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Eggleston Theorem

For every conull set F C [0,1]? there are a perfect set P C [0, 1]
and conull B C [0,1] such that P x B C F.

[ H. G. Eggleston, Two measure properties of Cartesian product
sets, The Quarterly Journal of Mathematics 5 (1954),
108-115.



Mycielski theorem

For every conull set F C [0,1]? there exists a perfect set P C [0, 1]
such that P x P C FUA, where A = {(x,x) : x € [0,1]}.

[d J. Mycielski, Algebraic independence and measure,
Fundamenta Mathematicae 61 (1967) 165-—169.



Definition

Atree T C 2<% s
» perfect if (Vo € T)(3r 20)(770,771€ T);
» a Silver tree if T is perfect and

(3x € 2¥)(3A € [w]*)(Vo € T)(Vn € dom(0))
(n¢ A— a(n) = x(n));
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Atree T C 2<% s
» perfect if (Vo € T)(3r 20)(770,771€ T);
» a Silver tree if T is perfect and

(3x € 2¥)(3A € [w]*)(Vo € T)(Vn € dom(0))
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Definition
A C 2% is a small set if there is a partition A of w into finite sets

and a collection (J;)ac.a such that J, €27, 3" |2J‘—‘;“ < o0 and

A={xe2¥: (3Fac A)(xac )}



Theorem about Silver trees, Mycielski case

There exist a small set A C 2% x 2% such that
(AN[T] x[T])\ A # 0 for any Silver tree T C 2<%,



Theorem about Silver trees, Mycielski case

There exist a small set A C 2% x 2% such that
(AN[T] x[T])\ A # 0 for any Silver tree T C 2<%,

Proof
Let {/,}new be a partition of w such that |/,| > n.
Define
0 if n#m
{ {(x,x): x€2h} if n=m
A={(x,y)€2°x2°: (I®new)(x [ lh=y | In)}

is a small set.
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Theorem about Silver trees, Eggleston case

For every conull set F C (2% x 2¥) there are a Silver tree T C 2<%
and F, conull set H C 2% such that [T] x H C F.



Key lemma

Let e >0, F C2¥ closed, 0 € 2<%, H C 2“ a union of basic
clopen sets of size 2717, satisfying F C [¢] x H and

AMF) > (1 —e®)A([o] x H).

Then there exists X C [o] satisfying A(X) > (1 — )A([o]) such
that for each x € X

(%) (va > 0)(3N € w)(Vn > N)(3S, C 2")
AU ) > @ =erH) A

TESH
A (V7 € Sp)(MF N [x | n] x [r]) > (1 —6)272")).
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A tree T C 2<% is a Spinas tree if

(V7€ T)(IN € w)(Vn > N)(Vi € 2)
(3 e TNn2"HY(r C 7 A T(n)=1).
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Theorem about Spinas trees

For every set F C (2¥ x 2¥) there are a Spinas tree T C 2<% and
F. conull set B C 2¥ such that [T] x B C F. Moreover, T
contains a Silver tree.



Definition
A tree T C 2<% is uniformly perfect if it is perfect and

(Vo,7€ T)(lo|=|7]) > (670,671 T —=70,71€T)).



Definition
A tree T C 2<% is uniformly perfect if it is perfect and

(Vo,7€ T)(lo|=|7]) > (670,671 T —=70,71€T)).

Theorem where Mycielski meets Eggleston

For every conull set F C (2* x 2“) there are a uniformly perfect
tree T C 2<¥ and F, conull set B C 2% such that [T] C B and
[T] x B C F\A.



Thank you for your attention!

https://prac.im.pwr.edu.pl/~twowlc
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