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A tower is a sequence (x, : o < 9) of infinite subsets of w, such
that

® Va < B < 0(xg C* Xa), where xg C* x, iff |x5 \ Xo| < w
0 Vx € [w]¥Ja < d(x ¥ Xq)
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A tower is a sequence (x, : o < 9) of infinite subsets of w, such
that

® Va < B < 0(xg C* Xa), where xg C* x, iff |x5 \ Xo| < w
0 Vx € [w]¥Ja < d(x ¥ Xq)

Question

What is the least § such that there is a tower of length 47

The answer is the regular cardinal t.
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A tower is a sequence (x, : o < 9) of infinite subsets of w, such
that

® Va < B < 0(xg C* Xa), where xg C* x, iff |x5 \ Xo| < w
0 Vx € [w]¥Ja < d(x ¥ Xq)

What is the least § such that there is a tower of length 47

The answer is the regular cardinal t. We will ask:

For what 0 is there a tower of length 67 More specifically: For
which regular cardinals x is there a tower of length k7
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A tower is a sequence (x, : o < 9) of infinite subsets of w, such
that

® Va < B < 0(xg C* Xa), where xg C* x, iff |x5 \ Xo| < w
0 Vx € [w]¥Ja < d(x ¥ Xq)

What is the least § such that there is a tower of length 47

The answer is the regular cardinal t. We will ask:

For what 0 is there a tower of length 67 More specifically: For
which regular cardinals x is there a tower of length k7

The answer is the tower spectrum that we will denote with 7.
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T := {k : k regular and there is a tower of length £}

Obviously 7~ C [y, 2%].
Main goal: control T.
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Definition
T := {k : k regular and there is a tower of length £}

Obviously 7~ C [y, 2%].
Main goal: control T.
This has been done for mad families before:

Theorem (Blass; Shelah, Spinas)

(GCH) Let C be a set of uncountable cardinals so that
o C is closed under singular limits,
@ C has a maximum,
@ maxC has uncountable cofinality,
o N; €(.

Then there is a ccc forcing extension in which A = C.
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What is the main idea?
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What is the main idea?

Hechler defined a ccc poset Haq(k) for adding a mad family of
size x by finite approximations.

Given C as above we simply force with P := []5%, Hmad(~).
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What is the main idea?

Hechler defined a ccc poset Haq(k) for adding a mad family of
size x by finite approximations.

Given C as above we simply force with P := []5%, Hmad(~).

Using a modification of Hya4(x) adding a tower of length x we
could show the following:

Theorem (S.)

Assume there are infinitely many weakly compact cardinals. Let
C Cw)\ {0}. Then there is a forcing extension in which for every
new,

N, €T < neC.

This is unsatisfying.
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Instead we have a new idea.
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Instead we have a new idea. Let us outline a general framework:
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Instead we have a new idea. Let us outline a general framework:
Let L be a lattice with a top element ko, € L and 6 an ordinal.
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Instead we have a new idea. Let us outline a general framework:

Let L be a lattice with a top element ko, € L and 6 an ordinal. Let
{Bf : 1 € L,ae < 6} be a set of complete boolean algebras such

that B? < B} for a < 8 and | < k.
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Instead we have a new idea. Let us outline a general framework:
Let L be a lattice with a top element ko, € L and 6 an ordinal. Let
{Bf : 1 € L,ae < 6} be a set of complete boolean algebras such
that B} <IB%f for a < B and | < k. Then we call this an
amalgamation system if:
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Instead we have a new idea. Let us outline a general framework:
Let L be a lattice with a top element ko, € L and 6 an ordinal. Let
{Bf : 1 € L,ae < 6} be a set of complete boolean algebras such
that B} <IB%f for a < B and | < k. Then we call this an
amalgamation system if:

@ VI € LVa € lim(6 + 1)(BS = _B)).

lim
—B<
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Instead we have a new idea. Let us outline a general framework:
Let L be a lattice with a top element ko, € L and 6 an ordinal. Let
{Bf : 1 € L,ae < 6} be a set of complete boolean algebras such
that B} <IB%f for a < B and | < k. Then we call this an
amalgamation system if:

