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The goal of this last lecture is to explain some techniques of
Shelah [3] for destroying some P-points while preserving others.
Selective ultrafilters and the games considered in the first lecture
will play a key role. Of course, it is not possible to preserve a single
ultrafilter, but only an equivalence class of ultrafilters. The
following definition will be used soon and makes this precise.

Ifdand V are ultrafilters define U =rk V if there is a bijection
such that A € V if and only if y"1(A) € U. Defined <rk V if
there is a function 1) such that A € U if and only if p~(A) € V.

It is a nice exercise to show that if i/ <rk V and V <grk U then
u =RK V.
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Given an ultrafilter U define the partial order P(U) to consist of all
trees T such that succr(7) C 2I71 and for which there is U € U
such that

(V0 € w)(V°k € U)(Vt € Lev(T))(Vh: £ — 2)
(3f € sucer(t)) hC f. (1)

The ordering on P(U) is inclusion.

If G C P(U) is generic then define Bg by Bg(k) = f if and only if
for every T € G there is t € T such that t(k) = f. Define a
colouring Cg : [w]> — 2 by Cg(a) = Bg(max(a))(min(a)).
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IfU is a P-point then P(U) is proper and w* bounding.

PROOF.

Given T € P(U) and {Dp}ne. that are dense subsets of P(/)
construct a U-P-tree T such that for each 7 € T there is

T, € P(U) and A; € U such that:

o Ty =T
o (Vk € A)(Vt € Levi(T;))(Vh : |7| — 2)(3f € sucep(t)) h C
f

o succr(r) = [A]<N

o if 7 Coand |7| = n+1 and k = max(7(n)) then T, C T,
and Levk(TT) = Levk(']I‘U)

o if [7| =n+1 and k = max(7(n)) and t € Lev,(T;) then

T(t) € D,. ,u‘
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PROOF.

Since T is a U-P-tree let B be a branch of T such that
U, B(n) € U and let

T* = | Leva(n) (Tai(nin)) -

It is routine to check that T* € P({/) and it has the desired
properties.
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Given P : [w]?> — 2 a set X C w will be said to be
almost-J-homogeneous for P if for all x € X there are only
finitely many y € X such that P(x,y) # J.

LEMMA 2

IfU is a P-point and P : [w]? — 2 then there is J € 2 and a set
X € U that is almost-J-homogeneous for P.

| A\

PROOF.

It is an exercise to see the same proof as for selective ultrafilters

works. my
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LEMMA 3

IfU is a P-point and J € 2 and Q is a P(U) name for a partial
order such that 1 IFpg).q “Q is w” bounding” and

1 IFpgwo “X is almost-J-homogeneous for Ce”

then there is T € P(U) and A € U such that

T lrpupg “ANX =2".
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PROOF.

Assume that J, the almost homogeneous colour for X, is 0. If it
happens that 1 1/pg).q “|X| = No" then the result is immediate,

so let ¢) be a P(U/) * Q name such that

1lrpeng “(Vk € w)(3m e X\ k)(VL € X)
if Cc(m, ) =1then £ <3(k)". (2)

Since P(U) * Q is w”-bounding by Lemma 1 it is possible to find T
and V : w — w such that

T IFpywg “(Vk € w) (k) < W(k)".

JURIS STEPRANS P-POINTS



CONTINUATION OF PROOF.
Find A such that:
o A€ U and A is enumerated in order by {a;};c.

o A witnesses that T € P({) in the strong sense that if
t € Lev,,,,T and h: a, — 2, then there is f € succy(t) such
that hC f

e V(a,) < apy for all n.
For t € Lev,, ,(T) let

S(t) = {f € succy(t) | (Vx € [a;, V(a;))) f(x) =1}

and note that follows that if t € Lev,,,,(T) and h: a; — 2 then
there is f € succy(t) such that h C f and f(¢) =1 if
a; < 0 < aj41. Since V(a;) < aj41 it follows that f € S(t).
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CONTINUATION OF PROOF.

