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Spectrum of Independence Small Spectrum

Definition: Spectrum of Independence
sp(i) ={|<|: o is a max. ind. family}

Theorem (F., Shelah)
Assume CH. Let A be a regular uncountable cardinal. Then

V% Esp(i) = {Xq,A}.
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Spectrum of Independence Small Spectrum

No intermediate cardinalities

Lemma
In the above extension there are no m.i.f. of size k, for Xy < k < A. J
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Diagonalization filters

<7 -diagonalization filters
Let .7 be an independent family. A filter % is said to be an
o7 -diagonalization filter if

VF € %Yhe FF()(|FNa" = o)

and is maximal with respect to the above property.
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Diagonalization filters

Lemma
Suppose % is a «7-diagonalization filter, G is M(% )-generic and

xg=|J{s:3F(s,F) € G}.

Then:
Q@ « U{xg} is independent
Q Ify e ([0]\«&)N Vis such that

o U{y}

is independent, then <7 U{xg, y} is not independent.
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Diagonalization filters

Proof (1):
For he FF(<«/) and n € w, the sets

@ Dynpi={(s,F)eM(%):|sna/" > n}, and

@ Epp:={(s,F):|(min F\maxs)N.e/" > n}
are dense, and so &7 N xg, and 7"\ xg are infinite.
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Diagonalization filters

Proof (2):
Fix y such that &7 U{y} is independent.
@ If yc %, then xg C* y and so xg\y is finite.
Q Ify¢,then
o either there is F € 7 such that Fny is finite, and so xg Ny is finite,

e orthereare F € %, he FF(&/) st. FNyn.e" =0, in which case
xgNyNe/Nis finite.

© Thus in either case 7 U{xg, y} is not independent.
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Diagonalization filters

Corollary
Let k be a regular uncountable cardinal. Then consistently

Ny<i=k<ec.

Proof:

Let A > k be the desired size of the continuum. The ordinal product y* =1 - x
contains an unbounded subset .# of cardinality k. Consider a finite support
iteration of length y* such that along .# we

@ recursively generate a max. independent family of cardinality «,
@ as well as a scale of length «,

and along y*\.#, we add Cohen reals. Then in the final generic extension
Ny <d=k<i<k<c=A.

O

v
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Diagonalization filters

Theorem (F., Shelah, 2019)

Assume GCH. Let x4 < --- < k, be regular uncountable cardinals. There is a
cce generic extension in which {i;}!; C sp(i).

Proof:
Consider a finite support iteration of length v*, where y* is the ordinal product
Kn- Kn—1---ky and elaborate on the previous idea. O

v
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Taking Ultrapowers

Ultrapowers

Let x a measurable and let 7 C #(k) be a k-complete ultrafilter. Let P be a
p.o. Then P*¥/2 consists of all equivalence classes

={ge"P: {aer:f(a)=g(a)} € 7}
and is supplied with the p.o. relation [f] < [q] iff
{aoex:fla)<pg(a)} € 2.
We can identify each p € P with
[p] = [#o],

where f,(o) = p for each a € xk and so we can assume P C P¥/2.
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Taking Ultrapowers

Lemma
@ IfPis ccc, then P<P¥/ 9.

@ If P has the countable chain condition, then so does P/ 2.

Lemma
If o be a P-name for an independent family of cardinality > k. Then

IFpx, o </ is not maximal.

Vera Fischer (University of Vienna) CSR Winter School 2023 11/62



Taking Ultrapowers

Theorem (F., Shelah, 2019)

Let x1 < ko < --- < K be measurable witnessed by k;-complete ultrafilters
2; C Z(x;). There is a ccc generic extension in which

{ritily = sp(0).

Proof/ldea:
Let y* = kn-Kkp—1--- k1 and for each j € {1,---  k} fix .#; C y* unbounded, of
cardinality k;. Along each .7;

@ iteratively generate a max. ind. family of cardinality «;, and

@ for unboundedly many « € .7; take the ultrapower IE”Z’/@/.
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Taking Ultrapowers

Proof:
More precisely, take .#; C y* for j=1,--- ,n so that:

@ J; consists of successor ordinals, |.7}| = ;
@ .7;nEven and .#;nOdd are unbounded in y*, and
° {J}/ are pairwise disjoint.

