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Preliminaries and motivation: Classical Egorov’s Theorem

Theorem (Egorov), [4]
Given a sequence of Lebesgue measurable functions (f,) ...

fn: [0,1] — [0, 1] which is pointwise convergent on [0,1] and € > 0, one
can find a measurable set A C [0, 1] with m(A) > 1 — ¢ such that the
sequence converges uniformly on A.
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Preliminaries and motivation: Classical Egorov’s Theorem

Theorem (Egorov), [4]
Given a sequence of Lebesgue measurable functions (f,), .,

fp: [0,1] — [0, 1] which is pointwise convergent on [0,1] and £ > 0,
one can find a measurable set A C [0, 1] with m(A) > 1 — € such that
the sequence converges uniformly on A.
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Generalized Egorov's statement is independent from ZFC

Generalized Egorov's statement

Given a sequence of functions (f,),.... fa: [0,1] — [0, 1] which is
pointwise convergent on [0, 1] and € > 0, one can find a set A C [0, 1]
with m*(A) > 1 — e such that the sequence converges uniformly on A.
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Generalized Egorov's statement is independent from ZFC

Generalized Egorov's statement

Given a sequence of functions (f,),.... fa: [0,1] — [0, 1] which is
pointwise convergent on [0, 1] and € > 0, one can find a set A C [0, 1]
with m*(A) > 1 — e such that the sequence converges uniformly on A.

Theorem (T. Weiss, 2004), [12]

In the Laver model, the generalized Egorov's statement holds.
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Generalized Egorov's statement is independent from ZFC

Generalized Egorov's statement

Given a sequence of functions (f,),.... fa: [0,1] — [0, 1] which is
pointwise convergent on [0, 1] and € > 0, one can find a set A C [0, 1]
with m*(A) > 1 — e such that the sequence converges uniformly on A.

Theorem (T. Weiss, 2004), [12]

In the Laver model, the generalized Egorov's statement holds.

Theorem (T. Weiss, 2004), [12]
Under (CH) the generalized Egorov's statement fails.
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Generalized Egorov's statement is independent from ZFC,
continued

Theorem (R. Pinciroli, 2006), [9]
If non A < b, the generalized Egorov's statement holds.
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Generalized Egorov's statement is independent from ZFC,
continued

Theorem (R. Pinciroli, 2006), [9]
If non A < b, the generalized Egorov's statement holds.

Theorem (R. Pinciroli, 2006), [9]
If nonA = 0 = ¢, the generalized Egorov's statement fails.

Also if there exists a c-Lusin set and nonA = ¢, the generalized Egorov’s
statement fails.
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Generalized Egorov's statement is independent from ZFC,
continued

Theorem (R. Pinciroli, 2006), [9]
If non A < b, the generalized Egorov's statement holds.

Theorem (R. Pinciroli, 2006), [9]

If nonA = 0 = ¢, the generalized Egorov's statement fails.
Also if there exists a c-Lusin set and nonA = ¢, the generalized Egorov’s
statement fails.

Recall that a set L is a x-Lusin set if for any meagre set X, |[LN X| < &,
but |L| > k.
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Convergence with respect to an ideal

Sequence convergence with respect to /

Given an ideal / on w and a sequence (x,)nc, € R“ we say that the
sequence converges to a point x € R with respect to / (x, —; x) if for
every € > 0,

{new: |x,—x|>e} el
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Convergence with respect to an ideal

Sequence convergence with respect to /

Given an ideal / on w and a sequence (x,)nc, € R“ we say that the
sequence converges to a point x € R with respect to / (x, —; x) if for
every € > 0,

{new:|xp,—x|>e} el

[*-convergence

A sequence (X,)ncw € R¥ [*-converges to a point x € R (x, —+ x) if
there exists C € [ such that the sequence (x,,>,,€(w\c) converges to x in
the usual sense.
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Convergence with respect to an ideal

Convergence of a sequence of functions with respect to /

We get different notions of convergence of a sequence (f,)pe. Of
functions [0,1] — [0,1] on A C [0, 1] with respect to an ideal / on w,
which were introduced in [1] and [3]:

pointwise ideal, f, —; f if and only if
v5>0vx€A {n cw: |fn(X) - f(X)| 2 5} € Ia
uniform ideal, f, =, f if and only if

Ves0I3BeiVxea{n € w: [fa(x) — f(x)| > €} C B.
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Convergence with respect to an ideal, continued

I*-convergence of a sequence of functions

In this approach we get the following notions of convergence of

a sequence (f,)pew of functions [0,1] — [0,1] on A C [0, 1]:

I*-pointwise, f, —+ f if and only if for all x € A, there exists
M={m;: i€ w} Cw, my > m;fori € w such that
w\ M el and f,(x) = f(x),

[*-uniform, f, == f if and only if there exists M = {m;: i € w} C w,
mj1 > m; for i € w such that w\ M € [ and f,,, = f on
A.