Therefore if T* is defined by
T =) U U mee)
icw \t€leva ,(T) fES(t)

then succy«(t) = S(t) for each i € w and t € Lev, ,(T). It
follows that A witnesses that T* € P(lf).
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CONTINUATION OF PROOF.

Finally, it suffices to show that if k > 0 then T* IFpqy) “ax ¢ X"
In order to establish this, note that

T* Ik “(3x € XN [ak—1, V(ar—1))(Vy € X\ V(ax_1)) P(x,y) =0".

but this contradicts that if t € Lev, (T*) and f € succy«(t) then
f € S(t) and so f({x,ax}) =1 for all x € [ax_1, V(ak_1)].

This is exactly what is required since then

T* ”_IP(U) “\U(ak,l) < ak
& (Vx € X N[ag_1,V(ak-1)) P(x,ax) =1". (3)
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COROLLARY 1

IfU is a P-point and Q is w*-bounding then P(U) * Q does not
preserve U.

| \

PROOF.
If U is a P-point then Lemma 1 establishes that and P({) is proper
and w®* bounding. One the other hand, it follows from Lemma 3

and Lemma 2 that U/ is not a P-point after forcing with
P(U) * Q. O

o

Using the corollary, countable support iteration over a model of
Ow, and standard forcing theorems produces a third model with no
P-points. But our current goal is to get a model with a single

P-point (up to RK equivalence). YORK
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Let U and V be ultrafilters on w. Say that T is a (U,V)-SP-tree if
for each T € T if

e T is even then there is A € U such that succt(7) = A
o if T is odd then there is A € V such that succt () = [A]<0
e min(A) > 7(¢) for all £ in the domain of T.

("P" is for P-point and "S" is for selective.)
V.

Let U and V be ultrafilters. The following are then equivalent:

@ U is selective and V is a P-point and U %£gk V

Q Every (U,V)-SP-tree has a branch B such that
o Uy, B2n+1) €V

o {B(2n) |new}ell. Il
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PEOOF. @JUMP TO APPLYING LEMMA 4.

To see that (2) implies (1) note first that (2) implies that U-S-tree
has a branch with range in U and so U is selective. It also follows
from (2) that V-P-tree has a branch B such that |, B(n) € V and
so V is a P-point.

To see that U £Lrk V suppose that F : w — w witnesses that
U <gk V. Let T be the (V,U)-PS-tree such that:
o if 7€ T and |7| = 2n is even then
succT(7) = w \ F(Upmen7(2m + 1))
o if 7€ T and |7| =2n+ 1 is even then
sucer(7) = [w\ Upe, FH(7(2m))] 0
It follows that if B is a br;nch of T it must be the case that

FH{B@Kk)}kew)N | ) Bk +1) =2
kEw

and so either {B(2k)}xew & U or Uy, B(2k+1) ¢ V.
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SECOND PART OF PROOF.
To see that (1) implies (2) let T be a (U, V)-SP-tree. For each
7 € T such that |7| is odd let W, € V be such that
succt(7) = [W,]<™ and then find W € V such that W C xW,
for each 7 € T with |7] odd.
Now define the partition [w]4 = Pp U Py by {50,61,62,63} € Py if
(3 € succt(7 | (2n + 2)) for every 7 € T for which there is n € w
such that

Q 7'(2n) =Y

Q 7'(2n aF 1) =Wn [él,gz) - WT[2n+]_.

Use that U is selective find Y € U and J € 2 such that [Y]* C P,.

y
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CONTINUATION OF PROOF.
The first thing to observe is that J = 0. To see this let {5 € Y and
let
T={re€T |@3@n)7@2n)=4 & |T|=2n+1}
and then let M > ¢y be so large that W\ M C W, for all 7 in the

finite set 7. Then let ;1 € Y and /> € Y be such that
M <ty < b Let

3 € YN () sucer(r™(Wn 6, £2))).
TET

Note that W N [¢1,£2) € [W,]"0 for each 7 € T and so
succT (7 (W N [l1,42))) is defined. Hence {{o, (1, 02,03} € Py
and so J = 0.
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CONTINUATION OF PROOF.