@ Vi € LVa € lim(5 + 1)(B = lim,__ BY),

8
@ VI € limLVa < §(Bff = lim, _ By)?!

elimL < Yk, ... ko < 13K (ko, ... ko < k' < 1)
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Instead we have a new idea. Let us outline a general framework:
Let L be a lattice with a top element ko, € L and 6 an ordinal. Let
{Bf : 1 € L,ae < 6} be a set of complete boolean algebras such
that B} <IB%f for a < B and | < k. Then we call this an
amalgamation system if:

@ Vi € LVa € lim(5 + 1)(B = lim,__ BY),

8
@ VI € limLVa < §(Bff = lim, _ By)?!
Q Vko, ki < /€ LVa,f <y <9

( goanJ]B/W = Amalg( %O’Bfl/BZLI/n\S?B))'

elimL < Yk, ... ko < 13K (ko, ... ko < k' < 1)
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Instead we have a new idea. Let us outline a general framework:
Let L be a lattice with a top element ko, € L and 6 an ordinal. Let
{Bf : 1 € L,ae < 6} be a set of complete boolean algebras such
that B} <IB%f for a < B and | < k. Then we call this an
amalgamation system if:

@ Vi € LVa € lim(5 + 1)(B = lim,__ BY),

8
@ VI € limLVa < §(Bff = lim, _ By)?!
Q Vko, ki < /€ LVa,f <y <9

( i‘oanJ]B/W = Amalg( i‘O’BZ/BET\S::,B))_

Lemma

Suppose that kop is a limit, L\ {kop} is o-directed, w < cf(d) and
IB%iop is ccc. Then whenever x is a IB%‘,iop—name for a real, there is
I € L\ {hop}, @ < 0 and a B{*-name y, such that |- x = y.

elimL < Yk, ... ko < 13K (ko, ... ko < k' < 1)
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The actual construction (under GCH):

Jonathan Schilhan The tower spectrum



The actual construction (under GCH):
Given a lattice L as above and a regular cardinal A > |L] let

{lo - & < A} enumerate L\ {kop} such that every / appears A
many times.

Jonathan Schilhan The tower spectrum



The actual construction (under GCH):

Given a lattice L as above and a regular cardinal A > |L] let

{lo - & < A} enumerate L\ {kop} such that every / appears A
many times.

o We start with IB%(,) the trivial Boolean algebra for every | € L.
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The actual construction (under GCH):

Given a lattice L as above and a regular cardinal A > |L] let
{lo - & < A} enumerate L\ {kop} such that every / appears A
many times.

o We start with IB%(,) the trivial Boolean algebra for every | € L.

@ Suppose that B{* has been defined for o < < A and all
| € L, then:
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The actual construction (under GCH):

Given a lattice L as above and a regular cardinal A > |L] let
{lo - & < A} enumerate L\ {kop} such that every / appears A
many times.

o We start with IB%(,) the trivial Boolean algebra for every | € L.

@ Suppose that B{* has been defined for o < < A and all
| € L, then:

o v limit: let B] =i

m B¢
—a<y I
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The actual construction (under GCH):

Given a lattice L as above and a regular cardinal A > |L] let
{lo - & < A} enumerate L\ {kop} such that every / appears A
many times.

o We start with IB%(,) the trivial Boolean algebra for every | € L.

@ Suppose that B{* has been defined for o < < A and all
| € L, then:

o v limit: let B = Ii_rn>a<7 By,

o v=a+1: given I, let Q, be a B -name for a o-centered
forcing given by some book-keeping function.
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The actual construction (under GCH):

Given a lattice L as above and a regular cardinal A > |L] let

{lo - & < A} enumerate L\ {kop} such that every / appears A
many times.

o We start with IB%(,) the trivial Boolean algebra for every | € L.

@ Suppose that B{* has been defined for o < < A and all
| € L, then:

o v limit: let B = |i_m>a<7 Bf‘ ,
o v=a+1: given l,, let Q, be a B} -name for a o-centered
forcing given by some book-keeping function. We define:
B+ =B x Qq if I, < / and
BOt = BY else.

Note that this makes sense since by induction B}’ < B for every
> 1,.

