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Basic notions
Smital properties

Setup

Fubini produc

Borel-on-Borel

(X,+) — Polish Abelian group.

Bor(X) — the family of Borel subsets of X.

Z,J — o-ideals on Polish spaces.

M, N — the families of meager and null sets respectively.
A+B={a+b:ac A be B} - the algebraic sum of A and B
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Setup

(X,+) — Polish Abelian group.

Bor(X) — the family of Borel subsets of X.

Z,J — o-ideals on Polish spaces.

M, N — the families of meager and null sets respectively.
A+B={a+b:ac A be B} - the algebraic sum of A and B

Definition
We say that a o-ideal Z
@ isinvariant if x + A€ Z and —A € 7 for every x € X and A € Z;

@ has a Borel base if

(VA € T)(3B € Bor(X) N T)(A C B).
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Setup

(X,+) — Polish Abelian group.

Bor(X) — the family of Borel subsets of X.

Z,J — o-ideals on Polish spaces.

M, N — the families of meager and null sets respectively.
A+B={a+b:ac A be B} - the algebraic sum of A and B

Definition
We say that a o-ideal Z
@ isinvariant if x + A€ Z and —A € 7 for every x € X and A € Z;

@ has a Borel base if

(VA € T)(3B € Bor(X) N T)(A C B).

\,

Definition

We call a set A
o Z-positive if A ¢ T;
@ Z-residual if A€ € 7.

.
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Setup

Let A be a o-algebra on X that is a base for Z.

Definition
We say that a pair (A,Z) has
@ the Smital Property if

(YD C X)(VB € A\Z)(D is dense — (B + D) € I);
@ the Weaker Smital Property if
(3D C X, D dense and ctbl )(VB € A\Z)((B + D) € 7);

o the Very Weak Smital Property if

(VB € A\T)(3D C X, D dense and ctbl )((B + D)° € ).
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Setup

Let A be a o-algebra on X that is a base for Z.

Definition
We say that a pair (A,Z) has
@ the Smital Property if

(YD C X)(VB € A\Z)(D is dense — (B + D) € I);
@ the Weaker Smital Property if
(3D C X, D dense and ctbl )(VB € A\Z)((B + D) € 7);

o the Very Weak Smital Property if

(VB € A\T)(3D C X, D dense and ctbl )((B + D)° € ).

(Bor, M) and (Bor, N) have all of them while M N A and smaller
o-ideals have none.
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Setup Basic notions

Smital properties

Fubini product

Borel-on-Borel

Let ACX xY,xe X and y € Y. Denote

Ac={y e Y:(x,y) € A} (vertical slice of A in x)
A ={x e X :(x,y) € A} (horizontal slice of A iny)
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Ba:

Smr ties

S operti
Fubini product
Borel-on-Borel

Let ACX xY,xe X and y € Y. Denote

Ac={y e Y:(x,y) € A} (vertical slice of A in x)
A ={x e X :(x,y) € A} (horizontal slice of A iny)

Let A C P(X) and B C P(Y) be (o0)-algebras and denote by C = A® B
the (o)-algebra generated by rectangles of the form Ax B, A€ A, B € B.
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Setup

Let ACX xY,xe X and y € Y. Denote

Ac={y e Y:(x,y) € A} (vertical slice of A in x)
A ={x e X :(x,y) € A} (horizontal slice of A iny)

Let A C P(X) and B C P(Y) be (0)-algebras and denote by C = A® B
the (o)-algebra generated by rectangles of the form Ax B, A€ A, B € B.

Definition
Let Z C P(X) and J C P(Y) be (o-)ideals. Then

IRJT={ACXXY:(3CeC)ACC A{xeX:¢T}el)}

is the Fubini product of Z and J.
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Basic nof
Smital p
Fubini product
Borel-on-Borel

Setup

Definition

Let F C P(X), G C P(Y), H C P(X x Y) be families of sets. Then we
say that G is H-on-F if for each set H € H

{xeX:H,eG}eF.
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Setup

Definition

Let F C P(X), G C P(Y), H C P(X x Y) be families of sets. Then we
say that G is H-on-F if for each set H € H

{xeX:H,eG}eF.

Main cases:
e G=J CP(Y)is a o-ideal;
e F € {Bor(X),c(Bor(X)UTI)};
@ He{Bor(XxY),a(Bor(XxY)UI®T)};
where o(Bor(X) UZ) is the o-algebra of Z- measurable sets.
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Setup

Definition

Let F C P(X), G C P(Y), H C P(X x Y) be families of sets. Then we
say that G is H-on-F if for each set H € H

{xeX:H,eG}eF.