Let Y be enumerated in order as {y;}ic.,. Consider first the case
that for every Z C w

U[yi—l,yl'+1) eV if {yitiez€U. (4)

i€eZ
Since Y € V it follows that for some J € 3 it must be the case
{ysits}i>1 € V and hence U5 [y3i+s-1, y3i++1) € V. To simplify
notation, there is no harm in assuming that J = 0. Then the
mapping

F: U[Y3i—17)/3i+1) — {y3iti>1
i>1

defined by F(k) = y3; if and only if y3;_1 < k < y3j4+1 witnesses
that &/ <grk V and there is nothing more to do.
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CONTINUATION OF PROOF.

Hence, it can be assumed that there is some Z C w such that (4)
fails. Let {z(/)}icw enumerate Z in order so that

{Vz(nbiew €U and | JIyz(y-1, Yz()41) & V-

iEw

In other words, U;c,, [Vz(i)+1 Yz(i+1)-1) € V and it follows that

D=Wn U([)’z(i)+IaYZ(i+1)—1) ev.

iEw
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CONTINUATION OF PROOF.

Let B be defined for i € w by

B(2i) = y,iy & B(2i +1) = W N [Va(i)y+1, Y(i+1)-1)-

Then {B(2i)}icw = {Yz(i) }iew € U and

U B@2i+1) = [J W N ya(iys1, Ya(irn)-1) = D€V

i€Ew i€Ew
and so it suffices to show that B | k € T for all k.

To see that this is so use that Z is Py-homogeneous.
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CONTINUATION OF PROOF.

By dropping finitely many elements of Z it may be assumed that
Yz(0) € succT(). Now suppose that B [ 2n € T and that
y(z(n)) € succr(B | 2n). (This holds with n =0.) Then
{yz(n)vyz(n)—|—17yz(n+1)—layz(n+1)} € Pp and so

WO [Yz(n)+15 Yz(n+1)-1) € Whaj2n+1
and so
B r (2n + 2) = (B f 2n + 1)AW N [yz(n)—i—layz(n—i—l)—l) eTl

and so y,(p41) € succr(B [ (2n+2)) and so B [ (2n+3) € T as
required to continue the induction.
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NoTATION 1

IfU is an ultrafilter, P is a _partial order and A a P-name such that
1lFp “A C w” then let D(A,U,P) denote the set

{rGIP’ ‘ (3Z c U)(Yn € w)Bra < 1) 1y IFp "Zmng/mn"}.

IfU is an ultrafilter and P a partial order and A a P-name such
that 1 IFp “A C w” then

D(A,U,P)UD(w\ AU,P) =P.

This can be proved using a fake generic. YORKI '
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IfU is selective and V is a P-point and U £rk V then forcing with
P(V) preserves U.

.

PROOF.

By Lemma 4 the hypothesis implies that for every (U, ))-SP-tree
has a branch B such that

°© Uy B2n+1) €V
e {B(2n) |new}el.

It will be shown that if 1 IFp(y) “X C w" then there is some A € U
and T € P(V) such that either T IFpp,) “X 2 A" or

T lFppy "X MA = @". Using Lemma 5 and Notation 1 it is
possible to find T € P(V) such that either D(X,U,P(V)) or

D(w\ X,U,P(V)) is dense below T; without loss of generality, '
assume that D(X,U,P(V)) is dense below T.
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PROOF.

Construct a (U, V)-SP-tree T such that for each 7 € T there is
T, € P(V) and A: such that

QTy=T
Q if |7| is even then succy(7) = A, € U
Q if |7| is odd then succr(7) = [A-]<N and A, € V

Q if 7 Coand |7] = n+1 and k = max(7(n)) then T, C T,
and Levy(T;) = Levg(T,)

Q@ if |7| is odd and k € A, then for all
t € Levi(T,))(Vh: |7| — 2)(3f € sucey(t)) hC f

O if |7| is even and k € A; then T~ IFpyy) "k € X",
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PROOF.

