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The order of rationals (Q, <) has finite big Ramsey degrees: for every n € w there exists
T(n) € w such that whenever n-element subsets of Q are finitely colored, there exists a
copy of (Q, <) in itself touching at most T(n) many colors.
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such that, forevery t € T, theset {s e T : s <r t} is finite
and linearly ordered by < 7. All trees considered are finite
or countable.
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We use T(n) to denote the set of all nodes of T at level n.
Similarly T(<n) denotes an initial segment of the tree
consisting of all nodes of level less than n.

Fors,t € T,the meet sArtof sand tisthelargests’ € T
suchthat s’ <rsand s <t t.

® The height of T, denoted by h(T), is the minimal natural

number h such that T(h) = (. If there is no such number
h, then we say that the height of T is w.



Subtrees and strong subtrees

A subtree of atree T is a subset S C T viewed as a tree
equipped with the induced partial ordering.

K K e Givenatree T and nodes s,t € T we say that sis a
successorof tin Tift <t s.

The node s is an immediate successorof tin Tift <7 s
and thereisno s’ € T suchthatt <7 s’ <7 s.

Node with no successors is leaf.

<



Let T be rooted tree. Nonempty S C T is a strong subtree of T of height n € w + 1 if:
© Sis closed for meets. (In particular, S is rooted.)



Let T be rooted tree. Nonempty S C T is a strong subtree of T of height n € w + 1 if:
© Sis closed for meets. (In particular, S is rooted.)

@® For every a € S(<(n— 1)) and every immediate successor b of ain T there is an unique
immediate successor cof ain SsuchthataC bC c. (If n=wtheneveryac S.)



Strong subtree

N

Definition
Let T be rooted tree. Nonempty S C T is a strong subtree of T of height n € w + 1 if:
© Sis closed for meets. (In particular, S is rooted.)

@® For every ac S(<(n— 1)) and every immediate successor b of ain T there is an unique
immediate successor c of ain SsuchthataC bC c. (If n=wtheneveryae S.)

@® Sis level preserving: Every level of S is a subset of some level of T.



Strong subtree

N

Definition
Let T be rooted tree. Nonempty S C T is a strong subtree of T of height n € w + 1 if:
© Sis closed for meets. (In particular, S is rooted.)

@® For every ac S(<(n— 1)) and every immediate successor b of ain T there is an unique
immediate successor c of ain SsuchthataC bC c. (If n=wtheneveryae S.)

@® Sis level preserving: Every level of S is a subset of some level of T.



Strong subtree

NN
N

Definition
Let T be rooted tree. Nonempty S C T is a strong subtree of T of height n € w + 1 if:
© Sis closed for meets. (In particular, S is rooted.)

@® For every ac S(<(n— 1)) and every immediate successor b of ain T there is an unique
immediate successor c of ain SsuchthataC bC c. (If n=wtheneveryae S.)

@® Sis level preserving: Every level of S is a subset of some level of T.



Strong subtree

NN
N

Definition
Let T be rooted tree. Nonempty S C T is a strong subtree of T of height n € w + 1 if:
© Sis closed for meets. (In particular, S is rooted.)

@® For every ac S(<(n— 1)) and every immediate successor b of ain T there is an unique
immediate successor c of ain SsuchthataC bC c. (If n=wtheneveryae S.)

@® Sis level preserving: Every level of S is a subset of some level of T.



Strong subtree

'S
N

Definition
Let T be rooted tree. Nonempty S C T is a strong subtree of T of height n € w + 1 if:
© Sis closed for meets. (In particular, S is rooted.)

@® For every ac S(<(n— 1)) and every immediate successor b of ain T there is an unique
immediate successor c of ain SsuchthataC bC c. (If n=wtheneveryae S.)

@® Sis level preserving: Every level of S is a subset of some level of T.



Strong subtree

— e

) I
\ [/

000

S
N/

Definition
Let T be rooted tree. Nonempty S C T is a strong subtree of T of height n € w + 1 if:
© Sis closed for meets. (In particular, S is rooted.)

@® For every ac S(<(n— 1)) and every immediate successor b of ain T there is an unique
immediate successor c of ain SsuchthataC bC c. (If n=wtheneveryae S.)

@® Sis level preserving: Every level of S is a subset of some level of T.



Strong subtree

— e

) I
\ [/

000

S
N/

Definition
Let T be rooted tree. Nonempty S C T is a strong subtree of T of height n € w + 1 if:
© Sis closed for meets. (In particular, S is rooted.)

@® For every ac S(<(n— 1)) and every immediate successor b of ain T there is an unique
immediate successor c of ain SsuchthataC bC c. (If n=wtheneveryae S.)