Jonathan Schilhan The tower spectrum



Lemma

{B¢: a« < A\, I € L} is an amalgamation system of CBAs.
Moreover IB%;:OP has the ccc (and in particular all Bf's).
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Lemma

{B¢: a« < A\, I € L} is an amalgamation system of CBAs.
Moreover IB%;:OP has the ccc (and in particular all Bf's).

Proof.
This is an induction on a < A. The most interesting is the
amalgamation requirement.
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Lemma

{B¢: a« < A\, I € L} is an amalgamation system of CBAs.
Moreover IB%;:OP has the ccc (and in particular all Bf's).

Proof.

This is an induction on a < A. The most interesting is the
amalgamation requirement.
The ccc follows since Bi‘op is just a fsi of ccc forcings (since

o-centered forcings stay ccc in any extension).
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Let X C L\ {kop} then X is called k-unbounded if | X| = & and for
any Y C X,

Y is bounded — |Y]| < k.
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Let X C L\ {kop} then X is called k-unbounded if | X| = & and for
any Y C X,

Y is bounded — |Y| < k.

Theorem

Assume that k < X\ and there is no k-unbounded subset in
L\ {kop}, then
A
Ve =k g T
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Let X C L\ {kop} then X is called k-unbounded if | X| = & and for
any Y C X,
Y is bounded — |Y| < k.

Assume that k < X\ and there is no k-unbounded subset in
L\ {kop}, then

VPiop ErxkéT.

Suppose (x¢ : £ < k) is forced to be a tower.
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Let X C L\ {kop} then X is called k-unbounded if | X| = & and for
any Y C X,
Y is bounded — |Y| < k.

Assume that k < X\ and there is no k-unbounded subset in
L\ {kop}, then

VPiop ErxkéT.

Suppose (x¢ : £ < k) is forced to be a tower. For each { < k we
can assume that x; is a ]B%Zf name for some a¢ < A and

ke € L\ {kop}.
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Let X C L\ {kop} then X is called k-unbounded if | X| = & and for
any Y C X,
Y is bounded — |Y| < k.

Assume that k < X\ and there is no k-unbounded subset in
L\ {kop}, then

VPiop ErxkéT.

Suppose (x¢ : £ < k) is forced to be a tower. For each { < k we
can assume that x; is a ]B%Zf name for some a¢ < A and

ke € L\ {hop}. As k < A we have that sup;,, ag = a < \.
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Let X C L\ {kop} then X is called k-unbounded if | X| = & and for
any Y C X,
Y is bounded — |Y| < k.

Assume that k < X\ and there is no k-unbounded subset in
L\ {kop}, then

VPiop ErxkéT.

Suppose (x¢ : £ < k) is forced to be a tower. For each { < k we
can assume that x; is a ]B%Zf name for some a¢ < A and

ke € L\ {hop}. As k < A we have that sup;,, ag = a < \.
Moreover since there is no k-unbounded subset of L, there is

X € [r]" so that {ke : £ € X} is bounded, say by / € L\ {/op}-
Then (x¢ : £ € X) is added by B.
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(...) But our book-keeping function will give at some later stage
B > «, I3 = I and Qg a forcing diagonalizing (x¢ : £ € X). O
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(...) But our book-keeping function will give at some later stage
B > «, I3 = I and Qg a forcing diagonalizing (x¢ : £ € X). O

Theorem

Assume that there is a strictly increasing unbounded sequence
(ke : & < k) in L\ {hop}, then

B
Vite EkeT.

Note that such a sequence gives a k-unbounded set.
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Assume that there is a strictly increasing unbounded sequence
(ke : € < r)in L\ {kop}, then

]B)\
Vike = €T,
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Assume that there is a strictly increasing unbounded sequence
(ke : € < r)in L\ {kop}, then

]B)\
Vikr =k eT.

Proof.

(xe : £ < k) is constructed inductively such that x¢ is a IB%?:;H name
for a real for some a¢ < A.
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Assume that there is a strictly increasing unbounded sequence
(ke : € < r)in L\ {kop}, then

]B)\
Vikr =k eT.

