COROLLARY. EVERY POINT OF o
e A Q°C FomT.

PEFINITION. LET s BE AN INFINITE
ALHOST PSIOINT FAMILY CONSISTNG:
COF COUNTPBLF SUBSETS OF SoMe
SeT X.

JH(A) ={msx: |fAek: [AnMlzwl>

WHAT ARE THE LARGEST FAMIL(ES,
WHICH HAVE AN ALMOST TISJOINT
REFINEMENT 2 WHAT IS THE STRONG -
EST STRTEMENT ARCUT THE EX(L
OF AN ALIMTOST m::o:t}f_a_'nm.-n

OBRSERVATION |3, SuPPose MLl
HAS AN ALHOST DISTOINT REEFINE -
MENT. "MEN THERE IS AN ALMOST
VsToWT FAraLYy B wm MET(B)y




PROOF, SUPPose THAT #& 15 AN ALtas
WSTANT REFINEMENT OF M. FeR
EACH As,&, CHOSSE AN INFINITE
ALHOST D(ST0INT FAHILY B(A)
CONSISTING OF INFINITE SUBSETS
oF A, ur B= U{E(A): AG.,E}_
WHENEVER. M 2 A&, THEM Mna &

15 INFINITE For epce Be BA),
so Mc 'Jf(ﬁ). a

R A CARDINAL ", AEBREVIATE:
RPC() = “For EveRy FINTE
ALHOST DISTOINT ALy AsCk]
3*(_;4{) HAS AM ALMOST PISTo tUT
REFlHEME‘N.T‘_'

WS 1S THE STRTEMENT WE (ooKED
For..



DEFINITIon [HECHLER 197(] AN BLMOST

WSTOWNT FAMILY A €[x]™ 1S cauep
COMPLETELY SEPARARLE, IF A 1S

WFINTE AND Tor eacH Me TR,
THere (s SoME A €A WITH AgHM,
LE, A (& AN AHOST DISTONT
REFNEHENT OF J%(A).

ORSERVATION 14, SufPOsSg A 15

A CoMPLETELY SEPARABLE AIOST
brsnomT Faruly. THEN |A(22Y
Paoof, CHOOSE {;‘.\ﬂ: m ew}g R,
™ms = 'POSSIBLE, siNCeE A (S
INFNUTE, ToR ERCH q:;:;.{f SPLIT
A, e 27 DISICINT INFINTE
PreTS  AND ENUHERATE THEH £s
§M, 2 Ae"2) For EAcH £ 2,




leT My ":U{Mfrn: 1en<w)
EpCH SET M.F TELONGS O J*(‘,Q)’
So THERE (S SOME Af.;% WTH
A; M; THE FACLY fA‘ {e 2}
s oF size 2. o

oRseRVATION 15, LET st €€ A
COMILETELY SEPARABLE ALMOST
DISTOINT PAMILY.

() F ™Me 2R), THEN Boe
FAHILLES

{‘ laf: REST AND [},nb’fl:m}f
SAER: AS H} ARE CoMPLETELY

SgPARABLE.
(1i) IF A'E A SAMSHES (A 142
MEN AN A 1S COMPLETELY

SEPARASBLE .



(ftf) F FER EACH A€ R(A);DA]“’

The THE FAMILY {R{A) AEAR] (s
COHPLETELY SEPARABLE.
FRCOF. TRIVIAL. O

CESERVATICN 1€, [er A BE A
CUHMPLETELY SEPARABLE AlLHoST
DSTOINT FAMILY. THEN FOR EVeRy
DECREASING SEGQUENCE

Xo2 X, 2K 22X, 2. ofF sery
TRoH .1*(, 5, THE'RE' s SoMeE
Ye 3%t sAnsFpNG YRX,
For EACH MEW,