@® Sis level preserving: Every level of S is a subset of some level of T.
@ S has height n.
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of height k.
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colouring of Str(T) there is S € Str,,(T) such that the set Stri(S) is monochromatic.
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Notice that for regularly branching tree the strong subtree is isomorphic to the original tree.
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Monoids of shape-preserving functions

For a level-preserving function F: S — T, we denote by F the function F: ¢(S) — w defined by
F(n) = ¢(F(a)) for some a € S with £(a) = n. 3
We say that F is skipping level mif m ¢ F[w] and that F is skipping only level mif Flw] = w \ {m}.

F F F5

F(0) =0, F(1) = 2: F skips levels 1 and 2.
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Put M" = {F eM:F rT(<n) is identity}, .AMZ = {F rT(<n+k): Fe Mn}

Let(T,=<,X,S, M) be an (S, M)-tree. Then, for every pair n, k € w and every finite coloring x of
AMY, there exists F € M" such that x is constant when restricted to {F o g: g € AM}}.



Ramsey theorem for trees with successor operation

Put M" = {F eM:F [T(<n) is identity}, .A./\/lﬂ = {F [T(<n+k): F ¢ Mn}
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Examples
Consider S-tree (X<¢,C, ¥, S) for some finite alphabet X.
© If || = 1 we obtain Ramsey theorem.
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Put M" = {F eEM:F [T(<n) is identity}, .A./\/lﬂ = {F [T(<n+k): F e Mn}

Theorem (Balko, Dobrinen, Chodounsky, H., Kone¢ny, NeSetfil, Zucker, 2023+)

Let(T,=,X,S, M) be an (S, M)-tree. Then, for every pair n,k € w and every finite coloring x of
AM3, there exists F € M" such that x is constant when restricted to {F o g: g € AM}}.

Examples

Consider S-tree (X<¢,C, ¥, S) for some finite alphabet X.
© If || = 1 we obtain Ramsey theorem.
® If |Z| > 1 and M consists of all shape-preserving functions we obtain Milliken tree theorem.
® If |X| > 1 and M is generated only by duplication functions we obtain dual Ramsey theorem.

@ If |[X| > 1 and M is generated only by duplication and “constant” functions we obtain
Graham—Rothschild theorem theorem.



Ellentuck topology on (S, M)-trees

Recall that a subset X’ of a topological space is
@ nowhere dense if every non-empty open set contains a non-empty open subset that avoids X.
® meager if is the union of countably many nowhere dense sets,

@® has the Baire property if it can be written as the symmetric difference of an open set and a
meager set.

Put AM = {F FT(<n): FeM,ne UJ}.

Definition (Ellentuck topological space M)

Given an (S, M)-tree (T, <, X, S, M) we equip M with the Ellentuck topology given by the following

basic open sets:
[f,Fl={FoF : F' € Mand F o F’ extends f}

forevery f € AM and F € M.



Topological Ramsey theorem for trees with successor operation

Given a shape-preserving function F € M and f: T(<n) — T such that f € AM we define
depthe(f) = g(n) for g € AM satisfying F o g = f. We set depth.(f) = w if there is no such g.
Definition

Let X be a subset of M.

@ We call ¥ Ramsey if for every non-empty basic set [f, F] there is F" € [F [aepns (f), F] such that
either [f, F'] C X or [f, F']Nn X = 0.

® We call X Ramsey null if for every [f, F] # @ we can find F’ € [F [apmy(r), F] 8- 1. [f, F' 1N X = 0.

Theorem (Ellentuck theorem for shape-preserving functions)

Let(T,=,X,S, M) be an (S, M)-tree and consider M with the Ellentuck topology. Then every
property of Baire subset of M is Ramsey and every meager subset is Ramsey null.

Examples
Consider S-tree (X<¢,C, ¥, S) for some finite alphabet %.
© If |X| = 0 we obtain Ellentuck theorem.
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Proof outline

@ 1-dimensional pigeonhole is proved using Hales—Jewett theorem
(duplication is important here).

® Method of (combinatorial) forcing is used to prove w-dimensional pigeonhole on a stronger
notion of “fat subtrees”.

@® Todorcevi¢ axioms of Ramsey spaces are used to obtain a Ramsey space of fat subtrees.
@ Topological Ramsey theorem for trees with successor operation follows as a consequence.

We obtain an interesting example of Ramsey space where TodorCevi¢ A3.2 axiom is not satisfied.
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Abramson—Harrington theorem

Theorem (Nesetfil 1977, Abramson—Harrington 1978)

Let L be a relational language and A, B finite ordered L-structures. Then there exists finite ordered
L-structure C satisfying C — (B)5.

Proof, step 1: associate vertices of structure B with words.

