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All topological spaces are Tikhonov.

Definition
A space K is an Eberlein compact space if K is homeomorphic to a
weakly compact subset of a Banach space.

Equivalently, a compact space K is an Eberlein compactum if K can
be embedded in the following subspace of the product R':

co(M) = {x e R" : for every ¢ > 0 the set {v : |x(7)| > €} is finite},

for some set T'.
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All topological spaces are Tikhonov.

Definition
A space K is an Eberlein compact space if K is homeomorphic to a
weakly compact subset of a Banach space.

Equivalently, a compact space K is an Eberlein compactum if K can
be embedded in the following subspace of the product R':

co(M) = {x e R" : for every ¢ > 0 the set {v : |x(7)| > €} is finite},

for some set I'.
All metrizable compacta are Eberlein compact spaces.

Continuous images, closed subspaces, countable products of Eberlein
compacta are Eberlein compact spaces.
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A compact space K is Corson compact if, for some set I, K is
homeomorphic to a subset of the >-product of real lines

RN ={xeR" : [{v:x(7) #0}| < w}.
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A compact space K is Corson compact if, for some set I, K is
homeomorphic to a subset of the >-product of real lines

RN ={xeR" : [{v:x(7) #0}| < w}.

Clearly, the class of Corson compact spaces contains all Eberlein
compacta.
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A compact space K is Corson compact if, for some set I, K is
homeomorphic to a subset of the >-product of real lines

T(RT) = {x € R : [{y: x(3) # 0}] < w}.

Clearly, the class of Corson compact spaces contains all Eberlein
compacta.

Let x be an infinite cardinal number. A compact space K is x-Corson
compact if, for some set I', K is homeomorphic to a subset of the

Y .-product of real lines

TL(RD) = {x € R : [{y: x(7) # 0}] < }.
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A compact space K is Corson compact if, for some set I, K is
homeomorphic to a subset of the >-product of real lines

T(RT) = {x € R : [{y: x(3) # 0}] < w}.

Clearly, the class of Corson compact spaces contains all Eberlein
compacta.

Let x be an infinite cardinal number. A compact space K is x-Corson
compact if, for some set I', K is homeomorphic to a subset of the

Y .-product of real lines

TL(RD) = {x € R : [{y: x(7) # 0}] < }.

Obviously, the class of Corson compact spaces coincides with the
class of w{-Corson compact spaces.

K. Zakrzewski (UW) r-Corson compacta February 5, 2023 3/14



Let {X, : v € I'} be the family of nonempty topological spaces, and let
a, be a fixed point of X,.
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Let {X, : v € I'} be the family of nonempty topological spaces, and let

a, be a fixed point of X,.
The o-product of the family {(X,, a,) : v € T'} is the following subspace

of the product [ < X,

o(Xy.ay. 1) = {(X)rer € [[ X0 : Hy €T 1 Xy £ a3} < w}.
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Let {X, : v € I'} be the family of nonempty topological spaces, and let
a, be a fixed point of X,.

The o-product of the family {(X,, a,) : v € T'} is the following subspace
of the product [ < X,

o(Xy. a0, T) ={(X)rer € [[ X : Hr €T : %, # a}| <w}.
yer

It X, =/=1[0,1]and a, =0, for all v € T, then we denote the
o-product o(Xy, a,, ) by o(/,T).
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Let {X, : v € I'} be the family of nonempty topological spaces, and let
a, be a fixed point of X,.
The o-product of the family {(X,, a,) : v € T'} is the following subspace

of the product [ < X,

o(Xy,ay,T) = {(X)rer € HX7 Hyel:x #a} <w}.

yer

It X, =/=1[0,1]and a, =0, for all v € T, then we denote the
o-product o(Xy, a,, ) by o(/,T).

If X, =R anda, =0, forall y € T, then we denote the o-product
o(Xy,ay, N by o(R,T).
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Let {X, : v € I'} be the family of nonempty topological spaces, and let
a, be a fixed point of X,.
The o-product of the family {(X,, a,) : v € T'} is the following subspace

of the product [ . X,

o(Xy. a0, T) ={(X)rer € [[ X : Hr €T : %, # a}| <w}.

yer

It X, =/=1[0,1]and a, =0, for all v € T, then we denote the
o-product o(Xy, a,, ) by o(/,T).

If X, =R and a, =0, forall v € I', then we denote the o-product
o(Xy,ay, N by o(R,T).

If X, =/~ and a, =(0,0,...), for all v € T, then we denote the
o-product o(Xy, a,,T) by o(/<,T).
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Let {X, : v € I'} be the family of nonempty topological spaces, and let
a, be a fixed point of X,.
The o-product of the family {(X,, a,) : v € T'} is the following subspace

of the product [ . X,

o(Xy. a0, T) ={(X)rer € [[ X : Hr €T : %, # a}| <w}.

yer

If X, =1=1[0,1] and a, = 0, for all v € T, then we denote the
o-product o(Xy, a,, ) by o(/,T).