This is an induction similar to the proof of properness. For
example, to see that (6) holds let |7| = 2n and suppose that T is
given. For k = max(7(2n — 1)) and t € Lev,(T) use that
D(X,U,P(V)) is dense below T to find A* € I and a sequence
{T+t,n}near such that Tt IFpeyy “n € X" for each n € A;. Then

let
A= () A
teLevy(T)

and for each n € A}

TT’\n — U Tt,n-
tELevy(T)
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PROOF.

Then T is a (U, V)-SP-tree and so there is a branch B of T such
that A= {B(2n)}new €U and J,c,, B(2n+ 1) € V. As in the
proof of properness

T* = U LevB(,,) (TB[(IH-l)) € ]P(V)

T* C Thi(2n41y for eacl_m nand Ty, 1y IFeevy “B(2n) € X"
Hence T* II-P(V) "AC X", O
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At this stage it is already possible to obtain a model of set theory
with a unique selective ultrafilter. Start with a model of ¢, and
to select an arbitrary selective ultrafilter V in this model. Then
construct a countable support iteration of partial orders Q¢ of
length ws such that each &M iterand is of the form IP(Ue ) provided
that the name U is guessed by the ., sequence and

1k, “Vg is a P-point and V £Lgri Ug".

Each Q¢ is proper and w®-bounding. Hence, by Corollary 1 it
follows that
1lkg,, “Veis a not a P-point. ”

Hence 1 H—sz “if Ve is a a P-point then V <gy U¢".

Since selective ultrafilters are RK minimal it follows that V is the

only possible selective ultrafilter in the generic model obt%leﬁdffkl '

forcing with Q.
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In order to get a single P-point, and not just a single selective
ultrafilter, an argument is needed for destroying P-points V such
that U <grk V while preserving U when U is selective.

Constructing such a partial order and establishing its key properties
with be the focus of the remainder of this lecture.
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The following definition combines aspects of U/-P-trees and
(U, V)-SP-trees. Note that, unlike the case of (U, V)-SP-trees,
there is no difference between even and odd levels.

DEFINITION 5

Let U and V be ultrafilters and h : w — w a finite-to-one function
witnessing that U <grk V. Define a tree T to be a

(U, V, h)-SP-tree if for each 7 € T there are A, € U and B; € V
such that

succr(r) = {(n,h"{n}NB;) | ne A }.
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LEMMA 7

Let U be a selective ultrafilter and V a P-point such that

h:w — w a finite-to-one function witnessing that U <rk V. Then
for any (U, V, h)-SP-tree T there is a branch B such that letting
B(n) = (Bo(n), B1(n))

{Bo(n) |newteU & | JBi(n)eV

PROOF.
This uses ideas similar to those of the proof of Lemma 4. Ol

JURIS STEPRANS P-poINTS



Let U and V' be ultrafilters and h : w — w a finite-to-one function
witnessing that V <gk U. Define the partial order P(V,U, h) to
consist of trees T such that

)h‘l(lfl) (6)

(V7 € T) sucer(1) C <2|T|
and there are A€ U and B € V such that for all k € w

(V>®a € A)(Vt € Leva(T))(Vf : h™1(a) N B — 2K)
(3g € succr(t))(Vj € h~1(a) N B) f(j) C g(j). (7)

Define Cg by letting Fg(k) : h=1(k) — 2k if for all T € G there is
t € T such that t(k) = Fg(k) and define

i) {Fc(hw))wm ifj € h(o) p‘

0 otherwise.
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If V be a selective ultrafilter and U a P-point such that h: w — w
a function witnessing that V <gx U then P(V,U, h) is proper and
w® bounding.