© Fix A and B. WLOG assume that B = n = |B| and <g is the natural ordering of n.
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Abramson—Harrington theorem

Theorem (Nesetfil 1977, Abramson—Harrington 1978)

Let L be a relational language and A, B finite ordered L-structures. Then there exists finite ordered
L-structure C satisfying C — (B)5.

Proof, step 1: associate vertices of structure B with words.

© Fix A and B. WLOG assume that B = n = |B| and <g is the natural ordering of n.

@® Given two substructures B’ and B” of B we put B’ < B” if either |B’| < |B”| or |B’| = |B”| and
B’ is lexicographically before B” (in the order of vertices of B).

® Put p = 2" — 1 and enumerate all non-empty substructures of B as B®,B', ..., BP~! in the
increasing order (given by <). Foreachi < p

@ For each i < N find lexicographically first substructure D' isomorphic to B’ and denote by f’ the
unique isomorphism B' — D'.

gp(v)/:{;1 itveb forevery v e Band i < p.

(v) ifves
0 1 2 3 4 5 6
0 ¢0)= 0 n n 0 0 n O
B g 1 o(1)= n 0 n 1 n 0 1
2 2= n n 0 n 2 1 2 O



3 3 OO
3 O S|
O 3 3N
S = O W
N S O
= O 3|0l
N = OO

0 ¢(0)=
B E 1 o(1)=
2 ¢(2)=

Consider regularly branching tree (X<, C) with ¥ = BU {—1}.




Abramson—Harrington theorem
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Proof, step 2: structure C, on PR

3 3 OO
S O S|+
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= O 3|Oon
N = OO

Consider regularly branching tree (£<¢,C) with ¥ = BU {—1}.
Given k, £ € w, and a tuple w = (w°, w', ..., w*~") of elements of X*

@ we say that w decides a structure onlevel i < £if0 < wP < w < --- < wK™!

<~ and /i is a minimal
with this property.
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Consider regularly branching tree (£<¢,C) with ¥ = BU {—1}.
Given k, £ € w, and a tuple w = (w°, w', ..., w*~") of elements of X*
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0 »(0)=
B E 1 (1) =
2 9(2) =

Proof, step 2: structure C, on PR

3 3 OO
S O S|+
O 3 SN
S = O W
N S O b
= O 3|Oon
N = OO

Consider regularly branching tree (£<¢,C) with ¥ = BU {—1}.

Given k, £ € w, and a tuple w = (w°, w', ..., w*~") of elements of X*
@ we say that w decides a structure on level i < £if0 < wP < w}' < --- < wf~" and i is a minimal
with this property.

® we say that w become incompatible on level i’ < ¢ if either
Q@ k=2andw) >w} >0,
® 0<w) <w <---<w " however there exists i < i’ such that w decides structure on
level i and B [{WPYW(_17”“W;<71} is not isomorphic to B |
For every ¢ € w construct an ordered L-structure C, as a structure satisfying the following:
@ The vertex set of C; is C; = X°,
@O <c, is the lexicographic ordering of PR

k—14 -
{WI.O,,WI.1,,...,WI., }

© whenever (w°, w',...,w"™") € X’ is compatible and decides structure on some level i then
B [{wo,wt,... wk—13 IS isomorphic to B [{WP’ngWikq}.



Abramson—Harrington theorem

Proof step 3: Building (S, M)-tree.

Define successors by concatenation.
Let M denote the set of all shape-preserving functions F: ¥<“ — ¥ < satisfying for every ¢ € w
and every lexicographically increasing sequence w of elements of X* the following two properties:

© if F(W) decides structure on level i then i € Fw].

@ if F(w) become inconsistent on level i’ then i’ € Flw].
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Proof step 3: Building (S, M)-tree.

Define successors by concatenation.
Let M denote the set of all shape-preserving functions F: ¥<“ — ¥ < satisfying for every ¢ € w
and every lexicographically increasing sequence w of elements of X* the following two properties:

© if F(W) decides structure on level i then i € Fw].
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2
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Abramson—Harrington theorem

Proof step 3: Building (S, M)-tree.

Define successors by concatenation.
Let M denote the set of all shape-preserving functions F: ¥<“ — ¥ < satisfying for every ¢ € w

and every lexicographically increasing sequence w of elements of X* the following two properties:
© if F(W) decides structure on level i then i € Fw].

@ if F(w) become inconsistent on level i’ then i’ € Flw].
Let N by given by our theorem for (S, M)-tree, 24! — 1 and 2/8/ — 1. Then
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1 2 3 4 5 6

0
0
B<.1 o(1) = \0 n 1\\0&\
2 9= n\ n 0 2\ 1
0
0

1 2
= n O
0 1
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