Main cases:
e G=J CP(Y)is a o-ideal;
e F € {Bor(X),c(Bor(X)UTI)};
@ He{Bor(XxY),a(Bor(XxY)UI®T)};

where o(Bor(X) UZ) is the o-algebra of Z- measurable sets. Examples:
M and N are Borel-on-Borel and measurable-on-measurable.
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Smital properties for products

@ Bartoszewicz A., Filipczak M., Natkaniec T., On Smital Properties,
Topology and its Applications, vol. 158 (2011), 2066-2075.

Let Z C P(X),J C P(Y) be (o-)ideals and A C P(X),B C P(Y) be
(o-)algebras.
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Smital properties for products

@ Bartoszewicz A., Filipczak M., Natkaniec T., On Smital Properties,
Topology and its Applications, vol. 158 (2011), 2066-2075.

Let Z C P(X),J C P(Y) be (o-)ideals and A C P(X),B C P(Y) be
(o-)algebras. Erroneous claim: each pair (A® B,Z ® J) has the
following property.

Definition

We say that a pair (A® B,Z ® J) have the Positive Rectangle Property
if for every Z ® J-positive set C € A® B there are A € A\Z and
B € B\J such that Ax BC CUK forsome K€ Z® J.
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Smital properties for products

Proposition

The pair (Bor(R?), [R]=¥ @ [R]=*) does not have the Positive Rectangle
Property.
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Smital properties for products

Proposition

The pair (Bor(R?), [R]=¥ @ [R]=*) does not have the Positive Rectangle
Property.

(Bor(R?), M) has the Positive Rectangle Property.
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Smital properties for products

Proposition

The pair (Bor(R?), [R]=¥ @ [R]=*) does not have the Positive Rectangle
Property.

(Bor(R?), M) has the Positive Rectangle Property. What about N7
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Smital properties for products

Theorem (Erdds, Oxtoby)

There is a set G C R? such that G N (A x B) and G° N (A x B) have a
positive measure for each A, B C R of positive measure.
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Smital properties for products

Smital

al Property

Theorem (Erdds, Oxtoby)

There is a set G C R? such that G N (A x B) and G° N (A x B) have a
positive measure for each A, B C R of positive measure.

Take G = {(x,y) € R?: x — y € F}, where F and F€ have a non-null
intersection with every nonempty open set. O

A

A
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Smital properties for products

Theorem (Erdds, Oxtoby)

There is a set G C R? such that G N (A x B) and G° N (A x B) have a
positive measure for each A, B C R of positive measure.

Take G = {(x,y) € R?: x — y € F}, where F and F€ have a non-null
intersection with every nonempty open set. O

A

A

(Bor(R2), \') does not have the Positive Rectangle Property.
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Failure of PRP
PRP for algebras
P 5

Smital properties for products -
aker Smital

mital Property

Proposition

Let A C P(X) and B C P(Y) be algebras. Then A®@ B C P(X x Y)
consists of finite unions of rectangles.
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Fa of PRP
PRP for algebras

Smital properties for products

Proposition

Let A C P(X) and B C P(Y) be algebras. Then A®@ B C P(X x Y)
consists of finite unions of rectangles.

Let £ C P(X x Y) be an ideal and (A ® B)[K] be an algebra generated
by (A B)UK

Each pair ((A ® B)[K], K) of algebra-ideal has the Positive Rectangle
Property.
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Smital properties for products

Preserving Smital Property

Let (Bor(X),Z) and (Bor(Y), J) possess the Weaker Smital Property
and assume one of the following properties

Q@ J is Borel-on-Borel;

@ J measurable-on-measurable;

@ (Bor(X x Y),Z® J) has the Positive Rectangle Property.
Then (Bor(X x Y),Z ® J) also has the Weaker Smital Property.
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Failure of PRP

PRP for algebras
Preserving Weaker Smital
Preser o Smital Property

Smital properties for products

@ Take B e Bor(X x Y\I® J.
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Failure of PRP

PRP for algebras
Preserving Weaker Smital
Preserving Smital Property

Smital properties for products

@ Take B e Bor(X x Y\I® J.

@ Assume any of the properties listed above. Then
B ={x € X : By ¢ J} contains a Borel Z-positive set.
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Failure of PRP

PRP for algebras
Preserving Weaker Smital
Preserving Smital Property

Smital properties for products

@ Take B e Bor(X x Y\I® J.