Preliminaries and motivation Generalization of Pinciroli's method Applications Further generalizations and open problems
000000800000 00 0000 00000000000 000000

Convergence with respect to an ideal, continued

If 1, J are ideals on w, then IV J={AUB: A€l A B € J} is the least
ideal containing / and J.
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Convergence with respect to an ideal, continued

If 1, J are ideals on w, then IV J={AUB: A€l A B € J} is the least
ideal containing / and J.

J, I-convergence

The above notions can be further generalized. Let J C I be ideals. If

A C[0,1] and (f,)new is a sequence of functions [0,1] — [0, 1], we have
the following notions of convergence.

(J, I)-pointwise, f, —,; f if and only if for all x € A, there exists N € |
such that for all € > 0,

{new: |fh(x)—f(x)| > e} € JV (N),

(J, I)-uniform, f, =2, f if and only if there exists N € / and
fn =IVIN) f on A.
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Convergence with respect to an ideal, continued

If 1, J are ideals on w, then IV J={AUB: A€l A B € J} is the least
ideal containing / and J.

J, I-convergence

The above notions can be further generalized. Let J C I be ideals. If

A C[0,1] and (f,)new is a sequence of functions [0,1] — [0, 1], we have

the following notions of convergence.

(J, I)-pointwise, f, —,; f if and only if for all x € A, there exists N € |
such that for all € > 0,

{new: |fh(x)—f(x)| > e} € JV (N),

(J, I)-uniform, f, =2, f if and only if there exists N € / and
fn =IVIN) f on A.

Notice that —; j=—, and =3, ;==3,. Moreover, =i, j=—++, and
SFin ==+
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Convergence with respect to an ideal, continued

Therefore we have the following implications between notions of
convergence for ideals J C /.

—>Fin = = = —Jl = =

f f f f
SFn > =S = =3y = =y
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Egorov's statement for ideals: countably generated ideals
An ideal / is countably generated (satisfies the chain condition) if there
exists a sequence (C;);,, of elements of / such that C; C Ciyy for all
i € w and for every A € [, there exists k € w such that A C C.
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Egorov's statement for ideals: countably generated ideals

An ideal / is countably generated (satisfies the chain condition) if there
exists a sequence (G;);.,, of elements of / such that C; C Cjy4 for all
i € w and for every A € [, there exists k € w such that A C C.

Proposition

If I is a countably generated ideal on w, and f,: [0,1] — [0,1], n € w are
Lebesgue-measurable functions such that f, —; 0 and € > 0, then there
exists a measurable set B C [0, 1] such that m(B) < ¢ and f, =, 0 on
[0,1] \ B.
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An ideal / is countably generated (satisfies the chain condition) if there
exists a sequence (G;);.,, of elements of / such that C; C Cjy4 for all
i € w and for every A € [, there exists k € w such that A C C.

Proposition

If I is a countably generated ideal on w, and f,: [0,1] — [0,1], n € w are
Lebesgue-measurable functions such that f, —; 0 and € > 0, then there
exists a measurable set B C [0, 1] such that m(B) < e and f, =, 0 on
[0,1] \ B.

Proposition

If | is a countably generated ideal on w, and f,: [0,1] — [0,1], n € w are
Lebesgue-measurable functions such that f, —;« 0 and € > 0, then there
exists a measurable set B C [0, 1] such that m(B) < ¢ and f, =2~ 0 on
[0,1] \ B.
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Egorov's statement for ideals: countably generated ideals

An ideal / is countably generated (satisfies the chain condition) if there
exists a sequence (G;);.,, of elements of / such that C; C Cjy4 for all
i € w and for every A € [, there exists k € w such that A C C.

Proposition

If I is a countably generated ideal on w, and f,: [0,1] — [0,1], n € w are
Lebesgue-measurable functions such that f, —; 0 and € > 0, then there
exists a measurable set B C [0, 1] such that m(B) < e and f, =, 0 on
[0,1] \ B.