TRooF, PReCEED BY MNDUCTION,
Y CoMPLETE SEPARABILITY,

Cuooss For EACH mew A SET
pet Witk ALS XN LIA;-
e Y=UA,. i



OBSERVATION 17, LET B RE AN
INFINITE ALMeRT ARt NT FAMILY

Sucn FOR. EACH Xe:]*t‘_g)f
|{Pe B: |Bax] =l = 2% Tuen
“UeRE (S A CoMPLETELY SepA -
RABLE ALMOST D(SIOINT FAMILY
A sanseviNGg JA)=T(R).
PeooF, FoR EASH XeI(RB) LET
B)€ 3 BE SucH THAT B(X)nX
s NENITE, B(X)#B8(X") For
nsaner X, X' €I(B).
LET & ConstsT ©F ALL XaBK)
wr X< MB). a

TEFINMMON, A CHAIN OF LENGTH r
s A FAaMILy T={T,: o<ypleled”
SAMSFYING 'l:’é‘[; WHENEYER.
N<R<y E' Y



Twe CHANS T AND 7' ARe g

DISTOINT (F THERE ARE Te G
ap Tie T' vatet TaT Fnme

GIVEN A CHAIN T AND A ST X,
LET us SAY

¥ 1s BELow T IF X<T RR ERCH
TeT,

X 1S COHPATIBLE WITH I F

b s LT INFIKITE FoR E?«CHT@"}:
¥ MEETS THE BOUNDART OF T
[ For EACH Te€Y THERE S
come Te T wirw XalTNT)
INFINITE.

OBSGRVATION |8, LET y BE AN ORDI-
NAL OF COUNTABLE COFINALITY, LET
T=§T,: ey} & A CHAN. THEN
THERE |S A FAMILY OF CHAINS




15 f<b fP=w} W eacy
9; OF LENGTH ytea, T€ %z,
cucw THAT ForR EACH e f.ru]h:
I€ ¥ MEETS THE BouNDARY OF
wen | {5<8: X MeeTs e Bound-
ARY OF 7€ H=¢
WooE CHOOSE A SEQUENCE
Yok sX<-<¥.. OF ™Pe @,
CoFINAL N ¥ FoR m € ¢, LET
R, 531-5;’ ~ 'T;_ﬂ. THE FARILY

iR, ™ <} IS TARWISE PISICINT
"

MND CONSISTS OF INFIN(TE SETS.
LT R, = {20, k) z"‘-—‘}-

ToR A MAPPING f: 0, Pur

B(£) =§ 2 (n,L): new, ke f@}




CHoose A FAMILY {"f"f‘f’}g"u
Wit NG UIPER BOUND (N THE CRDER
<*, AND SUCH THAT FeR EACH
g<9<b B(fy) ~B(fp) =
INEIN(TE., AND EACH f4 IS (NCREASING,
ror EACH §< b OF countRBLE

COFINALITY, SELECT p STRICTLY
INCREASING SEQUENCE <gy: e
CONVERGING TOD £ AMD DEFINE
:‘!'E =g {B(;g) \"L"j B(ffj):f““’}

CLEARLY, EACK ¢ [ A CHAMN
OF LENGTH ytw.

Suffocg XS MEETS THE
BOUNDARY @F 9 HENCE X
HAS AN INFINITE INTERSETTTION

Wit WRINITELY  HANY R, 'S
THE SAME IS TRUE For THE




.s;:; X~ B(g), W AN ARETRARY
2e“w, BECAUSE For Eachk
AND FR EACH mew, R aB(E) (s
ENITE,