Define a finite support iteration of length v* as follows. Fix a < y and suppose
for each k € {1,---,n} a sequence of reals

(rf:ye SNEven,y < a)

has been defined such that
@ of =U{rf:vye s nEvenna} is independent, and

@ for each y € . NEven, rf diagonalizes #/ over VFr.
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Taking Ultrapowers

Proof (cnt'd):
Proceed as follows.
@ If a € #,NEven for some k € {1,---,n} then

e choose an «X-diagonalizing filter %, in VFe,
o take Qq to be a Py-name for M(%), and
o rk to be the associated Mathias generic real.

Q If a € .#,Nn0Odd for some k € {1,---,n}, then

e a=f+1and so we take
@ Qq to be a Pg-name for the quotient of ng/% and Pg.

e Thus, in particular Py = Pg x Qq.

Q If a ¢ Up_i ¥ take Q,, to be a P,-name for the Cohen poset. [
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Taking Ultrapowers

Question:

@ Can we have a precise evaluation of the spectrum, without the
assumption of measurables?

@ Can we adjoin via forcing a maximal independent family of
cardinality X?
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Large Spectrum

Lemma

Let o7 be an independent family, % a <7-diagonalization filter. Let n > 1 and
foreachic nlet % =% . Let

G =[] Gibe P =[] M(%)-generic filter

icn icn
and for each i € nlet x; = xg,. Then in V[C]:
@ 7 U{x;}jcnis independent;
Q if y € (V\&)N[w]® be such that

o/ U{y} is independent,

then for each i € n, the family 7 U{y, x;} is not independent.
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Large Spectrum

Proof
Item (2) holds, since each x; is a diagonalization real.

To prove item (1):
@ fix he FF(«/) and an arbitrary j: n — 2;

@ for each n € w, we will show that the set
Dhjn = {{(ti, H)icn - 3i* > n(i* € D n.ar")}
is dense in P, where t° = t, t! = min H;\t;. Thus, if p € Dp , then

plFi e XV nah,

ien

where x? = x; and x! = 0\x;.
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Large Spectrum

Proof cnt'd:

@ Letp={((s;,Fi)iecneP. LetI={ien:j(i)=0}and J=n\I
@ Thus, for eachj e I, sf(/) =s; and foreach i e J, sf(i) = 0\S;.
@ Since % is «/-diagonalization,

N Fine"

iel

is infinite and so there is
ire(Fine",
iel

which is strictly bigger than n and the maximum of s; for all j € n.
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Large Spectrum

Proof cnt'd:
Then:

@ ificl (ssu{i*},F\(i*+1)) < (s;,F;) and forces i* € x;N.«/";

Q ificd, (s, F\(i*+1)) <(s;,F;) and forces i* € (w\x;) N7

Let g = (qi)icn Where
qi = (s;U{i"}, F\(Im +1)) for i€ 1, gi = (si, Fi\(i" + 1)) for i € J.
Then g<pandq < Dy, In particular,

giFit e X narh,

ien
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Large Spectrum

Proof cnt'd:
Then:

@ ificl (ssu{i*},F\(i*+1)) < (s;,F;) and forces i* € x;N.«/";

Q ificd, (s, F\(i*+1)) <(s;,F;) and forces i* € (w\x;) N7

Let g = (qi)icn Where
g = ({U{i"},F\(* +1)) for i € 1, g = (s1. F;\(i* +1)) for i € J.
Then g<pandq < Dy, In particular,

giFit e X narh,

ien
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Large Spectrum

Theorem (F., Shelah)

(GCH) Let 6 be an uncountable cardinal. Then, there is a ccc poset,
which adjoins a maximal independent family of cardinality 6.

Remark

In particular, there is a ccc poset adjoining a maximal independent
family of cardinality X,.
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Large Spectrum

Definition
Fix 0 <0 <A, where:
@ o is regular uncountable (the intended value of i),
@ A is of uncountable cofinality (the intended value of ¢).
@ Let S C 6<° be a well-prunded 8-splitting tree of height o.

@ For each o < o, let S, be the a-th splitting level of S.
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Large Spectrum

Recursively define a finite support iteration
Ps = (Pg,Qq: 0 < 0,B <0)
of length o such that for each a, in V¥« we have

Qa: H@n

NESy

where Q, is Mathias forcing for an appropriate diagonalization filter.
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Large Spectrum

More precisely:

@ Let Py = {0}, Qo be a Py-name for the trivial poset.