Proposition

If | is a countably generated ideal on w, and f,: [0,1] — [0,1], n € w are
Lebesgue-measurable functions such that f, —;« 0 and € > 0, then there
exists a measurable set B C [0, 1] such that m(B) < ¢ and f, =2~ 0 on
[0,1] \ B.

But there are only two countably generated ideals on w up to
isomorphism...
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Egorov's statement for ideals: Fin®

Given an ideal / on w and a sequence (/,) ,, of ideals on w, let
I-TI ., In be the following ideal. For any A C w?,

Acil-I[lhe{ncw: An ¢} el,
new

where A,y = {m cw: (n,m) € A}. If I, = J for any n € w, we denote
I-Toeo, In by 1 % J.
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Egorov's statement for ideals: Fin®

Given an ideal / on w and a sequence (/,) ,, of ideals on w, let
I-TI ., In be the following ideal. For any A C w?,

Acil-I[lhe{ncw: An ¢} el,
new

where A,y = {m cw: (n,m) € A}. If I, = J for any n € w, we denote

I-Tlpee In by I x J.

Fix a bijection b: w? — w and a bijection ag: w — 3\ {0} for any limit
B < w;. The ideals Fin®, o < wy, are defined inductively in the
following way. Let Fin! = Fin be the ideal of finite subsets of w. We set

Fin®™ = {b[A]: A € Fin x Fin®},
and for limit § < wq, let

Fin® = {b[A]: AcFin-]] Finaﬁ(f)} :

i€w
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Egorov's statement for ideals: Fin®

Theorem (N. Mrozek, 2010), [8]
If I = Fin® for & < wq, and f,: [0,1] — [0,1], n € w are
Lebesgue-measurable functions such that f, —; 0 and € > 0, then there

exists a measurable set B C [0, 1] such that m(B) < ¢ and f, =, 0 on
[0,1] \ B.
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Analytic P-ideals

An ideal / is analytic if {xc: C € I} is analytic as a subset of 2¢.
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Analytic P-ideals

An ideal / is analytic if {xc: C € I} is analytic as a subset of 2.

An ideal / is a P-ideal if for any sequence (A;);c, € I¥ of mutually
disjoint sets, there exists a sequence (B;);e., such that A;AB; is finite for
all i € w, and ., Bi € 1.

iEw
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Analytic P-ideals

An ideal / is analytic if {xc: C € I} is analytic as a subset of 2.

An ideal / is a P-ideal if for any sequence (A;)ic. € I* of mutually
disjoint sets, there exists a sequence (B;);e., such that A;AB; is finite for
all i € w, and U, Bi € 1.

By the well-known result of Solecki ([11]) if / is an analytic P-ideal, then
| = Exh(¢), where ¢ is a lower semicontinuous submeasure.
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Analytic P-ideals

An ideal / is analytic if {xc: C € I} is analytic as a subset of 2.

An ideal / is a P-ideal if for any sequence (A;)ic. € I* of mutually
disjoint sets, there exists a sequence (B;);e., such that A;AB; is finite for
all i € w, and U, Bi € 1.

By the well-known result of Solecki ([11]) if / is an analytic P-ideal, then
| = Exh(¢), where ¢ is a lower semicontinuous submeasure.

A function ¢: 2¥ — [0, 00] is a lower semicontinuous submeasure if it
satisfies the following conditions:

(1) ¢(2) =0,
(2) 6(A) < (AU B) < 6(A) + 6(B), for any A, B C w,
(3) ¢(A) =limp_, d(AN n), for any A C w,

and,
Exh(¢) ={ACw: lim ¢(A\ n) =0}.

n—oo
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Analytic P-ideals: convergence

Let / be an analytic P-ideal. Fix a lower semicontinuous submeasure ¢ such
that | = Exh(¢).
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Analytic P-ideals: convergence

Let / be an analytic P-ideal. Fix a lower semicontinuous submeasure ¢ such
that | = Exh(¢).

Convergence with respect to an analytic P-ideal

pointwise ideal, f, — f if and only if

VesoVxeaTkewd({n € w: [fi(x) — F(x)] > £} \ k) < &,

uniform ideal, f, =, 0 if and only if

Veso0Tkewd <{n € w: sup |fa(x) — f(x)| > 5} \ k> <e.
XEA
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Analytic P-ideals: convergence

Let / be an analytic P-ideal. Fix a lower semicontinuous submeasure ¢ such
that | = Exh(¢).