If X, =R and a, =0, forall v € I', then we denote the o-product
o(Xy,ay, N by o(R,T).

If X, =/~ and a, =(0,0,...), for all v € T, then we denote the
o-product o(Xy, a,,T) by o(/<,T).

For k = w, .(R") = o(R,T).
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A compact space K is NY compact if K can be embedded into some
o-product of metrizable compacta.
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A compact space K is NY compact if K can be embedded into some
o-product of metrizable compacta.
We denote the class of NY compact spaces by NV ).
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A compact space K is NY compact if K can be embedded into some
o-product of metrizable compacta.

We denote the class of NY compact spaces by NV ).

Proposition

For a compact space K we have

@ K isw-Corson if and only if it can be embedded into some
o-product of metrizable finitely dimensional compacta if and only if
it can be embedded into the o-product o(1,T) for some setT .

@ K is NY compact if and only if it can be embedded into the
o-product o(I“,T) for some setT.
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A family U of subsets of a space X is Ty-separating if, for every pair of
distinct points x, y of X, there is U € U containing exactly one of the
points x, y.
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A family U of subsets of a space X is Ty-separating if, for every pair of
distinct points x, y of X, there is U € U containing exactly one of the
points x, y.

Given a family U of subsets of a space X, a point x € X, and an infinite
cardinal x, we write ord(x,U) < kif {UelU : x € U}| < k.
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A family U of subsets of a space X is Ty-separating if, for every pair of
distinct points x, y of X, there is U € U containing exactly one of the
points x, y.

Given a family U/ of subsets of a space X, a point x € X, and an infinite
cardinal x, we write ord(x,U) < kif {UelU : x € U}| < k.
We say that U is point-finite if ord(x,U) < w for all x € X.

Proposition

Let k be an uncountable cardinal number. For a compact space K, the
following conditions are equivalent:

@ Kisk-Corson;

© There exists a family U consisting of cozero subsets of K which is
To-separating, and ord(x,U) < k for all x € K.
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An analogous characterization for w-Corson compacta does not work:
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An analogous characterization for w-Corson compacta does not work:
Proposition (Marciszewski, Plebanek, Z.)
For a compact space K, the following conditions are equivalent:

@ There exists a Ty-separating, point-finite family U consisting of
cozero subsets of K;

Q K is a scattered Eberlein compact space.
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For a compact space K, the following conditions are equivalent:

@ There exists a Ty-separating, point-finite family U consisting of
cozero subsets of K;

Q K is a scattered Eberlein compact space.

Recall that a space X is strongly countable-dimensional if X is a
countable union of closed finite-dimensional subspaces.
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An analogous characterization for w-Corson compacta does not work:
Proposition (Marciszewski, Plebanek, Z.)
For a compact space K, the following conditions are equivalent:

@ There exists a Ty-separating, point-finite family U consisting of
cozero subsets of K;

Q K is a scattered Eberlein compact space.

Recall that a space X is strongly countable-dimensional if X is a
countable union of closed finite-dimensional subspaces.

Proposition (Marciszewski, Plebanek, Z.)

Every w-Corson compact space is Eberlein compact and strongly
countably dimensional.
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cozero subsets of K;

Q K is a scattered Eberlein compact space.
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countable union of closed finite-dimensional subspaces.

Proposition (Marciszewski, Plebanek, Z.)

Every w-Corson compact space is Eberlein compact and strongly
countably dimensional.

Proposition

A metrizable compact space K is w-Corson if and only if it is strongly
countably dimensional.
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An analogous characterization for w-Corson compacta does not work:
Proposition (Marciszewski, Plebanek, Z.)
For a compact space K, the following conditions are equivalent:

@ There exists a Ty-separating, point-finite family U consisting of
cozero subsets of K;

Q K is a scattered Eberlein compact space.

Recall that a space X is strongly countable-dimensional if X is a
countable union of closed finite-dimensional subspaces.

Proposition (Marciszewski, Plebanek, Z.)

Every w-Corson compact space is Eberlein compact and strongly
countably dimensional.

Proposition

A metrizable compact space K is w-Corson if and only if it is strongly
countably dimensional.

All scattered Eberlein compacta are w-Corson.
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A family A of subsets of a space X is closure preserving if, for any
subfamily A" C A, we have

Ua = J{A: Acay.
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A family A of subsets of a space X is closure preserving if, for any
subfamily A" C A, we have

Ua=JA: acay.

A space X is metacompact if every open cover of X has a point-finite
open refinement.
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A family A of subsets of a space X is closure preserving if, for any
subfamily A" C A, we have

A= J{A:Ac A}

A space X is metacompact if every open cover of X has a point-finite
open refinement.