@ Let .o = 0 and let %4 be an arbitrary ultrafilter extending the Fréchet
filter. Thus % is o#-diagonalizing.

@ For each n € Sy =succg(0), let %, = % and let

Q1 =[] M(%)

neS;

with finite supports.

@ In VFi*Qi for each n € S; let ay be the M(%;,)-generic real.
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Large Spectrum

@ Suppose a > 2 and in VP for all n € Sy,
oy ={ay:vesuccs(n §),6 <a}
is independent.
@ Foreach n € S, let %, be a «7,-diagonalization filter and let

Qo = H M(%n)

neSy

with finite supports.

@ In VFa*Qa for each n € Sy let a, be the M(%,)-generic real.
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Large Spectrum

Lemma
In VPs for each branch n € [S] the family

oy ={ay:vesucc(n | &), & <al

is a maximal independent family of cardinality 6.

Proof:

Maximality follows from the diagonalization properties and the fact that the
length of the iteration is of uncountable cofinality. O

v
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Large Spectrum

Corollary (F., Shelah)

There is a ccc forcing notion adjoining a maximal independent family 7 such
that

Proof:
Use an X, -splitting tree of height w; . O
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Large Spectrum

Theorem (F., Shelah, 2022)

Assume GCH.Let o be a regular uncountable cardinal, A a cardinal of
uncountable cofinality such that ¢ < A. Let

e1 - [O-a)l']

be such that
0 =min®{,max01 = A.

Then there is a ccc generic extension in which

©4 Csp(i).
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Proof:

Letm = (Sy: 0 € ©1) be a sequence of pairwise disjoint trees such that for
each 6 € ©4, Sy is a 6-splitting tree of height o.

Letx < o.

@ For each 6 € ©4 let Sy , denote the a-th splitting level of Sy and

° Let Sm7a = U9€e1 89705.
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Large Spectrum

Proof cnt'd:

We will define a finite support iteration
Pm = (Ps,Qp: ¢ < 0,5 < 0)
where for each g < o in Vs,

Q= I Q@

nESm‘B

with finite supports and Q; is Mathias forcing for an appropriate
diagonalization filter adjoining a diagonalization real a,.
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Large Spectrum

More precisely:
@ Let Py = {0}, Qo be a Py-name for the trivial poset.

@ Let .o = 0 and let %4 be an arbitrary ultrafilter extending the Fréchet
filter. Thus % is «%-diagonalizing.

@ Foreach n € Sy 1 let %, = % and let
Q1= [I M(%)
NESm 1

with finite supports.

@ In VPQ1 for each 1 € Sm,1 let a, be the M(%,)-generic real.
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Large Spectrum

Suppose a > 2, 8 € ©4, n € Sg o and
IFp, <y ={ay : v €succg,(n [ §),§ < a} is independent.
Then in VFe, take %, to be a <%,-diagonalization filter and
Qn =M(%y).

With this the definition of the forcing notion is complete.
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Large Spectrum

Lemma
In VEm for each branch 1 € [Sg] = Sp.6, 8 € ©1 the family

aly ={ay:vesuccg,(n &), <o}
is maximal independent of cardinality 6. Thus,

VEm = ©1 Csp(i).

Proof:
Diagonalization. O
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Large Spectrum

Theorem (F., Shelah)

@ For any finite set C C {Xp}pcq\ 1, CONsistently
sp(i)=C.
@ For any infinite C C {Xn},ce\1 and A > X, of uncountable cofinality,

consistently
sp(i) = CU{Xgy,c=A}.
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Large Spectrum

Comment

Excluding values is an isomorphism of names argument, essentially a
counting argument, relying on specific properties of the forcing construction.
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Large Spectrum

Question:
@ Is it consistent that i = X ?

@ Is sp(i) closed with respect to singular limits of countable
cofinality?

Vera Fischer (University of Vienna) CSR Winter School 2023 36/62



Indestructibility & Genericity

... and once again Maximality
VX € [0]®\«7/3h € FF(27) such that <7 N X or o™ X is finite.

Dense maximality

Let &7 be an independent family. Then < is said to be densely
maximal if for each X € [w]®\.«/ and every h € FF(</) there is
W € FF(<7) such that /¥ D hand &/ N X or &7\ X is finite.