Convergence with respect to an analytic P-ideal

pointwise ideal, f, — f if and only if

VesoVxeaTkewd({n € w: [fi(x) — F(x)] > £} \ k) < &,

equi-ideal, f, —»; f if and only if

VesoTkewVxeap({n € w: [f(x) — F(x)[ Z e} \ k) <e,

uniform ideal, f, =, 0 if and only if

Veso0Tkewd <{n € w: sup |fa(x) — f(x)| > 5} \ k> <e.
XEA
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Egorov's statement for ideals: analytic P-ideals

Theorem (N. Mrozek, 2009), [7]
If I is an analytic P-ideal, and f,: [0,1] — [0,1], n € w are
Lebesgue-measurable functions such that f, —; 0 and € > 0, then there

exists a measurable set B C [0, 1] such that m(B) < e and f, —; 0 on
[0,1] \ B.
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Egorov's statement for ideals: analytic P-ideals

Theorem (N. Mrozek, 2009), [7]
If I is an analytic P-ideal, and f,: [0,1] — [0,1], n € w are
Lebesgue-measurable functions such that f, —; 0 and € > 0, then there

exists a measurable set B C [0, 1] such that m(B) < ¢ and f, —, 0 on
[0,1] \ B.

Theorem (N. Mrozek, 2009), [7]

If / is an analytic P-ideal which is not countably generated and
non-pathological. Then there exists a sequence f,: [0,1] — [0,1], n € w
of Lebesgue-measurable functions such that f, —; 0 and € > 0, such that
for every a measurable set B C [0, 1] with m(B) < e and f, 7, 0 on
[0,1]\ B.
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Egorov's statement for ideals: analytic P-ideals

Theorem (N. Mrozek, 2009), [7]
If I is an analytic P-ideal, and f,: [0,1] — [0,1], n € w are
Lebesgue-measurable functions such that f, —; 0 and € > 0, then there

exists a measurable set B C [0, 1] such that m(B) < ¢ and f, —, 0 on
[0,1] \ B.

Theorem (N. Mrozek, 2009), [7]

If / is an analytic P-ideal which is not countably generated and
non-pathological. Then there exists a sequence f,: [0,1] — [0,1], n € w
of Lebesgue-measurable functions such that f, —; 0 and € > 0, such that
for every a measurable set B C [0, 1] with m(B) < e and f, 7, 0 on
[0,1]\ B.

A submeasure ¢ is non-pathological if it is equal to pointwise supremum
of measures dominated by itself. An analityc P-ideal is non-pathological
if | = Exh(¢) for a non-pathological lower semicontinuous submeasure ¢.
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The method

Crucial lemma (MK), [5]

Assume that non(N) < b. Let ® € (w*)%1. Then for any £ > 0, there
exists A C [0, 1] such that m*(A) > 1 — ¢ and ® is bounded on A.
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The method

Crucial lemma (MK), [5]

Assume that non(\N) < b. Let & € (w*)I®. Then for any £ > 0, there
exists A C [0, 1] such that m*(A) > 1 — ¢ and ® is bounded on A.

Proof: We follow the arguments of Pinciroli (see [9]).
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The method

Crucial lemma (MK), [5]

Assume that non(\N) < b. Let & € (w*)I®. Then for any £ > 0, there
exists A C [0,1] such that m*(A) > 1 — ¢ and & is bounded on A.

Proof: We follow the arguments of Pinciroli (see [9]).

Assume that non(A) < b. Notice that this statement holds for example in

a model obtained by Np-iteration with countable support of Laver forcing (see
e.g. [2]). Also it can be easily proven that under this assumption there exists
aset Y C [0,1] of cardinality less that b such that m*(Y) = 1. Indeed, if

N C [0,1] is a set of positive outer measure with |N| < b, then let
Y={x+y:x€e N,y € Q}, where + denotes addition modulo 1. Then Y has
outer measure 1 under the Zero-One Law.
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The method

Crucial lemma (MK), [5]

Assume that non(\N) < b. Let & € (w*)I®. Then for any £ > 0, there
exists A C [0,1] such that m*(A) > 1 — ¢ and & is bounded on A.