@ Assume any of the properties listed above. Then
B ={x € X : By ¢ J} contains a Borel Z-positive set.

@ Let D; and D, witness the Weaker Smital Property for Z and J
respectively.
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Smital properties for products

Preserving Smital Property

@ Take B e Bor(X x Y\I® J.

@ Assume any of the properties listed above. Then
B ={x € X : By ¢ J} contains a Borel Z-positive set.

@ Let D; and D, witness the Weaker Smital Property for Z and J
respectively.

° (D1 x D2) + B 2 Ugep, Urep({dh +x} x (D2 + By)) is
T ® J-residual.
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Smital properties for products

Preserving Smital Property

@ Take B e Bor(X x Y\I® J.

@ Assume any of the properties listed above. Then
B ={x € X : By ¢ J} contains a Borel Z-positive set.

@ Let D; and D, witness the Weaker Smital Property for Z and J
respectively.

° (D1 x D2) + B 2 Ugep, Urep({dh +x} x (D2 + By)) is
T ® J-residual.

\

Let n € w and I, € {M, N} for any k < n. Then
(Bor,Zo ® Z; ® ... ® Z,,) has the Weaker Smital Property.

\,
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Failure of PRP

PRP fc

Preservin Smital
Preserving Smital Property

Smital properties for products

For a given o-ideal Z denote 7' = {A° : A€ T}.

Theorem (A. Bartoszewicz, M. Filipczak, T. Natkaniec)

If (A,Z) has the Smital property and B =7 U J' then (A® B,Z® J)
also has it.

Marcin Michalski, Robert Ratowski, Szymon Zeberski Smital properties of Fubini products of o-ideals



Smital properties for products

mital
reserving Smital Property

Definition
We say that a pair (A® B,Z ® J) has the Tall Rectangle Hull Property
(TRHP) if for every set C € A® B

(ACe A leTZ,JeT)(C\)x(Y\J)C CC(CxY)U(IxY)UXxJ)).

Analogously we define the Wide Rectangle Hull Property (WRHP).
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Failure of PRP

bras

Smital properties for products

ker Smital
Preserving Smital Property

The family of sets possessing TRHP is closed under countable unions and
complements. The same is true for the family of sets possessing WRHP.
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Smital properties for products

Preserving Smital Property

The family of sets possessing TRHP is closed under countable unions and
complements. The same is true for the family of sets possessing WRHP. )

Proposition

Let C=A®B. Then
Q@ ifA=TUT then (C,T® J) has WRHP.
Q@ ifB=JUJ then (C,Z® J) has TRHP.

.
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Smital properties for products -
tal properti procu ) er Smital

reserving Smital Property

The family of sets possessing TRHP is closed under countable unions and
complements. The same is true for the family of sets possessing WRHP. )

Proposition

Let C=A®B. Then
Q@ ifA=TUT then (C,T® J) has WRHP.
Q@ ifB=JUJ then (C,Z® J) has TRHP.

.

Let C = A® B and assume that
Q (C,Z® J) has TRHP and (A,Z) has the Smital Property, or
Q (C,Z® J) has WRHP and (B, J) has the Smital Property.
Then (C,Z ® J) has the Smital Property.

.

Marcin Michalski, Robert Ratowski, Szymon Zeberski Smital properties of Fubini products of o-ideals



VWSP equivalent to maximality
Maximality

Proposition

The following are equivalent:
@ (Bor(X),Z) has the Very Weak Smital Property;

@ 7 is maximal among invariant proper o-ideals with a Borel base.
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VWSP equivalent to maximality

Maximality

Proposition

The following are equivalent:
@ (Bor(X),Z) has the Very Weak Smital Property;

@ 7 is maximal among invariant proper o-ideals with a Borel base.

Are M and N the only maximal invariant o-ideals with Borel bases on R ?
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VWSP equivalent to maximality

Maximality

Proposition

The following are equivalent:
@ (Bor(X),Z) has the Very Weak Smital Property;

@ 7 is maximal among invariant proper o-ideals with a Borel base.

Are M and N the only maximal invariant o-ideals with Borel bases on R ?

There are ¢ many maximal invariant o-ideals with Borel bases on 2% .
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VWSP equivalent to maximality
Maximality

Thank you for your attention! |

@ Michalski M., Ratowski R., Zeberski Sz., ldeals with Smital
properties, arXiv:2102.03287v2
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