Remark

Thus, <7 is densely maximal if for each X € [w]®\ .« the set of
h € FF(«/) such that X does not split <7 is dense in FF(</).
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Indestructibility & Genericity

Density filter
Let .7 be an independent family. Then

fil(«) ={Y € [w]® :Vh e FF(«7)3N € FF(«#) st. K D hand & C Y}

is referred to as the density filter of 7.

Lemma
A family &7 C [w]® is densely maximal if and only if

P(0) = fil(/) U (@\9 | g € FE(/))an.
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Indestructibility & Genericity

Definition: Ramsey filter

A p-filter .# is said to be Ramsey if for every partition & = { Ep}nee Of ©
into finite sets, there is a set C in .# such that |Cn E,| < 1 for each n.

Definition: Selective independence

A densely maximal independent family <7 such that fil(.<7') is Ramsey
is said to be selective.
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Indestructibility & Genericity

Theorem (Shelah)
@ Selective independent families exists under CH.

@ They are indestructible by a countable support iterations and
countable support products of Sacks forcing.

Corollary
It is consistent that i < «.
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Indestructibility & Genericity

Countable approximations

Definition (F., Montoya, 2019)
Let PP be the partial order

@ of all pairs (<7, A) where </ is a countable independent family and
A € []® such that for all h € FF(.<7) the set 7N Ais infinite;

@ with extension relation defined as follows

(B,B) < (o, A)iff B2 o and BC* A.
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Indestructibility & Genericity

Lemma (CH)
P is countably closed and X»-cc.

Proof
@ Let {(4,A))}ico be a decreasing chain in P. Then & = J;c,, %/ is
a countable independent family.
@ Inductively one can construct a pseudointersection A of {A;}icq
such that An.«" is unbounded for each h € FF(.<).

@ Note that there are only X, options for a second coordinate and
only X4 options for a first coordinate. O]

v
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Indestructibility & Genericity

Lemma (CH)

Let G is P-generic. Then @/ = U{«/ : JA(«/,A) € G} is a selective
independent family.

Remark
@ /g is densely maximal;
@ F5={A:34(«,A) € G} is a Ramsey set;
@ fil(./g) is generated by .#5 and so
@ fil(.7) is Ramsey filter.

Vera Fischer (University of Vienna) CSR Winter School 2023 43/62



Indestructibility

Let o7 be a selective independent family. Then <7 remains selective after
forcing with the countable support iteration of any of:

@ (Shelah, 1989) Shelah’s poset for diagonalizing a maximal ideal,
@ (Cruz-Chapital, F., Guzman, Supina, 2020) Miller partition forcing,
@ (J. Bergfalk, F., C. Switzer, 2021) Coding with perfect trees,

@ (Switzer, 2022) h-perfect trees,

@ (F., Switzer, 2023) Miller lite forcing,

leading in particular to the consistency of each of the following

i<uyu=a=i<ar,i=u<cof(A)=non(A),i=hm<l,q.
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Indestructibility & Genericity

Definition
A poset P is Cohen preserving if every every new dense open subset
of 2<% (or, equivalently ®<®) contains an old dense subset.

Remark

More formally, P is Cohen preserving if for all p € P and all P-names D

so that _
plk “D C 2<“ is dense open”

there is a dense E C 2<? in the ground model, g <p p so that

qgl-ECD.
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Indestructibility & Genericity

Theorem (Shelah)

If 6 is an ordinal and <Pa,<@,3 | a < 8,B < 8) is a countable support
iteration such that for each a < 6

e “Qq is proper and Cohen preserving”

then P is proper and Cohen preserving.

Lemma
If P is Cohen preserving and proper, then P is o®-bounding.
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Indestructibility & Genericity

Theorem

Let 6 be an ordinal. Let <7 be a selective independent family and let

(PoQq | o < &) be a countable support iteration of proper forcing
notions so that for every a < 4,

IFo Qa is Cohen preserving".

If for every a < 9,

o “Qu preserves the dense maximality of .«7"

then IPs preserves the selectivity of «7.
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Genericity

Theorem (F., Montoya 2019; F., Switzer 2023)

Let &7 be an independent family. Then <7 is densely maximal iff fil(.</)
is the unique diagonalization filter.