This is shown by argument similar to those that establish that
P(U) is proper and w* bounding.
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LEMMA 9

Suppose that
o U is a selective ultrafilter
o V is a P-point
@ h a function witnessing that ¥V <gx U
o V#rx U
o T eP(U,V,h)
o P: T — 2.

Then there is T* C T such that T* € P(U,V, h) and there is
W €U and J € 2 such that

(Yw € W)(Vt € Levy1 T) P(t) = J.
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A sketch of the proof of this lemma uses the following:

For arbitrary sets R and D if RP = Py U Py then there is d € D
and a partition D\ {d} = Dy U D1 such that for all f : D; — R
there is f* € P; such that f C f*.

This lemma is used in the following context: X is a name for a
subset of w and

e 7€ Tand AcU and B € V witness that T € P(U, V), h)

[ T<Tﬁf> ”_IP’(Z/{,V,h) “XX(|’T|) = Jf” for f € SUCCT(T).
Let D= h=Y(|7[)N B and R = 2I7|. Then for each f € RP there is
g[f] € succy(7) such that

(Vi € (7)) n B) f()) < glf10)-
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Let RP = Py U P; be the partition defined by

Pi={feR | Jyn=i}.

Lemma 10 then provides a partition

h=Y(|7))Nn B =D = Dy U D; U {d}

such that for all f : D; — R there is f* € P; such that f C f*.
Letting D] denote D; and d” denote d for a particular 7, an
argument using Lemma 7 then yields 7" C T such that
T*eP(U,V,h) and A€ U and B € V such that either:

o Df O h7(|7]) N B for each w € W and 7 € Lev,, (T*

o D] D h™Y(|7]) N B for each w € W and 7 € Lev,,(T*

~— —

o {d"} = h_1(|7'|) N B foreach we W and 7 € Lev%’]l(‘i“))
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If J € 2 is such that one of the first two possibilities holds for J
then

(Vk € W)(Vr € Levi(T*))(VF : D} — 27
(3g € succr-(7))(Vj € D}) f(j) C g(j) (8)

and hence

(Vk € W) (V7 € Levi (T*))(VF - h=Y(|7]) N B — 27
(Jg € sucer-(7))(Vj € D}) £(j) C g(j) (9)

and so T* IFpqy p) “(Yw € W) xx(w) = J" as required.

The third possibility is ruled out by the hypothesis that V #rk U.
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The immediate corollary now is the following.

COROLLARY 2

IfU is a selective, V is a P-point and h witnesses that V <gx U
and 1lkpiy py “X € UT" then there is T € P(U,V, h) and A € U
such that _

T “_]P’(Z/I,V,h)) “A Q X",

There is only one final piece of the puzzle needed and it is provided
the next lemma, whose proof is similar to the corresponding result
for P(U).
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LEMMA 11

IfU is a selective, V is a P-point and h witnesses that V <rx U
and J € 2 and

1 1Fpey s, n) “X s almost-J-homogeneous for C:"

then there is T € P(V,U, h)) and E € U such that

T ”_]p(y’u’h)) “ENX=0".

A countable support iteration, starting with a model of ¢, and a
fixed selective ultrafilter I/, of partial orders P¢ * Q¢ where

o Q¢ =P(V) if Ouy, at & guesses Ve and 1 IFp, U Zre Ve

o Q¢ =P(U, Vg, h) if Oy, at £ guesses Ve and
1 ||—Ip>5 ‘U <rk V:".
provides a model with a unique P-point. Y(‘-')RKI'|
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(QUESTIONS

It is not hard to modify this proof to get model of set theory with
any specified number of RK-equivalence classes of P-points (but
there is only homeomorphism class of P-points of character R;.)

QUESTION 1
What RK structures are possible for the set of P-points?

Given that in the models discussed with some, but not many
P-points, the P-points are all selective, one may ask whether it is
possible to have P-points, but no selective ultrafilters.

THEOREM 1 (COMBINING KUNEN [2] AND Dow [1])

In a model obtained by adding N, random reals to a model of
V = L there are no selective ultrafilters, but there are P-points.
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