LET q< fr BE ARBITRARY, FND
?aba] SucH WW(X\ &(f?})nb(;}')
s INFINITE,  INDUCTION : KNOWING
€ir CHOOSE §4,4 CucCH THAT THE

ser (X>B(fg)~ B(gfmj e
INFINITE., S'NCE & 1€ REGULAR
UNCOUNTRELE, f:rf i =§< &

LMD THE CONSTRUCTICN GUARANTEES
THAT X MEETS THE BOUNDARY
oF gg a




THEOREM . THERE EX(STS A COMPLETEL
SEPARABLE ALMOST TISICINT Fhnuly,

TrooF, CONSIDER A TREE OF HaEaQHT
€y, CONNSTING CF ALL MAPPINGS

ot o= 4y WTH ALL VALUES A(f)
LIMIT" GRDINALS OF COUNTABLE CSFINA-

LTY; CAU THIS TREE r

cor Epch A€l WE SRALL FIND

A TowER J OF COUNTRSLE

LENGTH AND A SET Ag, WHICH

« geow J,. THE FAMILY

§A;4cl'} WL BE AS REQUIREP.
Roceen By TRANSFNITE INPUC-

TioN TO &0, -

srprT: ET L B€ AN ARBITRARY

TowER., ©F LENGTH @, Lev Ay

M AN PREITRARY SeT BELOW .



InDuCTION STEP, o<.<co" o= feq:

WE KNOW ALL TOWERS 5‘; Fer,

s Rk sl AND AL SeTS
P‘,s; EACH Aﬁ BELOW/ g.

CNEN A, WE HAVE TU DEFINE

TWERS ‘J;,, AND SETS A n

ToR ALL f-c:'ﬂr' GFCE)-‘-‘&.).

e Ag 15 BELew T, WE sHau
aPeLy oBseRvATICN 15, CHEOSING
THe uNBuNDED FAMUY §£: <6}
N sucH A WAY THAT A, SB(L).
wnewme o I, R g2 &
4el} CHoosE Ag MNRANAE AND
BELOW U, ARBITRARILY,




MNDUCTION SrE?f n(-dw" ot LT

KnowiING AL T AND A, FeR
aL A€ Nwime dem(s)cw,

ernE Tl o:u—>§ Al e
mwee. I, SMPLY AS U f}'z

IT RELTAINS 0 FIND Sets A,.
peNCTE BY FE THE FAMILY COF
AL X< SucH THAT THE FAMICY

iﬂ;:Aéﬂ dem(a) =o(, THE SeT X
VMEETS THE BOUNDARY oF 7}

& eF sze 2

nssiBN T EACH XEe¥E ONE
Ara—»& sel] sucH THAT X
MEETS THE ReuMDARY OF T
N A ONE-TU-ONE WAY, TENCTE
WS & AS AQK). “




THEN LET Ay BE AN ARRITRARY
INFINITE  SET” BELOW 5:; R AL

& ¢ {AQ0: XeTEL, For XeRE
we veMAND MoReeVER A S

: {09~ 1
WS WeRES .

e FAMILY gAb:be[‘} is Atiesr

PETONT ¢
SUPPESE A, te [: AcCt:

DENCTE of = dom (A), BY INDUTTBN

SEP apotl, WE cHeose For
EXTENDING T A FAHILY {Pr;:f"’}
vk A€ B(4,). THE CONSTRuCTION
e opceRvATION 13 CuARANTEES
“upr ERcH TwWER T CONTAMS

Cere MEMEER. DiCloint WITH
So A, BUD, A n‘BCj,‘} s FINITE,




SurPose &, te [' ARE CoHPARARIE,
Cucose MNMAL < ey, SATISFYING
At g4, THS o HUsT BE A
cuacesScR CRDINAL, of= f+d,
PENCTE BY p-—ATﬁ-zr]?. THEN

q 2 o
T 13; 5@ AND 5.7;2 E;;,.“m.
acsure ARV < t(R). THEN THE

ser A, €* E’(i.a(ﬁ) AND
” Eué(,q.)) N 5(1’.5(#)

Tee FAMUN A . pel} 15 @MPie-

Ly SEPARARLET: SuMOSE B

;\,,,Gr' \XnA\= =] 16 IWFINTE,
N THERE (s SoMg fe [’ SucH
MAT X MEETS THE BoUNDARY
er T s