Proof

@ (F., Montoya) If <7 is densely maximal then fil(.<7) is the unique
diagonalization filter.

o (F., Switzer) If fil(.<) is the unique diagonalization filter, then <7 is
densely maximal.
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Indestructibility & Genericity

Genericity

Theorem (F., Switzer, 2023)

The generic maximal independent family added by an iteration of
Mathias forcing relativized to diagonalization filters is selective.
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Indestructibility & Genericity

Genericity

Theorem (F., Switzer, 2023)
(GCH) Let k¥ < A be regular uncountable. It is consistent that

i=Kk<c=A

holds with a selective witness to i.

The above holds, in fact, for k < A with cf(x) > o and cf(1) > «. )
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Higher independence

Definition
Let x be a regular uncountable cardinal, <7 C [k]*.
@ Let FF., «(#7) be the set of all finite partial functions with domain
included in <7 and range the set {0,1}.
@ For each he FF_, () let & = N{AMA) : A c dom(h)} where
ANA) = A'if h(A) = 0 and A"A) = K\ A if h(A) = 1.
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Higher independence

Definition
Q Afamily & C [«]* is said to be k-independent if for each
h € FF_p (), 2/" is unbounded.

@ It is maximal kx-independent family if it is k-independent, maximal
under inclusion.

© The least size of a maximal k-independent family is denoted i(x).

v
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Higher independence

Lemma (F., Montoya)
Let x be a regular infinite cardinal.
@ There is a maximal k-independent family of cardinality 2*.
Q « <i(k)<2¥
Q (x) <i(x)
Q o(x) <i(k).

Corollary
If x is regular uncountable, then if i(x) = k* also a(x) = k™.
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Higher independence

Definition: x-dense maximality

A k-independent family .« is densely maximal if for every X € [k]*\ </
and every h € FF., (/) there is h' € FF_ (<) such that # D h and

either /" N X =0 or &7 N (x\X) = 0.

Question
Are there k-densely maximal independent families?

Vera Fischer (University of Vienna) CSR Winter School 2023 54/62



Higher independence

Definition (F., Montoya)
Let k¥ be a measurable cardinal and % a normal measure on k. Let
P4 be the poset of all pairs (<7, A) where

@ ¢/ is a k-independent family of cardinality «,

@ Ac 7 is suchthat Vh e FF_, (<), /"N Ais unbounded.

The extension relation is defined as follows: (<7, A1) < (4, Ao) iff
o D @y and Ay C* Agp.
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Higher independence

Lemma
Assume 2¥ = k. Then Py is k" -closed and k*'-cc. J
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Higher independence

Proof
@ Let {(«%,A)}icx be a decreasing sequence in Py .
@ We can assume that {A;},c« is strictly decreasing, i.e for each
i >jwe have A; C A;.
@ Then & =J;c < is an independent family of cardinality x and
the diagonal intersection A' = Ajc A € % .

@ Recursively we can define a set A” which is a pseudo-intersection
of {A;}ic« and which meets every v/ on an unbounded set.

@ Then A=A UA" is an element of % and so
@ (o,A) € Py is a common extension of {(<7,A;)}ick-

Py is kT T-cc, because

Py

=K. DJ
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Higher independence

Lemma (F., Montoya)

Assume 2¥ = k1, x is measurable and % is a normal measure on x.
Let G be a Py -generic filter. The

g =\ (o : IA € % with («7,A) € G}

is a densely maximal x-independent family.
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Higher independence

Remark: Density filter

Let fil- o« (275) be the filter of all X € % such that Vh € FF_, «(973)
there is i € FF_4 (/) such that W D hand &/ C X. Then:

@ Every 7 € [fil. o «(/5)]|= has a pseudo-intersection in
f||<a)7K(JZ{G)
e If f € Vn¥x is strictly increasing, then 3a € fil., «(<73) such that

f(a(i)) < a(i+1)

for all i € x, where {a(/) };c is the increasing enumeration of a.
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Higher independence

Theorem (F., Montoya)

(GCH) Let k be a measurable cardinal and let 7 be a normal measure

on k. The generic maximal independent family <75 adjoined by Py,
remains maximal after the x-support product S%.
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Higher independence

Corollary

Let k¥ be a measurable cardinal. There is a cardinal preserving generic
extension in which

a(x) = o(k) = (k) =i(x) = kT < 2¥.
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The End!

Thank you for your attention!
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