Proof.
(xe : £ < k) is constructed inductively such that x¢ is a IB%?:;H name

for a real for some a¢ < A.
Assume we are given (X¢ : £ < 7).
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Assume that there is a strictly increasing unbounded sequence
(ke : € < r)in L\ {kop}, then

]B)\
Vikr =k eT.

Proof.
(xe : £ < k) is constructed inductively such that x¢ is a IB%?:;H name

for a real for some a¢ < A.
Assume we are given (X : £ < 7). Let o := SUPgcry g < A
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Assume that there is a strictly increasing unbounded sequence
(ke : € < r)in L\ {kop}, then

]B)\
Vikr =k eT.

Proof.
(xe : £ < k) is constructed inductively such that x¢ is a IB%?:;H name

for a real for some a¢ < A.
Assume we are given (X : £ < 7). Let o := SUPgy g < A. Then
(Xe : £ <) is added by IB%%W.
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Assume that there is a strictly increasing unbounded sequence
(ke : € < r)in L\ {kop}, then

]B)\
Vikr =k eT.

Proof.
(xe : £ < k) is constructed inductively such that x¢ is a IB%?:;H name

for a real for some a¢ < A.
Assume we are given (X : £ < 7). Let o := SUPgy g < A. Then
(Xe : £ <) is added by IB%%W. Our book-keeping function returns at

some later stage 3 > «, Iz = k, and Qg a name for a forcing
adding a pseudointersection of (x¢ : £ <) (namely Mathias
forcing relative to the generated filter).
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Assume that there is a strictly increasing unbounded sequence
(ke : € < r)in L\ {kop}, then

]B)\
Vikr =k eT.

Proof.

(xe : £ < k) is constructed inductively such that x¢ is a IB%?:;H name
for a real for some a¢ < A.

Assume we are given (X : £ < 7). Let o := SUPgy g < A. Then
(Xe : £ <) is added by IB%%W. Our book-keeping function returns at
some later stage 3 > «, Iz = k, and Qg a name for a forcing
adding a pseudointersection of (x¢ : £ <) (namely Mathias
forcing relative to the generated filter). We let oy = 41 and X,
a name for the generic added by Q3.
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(...) Claim: (x¢ : £ < k) will be a tower.
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Proof.

(...) Claim: (x¢ : £ < k) will be a tower.
Suppose x is a name for a real. Then there is & < A and
'€ L\ {hop} so that x is added by B.
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Proof.

(...) Claim: (x¢ : £ < k) will be a tower.

Suppose x is a name for a real. Then there is & < A and

I € L\ {kop} so that x is added by Bf*. Let & < k be such that
ke £ | and assume wlog that a¢ < . Then we have that
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Proof.

(...) Claim: (x¢ : £ < k) will be a tower.

Suppose x is a name for a real. Then there is & < A and

I € L\ {kop} so that x is added by Bf*. Let & < k be such that
ke £ | and assume wlog that a¢ < . Then we have that

a % _ a ¥ g
( ”Bk€+1>Bﬁop = Amalg( ,,IB%k€+1 B//\k5+1)-
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Proof.

(...) Claim: (x¢ : £ < k) will be a tower.

Suppose x is a name for a real. Then there is & < A and

I € L\ {kop} so that x is added by Bf*. Let & < k be such that
ke £ | and assume wlog that a¢ < . Then we have that

a % _ a ¥ g
( ”Bk€+1>Bﬁop = Amalg( ,,IB%k€+1 B//\k5+1)-

B2§+1 - BE§+1 * Qﬁ Since k£ < k£+1 and B?/fk€+1 = IB/ﬁ/\kg_'_l Since
kg £ I A k€+1.
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Proof

(...) Claim: (x¢ : £ < k) will be a tower.

Suppose x is a name for a real. Then there is & < A and

I € L\ {kop} so that x is added by Bf*. Let & < k be such that
ke £ | and assume wlog that a¢ < . Then we have that

a % _ a ¥ g
( ”Bk€+1>Bﬁop = Amalg( ,,IB%k€+1 B//\k5+1)-

(6 /8 )
Bk§+1 = ¥ Qg since k¢ < key1 and B,Ak& L= Bl/\kgﬂ since
ke % //\ §+1
But then

B : B _ g
Amalg(IB%‘f‘,IB%k£+1 * Qﬂ/Bl/\k5+1) = Amalg(IB%Cg e 1/B//\k§+1) Qg.
In particular the real added by Qg, namely x, is going to be
generic over VB 5 x. This guarantees that x Z* x.