T SeE '\'mg, LET DC‘:Q}“ e ME
SHALLEST ONE WITH TE SET K=

=jael: | Xnhglea & dem(s) coc}

INFINTTE.
EF {31-1' THen FoR Some tel)
oo () , jreKidca)is

IMFINITE , ‘E‘!‘ THE COMSTRUCTION,
THERE 1S AN (MCREASING SEQUENCE

ofF LT amNALs w b, g mne
wire EASE €0 fn e K, 'me UNBOMN-

ver FAHILY OF MATPINGS IN “w
WAS {fi( g«:(}} THE SET

(j" ) ~ T‘(f_,{ j’ "fn AND
Ao \& SELOW :fﬂ . THEFORE
4 E"' fu
Yor § = Avp fn WE HAVE THAT

"‘éd
¥ HMeETs THE BOUNDARY OF 5{ f k




siNCE FOR EACH ﬂ.}h(n A u|_“_

F o~ IS A LIMT CRDINAL, CoNgi-
oeR THE SET {fe[': For some
ce¥, Acis seeow L =T
aince T IS COUMTRBLE TTREE ANP AL
LEVELS ©OF T EXCETT PosSiBLY
HE LAST CNE ARE FEINITE, THERE
IS A OFmAL BRANCH N T
HECSING £, € 1,6 E1,Con NT
CoFINAL PART EF THIS BRANCH,
uen THE ToWER T e [T FoR

s = U 1, sanseies THAT X
e

MEETS THE BCOUNDARY CF ’:.L

WE WAVE VETIFED THAT FOR
X € )*(1A,: seTF) ™ERE IS

Semg se [ Suck THAT X MEETS.




MEETS THE BouudARY oF .
SuPPosE dovn(f.-,} = o, BY ORsep-
VATION (8, THERE ARE {r - HANY

Loy wime dem(¥) =+ SucH

THAT X HEETS THE BOUNDARY
0F I, , AND FoR EACH Suck t
™ERE ARE L - MANY p2t wm

dern (0) ca+? SucH -.-

So WHEN CONSTRUCTING
AL AL wiTe dom(B)=arw,
We wave X E€F IN THS STEP
OF RECURSION, SO FoR SoHE
4 wamw dom (8) =0t @ WE
HAVE GUARANTEED THAT Af X. o



(OROLLARY,

LET € Be A CountnBLE
PLIOST DISIOMT  FAHILY, LET @ 86
A DENSE SuBSeT oF 10)/,
THEN THERE (S A COMFLETELY SEPA-
RABLE ALMOST DISJoINr FAfILY

A 2¢, such THAT FOR Eack Acire
e @ . noreover, A FEFiNgS Me).a

THEOREM. ASSUME 4 =w,. THEN
RPC () HeLDs TRUE.

oo, LET B BE AN ARBITRARY
MAD FaMily ON . FIX A SPLITTING
FaLY {Q :a<w,}; DENOTE
Q¢(03=Q” Qd(f) = Q. Fer
EACH o < ) AND EACH HAPPING
A o-L-—v2, THE FILTER ?;1 GENERATED
ey i@B(A@n:pm} HAS A



COUNTPBLE BASIS, So THERE 'S A
TOWER, ?‘;r WHICH (S A BASIS OF sf;_

ter EpCH o< @, AND FoR EACH
Aol —> 2, THERE (S A CONPLETELY
SEPARABLE PLMOST DISIOINT BAMLY
g, CONSISTING OF SeTs SEiow 5
D REFINING ALL SETS, WHICH
HEET THE BOuNDARY OF ‘_ﬂ PuT
Q,=U{%,: se”2l,

“THE FAMILY %«. | COMPLETELY
CepaRRBLE. WE CAN ALSO CHOOSE
EML sucH A \WwaY THAT FoR EACH
DeR, THERE 15 A UNIQUE Re B
SATISFYING D € 8.

tur A, =D, AND FOR a<w,
LET Jid= iDGB_( (b’pmﬂ(VAﬂt)

DaA Is FNTE. |




™e FaMiLy A=\ A sTHe
e, o

REQUIRED ALNOST DISTOINT PEFINE-
venT o JIT(E). oBviously, A
& ALHOST DISTOINT: So € MeJ|
WE #AVE TO FND SomE A €A Wi
Ach.