Proof: We follow the arguments of Pinciroli (see [9]).

Assume that non(A) < b. Notice that this statement holds for example in

a model obtained by Np-iteration with countable support of Laver forcing (see
e.g. [2]). Also it can be easily proven that under this assumption there exists
aset Y C [0,1] of cardinality less that b such that m*(Y) = 1. Indeed, if

N C [0,1] is a set of positive outer measure with |N| < b, then let
Y={x+y:x€e N,y € Q}, where + denotes addition modulo 1. Then Y has
outer measure 1 under the Zero-One Law.

Therefore, every function ¢: [0,1] — w® maps Y onto a K,-set, where K,
denotes the o-ideal of subsets of w* generated by the compact (equivalently
bounded) sets. We get that ®[Y] € K,. Assume that ®[Y] C |J, ., B with
each B, bounded. Let A, = ®'[|J"_, Bi]. Therefore, ®[A,] is bounded, and
for any € > 0, there exists n € w such that m*(A,) > 1 —e¢. a
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Witness function o

For a sequence of functions f, : [0,1] — [0, 1] and subsets A C [0, 1], we
consider a notion of convergence f, & f on A. We assume that if B C A and
fan & f on A, then f, & f on B.
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Witness function o

For a sequence of functions f, : [0,1] — [0, 1] and subsets A C [0, 1], we
consider a notion of convergence f, & f on A. We assume that if B C A and
fa & f on A, then f, & f on B. We write f, & f provided that f, & f
on [0,1]. Let F C {{(fi)ncw : Vnewln : [0,1] — [0,1]} be an arbitrary
family of sequences of functions.
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Witness function o

For a sequence of functions f, : [0,1] — [0, 1] and subsets A C [0, 1], we
consider a notion of convergence f, & f on A. We assume that if B C A and
fa & f on A, then f, & f on B. We write f, & f provided that f, & f
on [0,1]. Let F C {{fi)new : Vnewln : [0,1] = [0,1]} be an arbitrary
family of sequences of functions.

Hypotheses between F and 4~

(H7(F,%)) There exists o : F — (w*)l% such that for every F € F
and every A C [0,1] if o(F)[A] is bounded in (w*, <),
then F 3 0 on A.
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Witness function o

For a sequence of functions f, : [0,1] — [0, 1] and subsets A C [0, 1], we
consider a notion of convergence f, & f on A. We assume that if B C A and
fa & f on A, then f, & f on B. We write f, & f provided that f, & f
on [0,1]. Let F C {{fi)new : Vnewln : [0,1] = [0,1]} be an arbitrary
family of sequences of functions.

Hypotheses between F and 4~

(H7(F,%)) There exists o : F — (w*)l% such that for every F € F
and every A C [0,1] if o(F)[A] is bounded in (w*, <),
then F 3 0 on A.

(H=(F,%+)) There exists cofinal o : F — (w*)[®! such that for every
F € F and every A C [0,1], if F & 0 on A, then o( F)[A]
is bounded in (w*, <).
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Witness function o

For a sequence of functions f, : [0,1] — [0, 1] and subsets A C [0, 1], we
consider a notion of convergence f, & f on A. We assume that if B C A and
fa & f on A, then f, & f on B. We write f, & f provided that f, & f
on [0,1]. Let F C {{fi)new : Vnewln : [0,1] = [0,1]} be an arbitrary
family of sequences of functions.

Hypotheses between F and ¢

(H7(F,%)) There exists o : F — (w*)l% such that for every F € F
and every A C [0,1] if o(F)[A] is bounded in (w*, <),
then F 3 0 on A.

(H=(F,%+)) There exists cofinal o : F — (w*)[®! such that for every
F € F and every A C [0,1], if F & 0 on A, then o( F)[A]
is bounded in (w*, <).

We say that a function o: X — P from a set X into a partially ordered set P is
cofinal if for every p € P there exists x € X such that p < o(x).
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The positive theorem

Theorem (MK), [5]

Assume that non(N) < b, and H=(F, ). Then for any (f,) .. € F
and any € > 0, there exists A C [0, 1] such that m*(A) > 1 — ¢ and
f, & 0 on A.
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The positive theorem
Theorem (MK), [5]

Assume that non(N) < b, and H=(F, ). Then for any (f,) .. € F
and any € > 0, there exists A C [0, 1] such that m*(A) > 1 — ¢ and
f, & 0 on A.

