation invariant o—ideal.

m It is orthogonal to M, i.e. there exists comeager G € fN.

m There is a compact set which is not fake null, e.g. any full
binary tree.
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L_Fake null sets in the Baire space

L Fake null sets - definition and characterization

We will say that a set A is fake null, denote by A € f N, if

(Ve > 0)(I(on: n € w)) (Z 2; <e&AC U [0,,])

new new

Couple of properties of FA/

m It is a translation invariant o—ideal.
m It is orthogonal to M, i.e. there exists comeager G € fN.
m There is a compact set which is not fake null, e.g. any full

binary tree.
m More at the tukasz's talk!
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L_Fake null sets in the Baire space

L Fake null sets - definition and characterization

Lemma (Essentially Bartoszynski and Judah, 1995)

Let F € fN. Then there is a sequence (S, : n € w), S, C Z" for
each n € w, such that ) 5 < 50 and

ncw 20

FC{xez¥: 3®°ncw)(x|ne Sy}

|Sn]

Conversely, if (S, : n€ w), S, C Z", satisfy Y .., ‘55

< 00, then

{xez¥: (I*new)(xneSy}tefN.
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L_Fake null sets in the Baire space

L Fake null sets and (uniformly) perfect trees

For every F € fN and every (uniformly) perfect tree T C 7<%
there is a (uniformly) perfect tree T' C T such that for each n

F+£T’]+[T’]+---+[T’]ef/\/’.

n—times
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L_Fake null sets in the Baire space

L Fake null sets and Miller trees

[T1] + [T2] ¢ fN for any Miller trees Ty, To.
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L_Fake null sets in the Baire space

L Fake null sets and Miller trees

[T1] + [T2] ¢ fN for any Miller trees Ty, To.

Every Miller tree T contains a Miller tree T' such that [T'] € fN.
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L_Fake null sets in the Baire space

L Fake null sets and Miller trees

Theorem
[T1] + [T2] ¢ fN for any Miller trees Ty, To.

Proposition

Every Miller tree T contains a Miller tree T' such that [T'] € fN.

Corollary

There exists a fake null set F such that for any Miller tree T
F+[T]¢fN.

Corollary

There exists a fake null set F such that for any w—Silver tree T

F+[T] ¢ fN.
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L Thanks!

L Thanks -)

Thank youl

[ Michalski Marcin, Ratowski Robert, Zeberski Szymon, On
algebraic sums, trees and ideals in the Cantor space,
arXiv:2405.13775.

[ Mazurkiewicz tukasz, Michalski Marcin, Ratowski Robert,
Zeberski Szymon, On algebraic sums, trees and ideals in the
Baire space, arXiv:2409.17748.
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