HOWEVER, WE NEED LESS. (s
ENOUGH TO PROVE THAT FOR SOME
K< Wy Me :l-r(ﬂu}

0 S€E 'n-w:. supPoSE THAT BR
some o, M€ 3"{.&‘3 CroosE

THE o TO B€ THE SHALLEST ONE.
F a=0, MeN A =9, A Q,
|6 COMPLETELY SEPARABLE, HENCE
M CoNTRINS Soxe DeD) =.A .

F &7 0, THEN FOR EACH feoky




™E SeT { Aedp: laatl =} IS Fime
THERE IS AN INFINITE CoumTRBLE
susseT b €A, Suc THAT FoR
eacy A€A, |NaM[=w Al

gy e cHoie oF A, AaA s

RuITE FoR EACH AeUU,.
fee
CONSEQUENTLY, THERE

M'e M, suen THAT H' (S ALosT

DISIOINT WITH ALl AE‘;JV%F
' ol

ao H'a Al 15 INFlTE For EACH
H € A HENCE M'E:J*’(ﬁ‘),
<o For sore DePo D e
Now T HUST BELONG TO Ay
SOKE (T (S ALMOST DISIOWT WHTH
ALL AGL-UEP

et




So fAix AN Me JH(BR) M0 WE wave
T SHow THAT FoR SOME o,
M e I(A,). CHOOSE o, < o) Such
THAT FOR SOME & (o7 2 WE
HAVE THAT M MEETS THE BounDARY
oF T, Ano THAT FOR EACH Ted,,
MaT € IH(RB).
F MeJt(A,), FoR SOHE fpec,,
we ARe Done. Bur € M 47%4,
FoR AL p £, THEN THERE (S
A COuntRBLE sueseT B <HB
Sucu TRAT For EACH [Bect, AP
FOR EACH A€y, F lAsMI=®,
el AcB For SoMe BeS,
HERE (S A SeT M€ M wru
T™E FOUOWING PROPERMES -




a) M, e JHB);
£ M n B s FNTE fR Enck Be®

o M.aT Is weNme For Eacy
Ted, .

onseRVE: THE SET M Does NoT
MEET THE BOUNDARY oOF Z -
(N THE OPPOSITE CASE THE WouLp
exsT SoMe Ded) o Ps e M, AnD
sinee De B PR NO BeB,,;
De .,%q',f:mmm TO cuR
ASSUHMPTION .

SoTHERE (S SOME Te 3‘;“
SucH “THAT H:r\'l- 1S BELOW ?4:.
Choose B €% sucH THAT

o ToB, © NANTE AND P




[
M, = MonT ~ Bo.
LET uS REPEAT THE PREVIOUS TRY
waTH THE <eT M, @ LET o,
BE wWeH THAT FoR 5""’154474,
A, '.D(‘-—-! 2 WE HAVE THAT Mom
“HE BOUNDARY OF :?:‘ AND FoR

T 1,

EACH |e%’1, MaTe I'R).
ASSUME THAT WE WERE UN
rGen: For EACH % oo, I Tk,
appLY THE PREVIOUS REASONING
© GeT countpRe B <8, Bed