Proof: Apply the crucial lemma for o({f.),..,) given by H™ (F, ). O
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The negative theorem

There exists a model of ZFC in which non(A) = ¢, and there exists c-Lusin set.
It suffices to iterate Na-times Cohen forcing with finite supports over a model of
GCH (see [2, Model 7.5.8 and Lemma 8.2.6]).
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The negative theorem

There exists a model of ZFC in which non(A) = ¢, and there exists c-Lusin set.
It suffices to iterate Na-times Cohen forcing with finite supports over a model of
GCH (see [2, Model 7.5.8 and Lemma 8.2.6]).

Theorem (MK), [5]

Assume that non(A) = ¢, and that there exists a c-Lusin set. If
H<(F,9-) holds, then there exist (f,),.,, € F and € > 0 such that for
all A C [0,1] with m*(A) >1—¢, f, % 0 on A,
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The negative theorem

There exists a model of ZFC in which non(A) = ¢, and there exists c-Lusin set.
It suffices to iterate Na-times Cohen forcing with finite supports over a model of
GCH (see [2, Model 7.5.8 and Lemma 8.2.6]).

Theorem (MK), [5]

Assume that non(A) = ¢, and that there exists a c-Lusin set. If
H<(F,9-) holds, then there exist (f,),.,, € F and € > 0 such that for
all A C [0,1] with m*(A) >1—¢, f, % 0 on A,

Proof: Again, we generalize some arguments of Pinciroli (see [9]). Let Z C w®
be a c-Lusin set. Since every compact set is meagre in w®, every K, set is also
meagre. Therefore, if AC Z is a K, set, then |A| < ¢. Let 0 : F — (w*)1
be a cofinal function given by H<(F,%). Let ¢ be a bijection between [0, 1]
and Z. Finally, let (f,),., = F € F be such that o(F) > ¢.

new
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The negative theorem

There exists a model of ZFC in which non(A) = ¢, and there exists c-Lusin set.
It suffices to iterate Na-times Cohen forcing with finite supports over a model of
GCH (see [2, Model 7.5.8 and Lemma 8.2.6]).

Theorem (MK), [5]

Assume that non(A) = ¢, and that there exists a c-Lusin set. If
H<(F,9-) holds, then there exist (f,),.,, € F and € > 0 such that for
all A C [0,1] with m*(A) >1—¢, f, % 0 on A,

Proof: Again, we generalize some arguments of Pinciroli (see [9]). Let Z C w®
be a c-Lusin set. Since every compact set is meagre in w®, every K, set is also
meagre. Therefore, if AC Z is a K, set, then |A| < ¢. Let 0 : F — (w*)1
be a cofinal function given by H<(F,%). Let ¢ be a bijection between [0, 1]
and Z. Finally, let (f,) ., = F € F be such that o(F) > ¢.

To get a contradiction, assume that for every i € w, there exists A; C [0,1]
such that m*(A;) > 1—1/2" and f, % 0 on A;. Let A=|J,_, Ai. For any

i € w, o(F)[Ai] is bounded because f, & 0 on A;, and so ¢[A;] is bounded
since o( F) > ¢. Therefore, ¢[A] € K, and |A| = |¢[A]| < ¢ because p[A] C Z.
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The negative theorem

There exists a model of ZFC in which non(A) = ¢, and there exists c-Lusin set.
It suffices to iterate Na-times Cohen forcing with finite supports over a model of
GCH (see [2, Model 7.5.8 and Lemma 8.2.6]).

Theorem (MK), [5]

Assume that non(A) = ¢, and that there exists a c-Lusin set. If
H<(F,9-) holds, then there exist (f,),.,, € F and € > 0 such that for
all A C [0,1] with m*(A) >1—¢, f, % 0 on A,

Proof: Again, we generalize some arguments of Pinciroli (see [9]). Let Z C w®
be a c-Lusin set. Since every compact set is meagre in w®, every K, set is also
meagre. Therefore, if AC Z is a K, set, then |A| < ¢. Let 0 : F — (w*)1
be a cofinal function given by H<(F,%). Let ¢ be a bijection between [0, 1]
and Z. Finally, let (f,) ., = F € F be such that o(F) > ¢.