L]
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Assume that k < X\ and there is no k-unbounded subset in

L\ {hop}, then
A
Vo Eré¢T.

Theorem

Assume that there is a strictly increasing unbounded sequence
(ke : & < k) in L\ {hop}, then

B
Vit =k eT.
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The actual actual construction:
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The actual actual construction:

Let C C w\ {0} non-empty and consider the lattice L = [, . R,
with f A g = min(f, g). |L| is regular uncountable (either Rp,.x ¢ or
Ny+1). Forany n € C, L has a N,-length unbounded increasing
sequence. If n ¢ C then L has no X,-unbounded set.
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The actual actual construction:

Let C C w\ {0} non-empty and consider the lattice L = [, . R,
with f A g = min(f, g). |L| is regular uncountable (either Rp,.x ¢ or
Ny+1). Forany n € C, L has a N,-length unbounded increasing
sequence. If n ¢ C then L has no X,-unbounded set.

Thus:

Theorem (S.)

(GCH) Let C Cw )\ {0}. Then there is a ccc forcing notion P so
that

VEER, e T neC.
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What about other spectra?
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What about other spectra? The same method applies to:
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What about other spectra? The same method applies to:

@ The set of s such that there is a x-filterbase on w. F is a
rk-filterbase if | F| =k and VA C F(3x(x C* A) — |A| < k).

Jonathan Schilhan The tower spectrum



What about other spectra? The same method applies to:

@ The set of s such that there is a x-filterbase on w. F is a
rk-filterbase if | F| =k and VA C F(3x(x C* A) — |A| < k).
@ The set of k such that there is a
k-unbounded subset of w*“/ fin.
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What about other spectra? The same method applies to:

@ The set of s such that there is a x-filterbase on w. F is a
rk-filterbase if | F| =k and VA C F(3x(x C* A) — |A| < k).
@ The set of k such that there is a
k-unbounded subset of w*“/ fin.

@ The lengths of "unbounded scales” in w® /fin.

@ The set of k such that there is a k-concentrated subset of R.
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What about other spectra? The same method applies to:
@ The set of x such that there is a x-filterbase on w. F is a
r-filterbase if | F| = k and VA C F(3x(x C* A) — |A| < k).
@ The set of k such that there is a
k-unbounded subset of w*“/ fin.
@ The lengths of "unbounded scales” in w® /fin.
@ The set of k such that there is a k-concentrated subset of R.

@ The set of k such that there is a k-Luzin set. X C R is a
k-Luzin set if | X| = k and VY C X(Y is meager <> |Y| < k).
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What about other spectra? The same method applies to:

@ The set of x such that there is a x-filterbase on w. F is a
r-filterbase if | F| = k and VA C F(3x(x C* A) — |A| < k).

@ The set of k such that there is a
k-unbounded subset of w*/ fin.

@ The lengths of "unbounded scales” in w® /fin.

@ The set of k such that there is a k-concentrated subset of R.

@ The set of k such that there is a k-Luzin set. X C R is a
k-Luzin set if | X| = k and VY C X(Y is meager <> |Y| < k).

@ The lengths of eventually splitting sequences. (x¢ : £ < k) is
eventually splitting if Vx € [w]*3E < kVn > £(x;, splits x).
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What about other spectra? The same method applies to:

@ The set of x such that there is a x-filterbase on w. F is a
r-filterbase if | F| = k and VA C F(3x(x C* A) — |A| < k).

@ The set of k such that there is a
k-unbounded subset of w*/ fin.

@ The lengths of "unbounded scales” in w® /fin.

@ The set of k such that there is a k-concentrated subset of R.

@ The set of k such that there is a k-Luzin set. X C R is a
k-Luzin set if | X| = k and VY C X(Y is meager <> |Y| < k).

@ The lengths of eventually splitting sequences. (x¢ : £ < k) is
eventually splitting if Vx € [w]*3E < kVn > £(x;, splits x).

...find your own example!
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Thank you for your attention!

L RN RS B
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