amp M M M eJU(B).
CoNTINUE : o 7“4; Bz: ﬁaJ M;
ETC, IF WE NEEDED AlLL @I~

MANY STEPS, THEN We GET

H= AN .
& = g oo AND =




SINCE ?(u')/ﬁ HAS A STRONG
COUNTRABLE SEPARATION ?R.oeezw
THERE 1S A SET LEM Suc THAT
L® MaB, FoR ALL nSw AND

[Ln B|l<ew FoR EAcH BGL_Jﬂ

cLepRLY, e SET Le 3"(.13‘)
AND | MEET THE BOUMDARY
oF 3;_ So LGD"@;)-

F D e%&. SATISFIES Dc L,

“HE [ Is ALHOST DISIOWNT WITH
eact Rel J B, So DC'J&

mew

s Le TH(A,), so HGJ‘@Q
AS WEWL. o




PROELEM . IS THERE A CoOMPLE TELY
SEPARABLE MAD FAMILY €

THEOREM, “THE ROLLOWING ARE
EQUINALE NT :

(1) ReC(w);

(i) for EACH INFINITE MAD FAMILY
B OoN w, 2R ) HAS AN ALMOST
DISTIONT REFINEMENT BY A CoMPLE-
TELY SEPARABLE ALHOST TISIOINT
FAMILY ;

(irs) THERE (S A BASE TREE i
sucy THAT EVERY MaD FAMILY £<T

& CoMPLETELY SEPARABLE.

teoof. () —> (vr) —»(v) 15 TRIVIAL,
G) = Gid): LeT B ={A i< 4}

BE AN AREITRARY BASE MATRIX.

PROCEEDING BY A TRANSFINTE




INDUCTION, FIND A NEW anse- HATR|X
{ﬁq o L} SucH THAT

a) FoR EACH ol<h, <

R encn sk, B <A

H \B1 =27

¢) For EPCH <k, B, 6
AN ALHOST IISTOINT REFINE ME NT™
oF TH(R,) - HERE (1)1s usep.
For ERCH o/< fo AND FoR EACH Befi"

cuoose A umiaue C(Bye &
simseying  C(B) € B.
e eariy {C(B): SQHF"}
1s vense v (Pa), c¥) anp

\s & TREE UNDER €
er D s {c(e,).-ge“%ﬂ.}

B AN ARBITRARY MAD FAMwy AND




LET MeT'D) ee prRiTRARY.

for EACH ol< fi LET
ﬁ.(M)niBE.ﬁdn%‘.anMl:w}.
LET o/ < b 8E THE FIRST ONE WiTH
U£ M) NFINGTE. '

peu
chse 1: oL = 1. WE HAvE 53(;-;)

MFINITE . THE CoLECTION (AL (1"\)
¥<p

(s FINITE AND D IS ALMOST DISIONT,

HENCE EACH seﬁﬁ(m) HAS AN

INFINITE WNTERSECTION ALSO WITH

M =M~ U uscn) SINCE
¥<p

D cfc(®): %euxﬁ} WE GET

mmga*( A s\fcp,'mew

15 SomE Be 5,3 wirw BeM.




spce B IS DISIOINT WITH UU%(;‘;‘]

de< *
D SINCE 9D 1S MAXMAL - THERE
HUST BE SoME De@ wiry DM’

case 2: o 'S A LUM(T ORPINAL.
CONSIDER A FAMILY {"';\593“: For
BACH <o PND EACH B'e B,¢),
2t s FINTE}I= B, THERE
s« A T Mg M SucH THAT

M' e H(RL) AND Mn B Is Fmmw
foe EACH Be Ldﬁﬂ(ﬂ')- 87 9,
THERE IS Sm«—'f Be '?-’;m WTH
Rs H' AUD WE VAT CONTINUE AS
w case L o



OBIERVATION 19. SUPPOSE THAT
EACH DENSE SUBSET of ([w]’c™)

HOLDS TRUE.

— MODEED, FOR A MAD FAMILY
Q. consiver D ={De (w]“

vor SoMe Ge(, VEQ@}. ANY
COMPLETELY SEPARABLE MAD
FAMILY A €D 1s ™E ALMOST
DISIONT REFINEMENT OF I@).

SAHARON SHELAH PROVED N
2009 THME STRONMGEST KNOWA

STATEMENT ABour RPC(L).