Theorem (Z., Marciszewski, Plebanek)
For a compact space K, the following conditions are equivalent:
@ Kisw-Corson;

©Q K has a closure preserving cover consisting of finite dimensional
metrizable compacta;

@ K is hereditarily metacompact and each nonempty subspace A of
K contains a nonempty relatively open separable, metrizable,
finite dimensional subspace U.
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Theorem (Z., Marciszewski, Plebanek)

For a compact space K, the following conditions are equivalent:

@ K belongs to the class NY;

@ There exists a Ty-separating family U = | J{U, : v € '} consisting
of cozero subsets of K, where each U, is a countable and the
family {JU,, : v € T'} is point-finite;

@ K has a closure preserving cover consisting of metrizable
compacta;

@ K is hereditarily metacompact and each nonempty subspace A of

K contains a nonempty relatively open subspace U of countable
weight.
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Theorem (Z., Marciszewski, Plebanek)

For a compact space K, the following conditions are equivalent:

@ K belongs to the class NY;

@ There exists a Ty-separating family U = | J{U, : v € '} consisting
of cozero subsets of K, where each U, is a countable and the
family {JU,, : v € T'} is point-finite;

K has a closure preserving cover consisting of metrizable
compacta;
K is hereditarily metacompact and each nonempty subspace A of

K contains a nonempty relatively open subspace U of countable
weight.

The equivalence of conditions (a-c) was proved by Nakhmanson and
Yakovlev.
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Theorem (Z., Marciszewski, Plebanek)

For a compact space K, the following conditions are equivalent:

@ K belongs to the class NY;

@ There exists a Ty-separating family U = | J{U, : v € '} consisting
of cozero subsets of K, where each U, is a countable and the
family {JU,, : v € T'} is point-finite;

@ K has a closure preserving cover consisting of metrizable
compacta;

K is hereditarily metacompact and each nonempty subspace A of

K contains a nonempty relatively open subspace U of countable
weight.

The equivalence of conditions (a-c) was proved by Nakhmanson and
Yakovlev.

Corollary (Nakhmanson and Yakovlev)
The class N'Y is stable under continuous images

= = = = o2 t
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Corollary

A NY compact space K is w-Corson if and only if it is strongly
countably dimensional.
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Corollary

A NY compact space K is w-Corson if and only if it is strongly
countably dimensional.

Corollary

For any sequence (Kn)ne., Of nonmetrizable Eberlein compacta, the
product [] .., Kn does not belong to N').
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Theorem (Gruenhage)

For a compact space K, the following conditions are equivalent:

@ K is Eberlein compact;
@ K? is hereditarily o-metacompact;
@ K2\ A is o-metacompact.
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Theorem (Gruenhage)

For a compact space K, the following conditions are equivalent:
@ K is Eberlein compact;

@ K? is hereditarily o-metacompact;

@ K2\ A is o-metacompact.

Example (Marciszewski, Plebanek, Z.)

There exist a zero-dimensional Eberlein compact space K such that
K" is hereditarily metacompact for every n € w, but K is not w-Corson. )
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Theorem (Gruenhage)

For a compact space K, the following conditions are equivalent:
@ K is Eberlein compact;

@ K? is hereditarily o-metacompact;

@ K2\ A is o-metacompact.

Example (Marciszewski, Plebanek, Z.)

There exist a zero-dimensional Eberlein compact space K such that
K" is hereditarily metacompact for every n € w, but K is not w-Corson. )

Theorem (Marciszewski, Plebanek, Z.)

Let (Kn)nen be a sequence of nonmetrizable Eberlein compact spaces,
then [ ],y Kn is not hereditary metacompact.

v
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The class of w-Corson compact spaces is clearly stable under taking
closed subspaces and finite products, but is not stable under taking
continuous images, as the Hilbert cube is a continuous image of the
Cantor set 2¢.
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Definition
For A\, x € Card, let L,(\) = AU {oo} where all « € X are discrete and

basis neighbourhoods of oo are of the form AU {0} where A C \ and
AN A| < k.
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Definition
For A\, x € Card, let L,(\) = AU {oo} where all « € X are discrete and

basis neighbourhoods of oo are of the form AU {0} where A C \ and
AN A| < k.

Definition
Let £(x) be the class of all continuous images of closed subspaces of
L.(\)¥ for X € Card.
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Theorem (Bell, Marciszewski)

Let K be a compact space and let k > w.
Space K is kt-Corson <= Cp(K) € L,+.
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Theorem (Bell, Marciszewski)

Let K be a compact space and let k > w.
Space K is kt-Corson <= Cp(K) € L,+.

Theorem (Z.)

Let K be a compact space and let k > w.
If K is k-Corson, then Cy(K) € Ly
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Theorem (Bell, Marciszewski)

Let K be a compact space and let k > w.
Space K is kt-Corson <= Cp(K) € L,+.

Theorem (Z.)

Let K be a compact space and let k > w.
If K is k-Corson, then Cy(K) € Ly

Theorem (Z.)

Let K be a compact space and let k > w be a regular cardinal number.
Space K is k-Corson <= Cp(K) € L,.
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