To get a contradiction, assume that for every i € w, there exists A; C [0,1]
such that m*(A;) > 1—1/2" and f, % 0 on A;. Let A=|J,_, Ai. For any

i € w, o(F)[Ai] is bounded because f, & 0 on A;, and so ¢[A;] is bounded
since o( F) > ¢. Therefore, ¢[A] € K, and |A| = |¢[A]| < ¢ because p[A] C Z.
This is a contradiction because m*(A) = 1 and non(N') = ¢. O
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Fin ideal
Let (f,),c., be such that f, — 0. Set e, =1/2", n € w. Consider
F ={{faYncw : Ynewln : [0,1] = [0,1] A f, — 0} and ++==. Define
0: F — (w?) in the following way. For F = (f,) let

ncw'

o(F)(x)(n) = min{m € w: V;>mfi(x) < en}.
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Fin ideal

be such that f, = 0. Set ¢, =1/2", n € w. Consider

Let (f,)
F ={{faYncw : Ynewln : [0,1] = [0,1] A f, — 0} and ++==. Define
0: F — (w*) in the following way. For F = (f,), ... let

new

o(F)(x)(n) = min{m € w: V;>mfi(x) < en}.

It is easy to see that the above function o proves that both
H<(F_,=2) and H= (F_,,=3) hold, and thus by positive and negative
theorems we obtain the reasoning and the results of Pinciroli.
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Fin ideal
Let (f,),c., be such that f, — 0. Set e, =1/2", n € w. Consider
F ={{faYncw : Ynewln : [0,1] = [0,1] A f, — 0} and ++==. Define
0: F — (w*) in the following way. For F = (f,), ... let

o(F)(x)(n) = min{m € w: V/>mfi(x) < en}.

It is easy to see that the above function o proves that both
H<(F_,=2) and H= (F_,,=3) hold, and thus by positive and negative
theorems we obtain the reasoning and the results of Pinciroli.

Theorem (R. Pinciroli, 2006), [9]
If nonA < b, the generalized Egorov's statement holds.

Theorem (R. Pinciroli, 2006), [9]

If there exists a c-Lusin set and nonA = ¢, the generalized Egorov's
statement fails.

generalizations and open problems
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Fin ideal

Let (f,),c., be such that f, — 0. Set e, =1/2", n € w. Consider
F ={{faYncw : Ynewln : [0,1] = [0,1] A f, — 0} and ++==. Define
0: F — (w*) in the following way. For F = (f,), ... let

o(F)(x)(n) = min{m € w: V/>mfi(x) < en}.

It is easy to see that the above function o proves that both
H<(F_,=2) and H= (F_,,=3) hold, and thus by positive and negative
theorems we obtain the reasoning and the results of Pinciroli.

Theorem (R. Pinciroli, 2006), [9]
If nonA < b, the generalized Egorov's statement holds.

Theorem (R. Pinciroli, 2006), [9]

If there exists a c-Lusin set and nonA = ¢, the generalized Egorov's
statement fails.

Let from now on F.. = {(f,) : f, ~» 0} for a notion of convergence ~-.

new
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And countably generated ideals

Assume that / is countably generated, and fix sets (C;), .., such that G; C Cit1
for all i € w and for every A € [, there exists k € w such that A C C,. We can
assume that Ciy1 \ G # @ for all i € w.
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And countably generated ideals

Assume that / is countably generated, and fix sets (C;), .., such that G; C Cit1
for all i € w and for every A € [, there exists k € w such that A C C,. We can
assume that Ciy1 \ G # @ for all i € w.

If F=(fn) fo =1 0, we define

ncw’

(o¢ch F)(x)(n) = min{k € w: {m € w: f(x) > %} C Ck}.
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And countably generated ideals

Assume that / is countably generated, and fix sets (C;), .., such that G; C Cit1
for all i € w and for every A € [, there exists k € w such that A C C,. We can
assume that Ciy1 \ G # @ for all i € w.

If F=(f) fo —1 0, we define

ncw’

(o¢ch F)(x)(n) = min{k € w: {m € w: f(x) > 21,7} C Ck}.

If AC[0,1], then f, =%, 0 on A if and only if (o(c,) F)[A] is bounded, and so
H= (F-,, =) holds.
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And countably generated ideals

Assume that / is countably generated, and fix sets (C;), .., such that G; C Cit1
for all i € w and for every A € [, there exists k € w such that A C C,. We can
assume that Ciy1 \ G # @ for all i € w.

If F=(f) fo —1 0, we define

(o¢ch F)(x)(n) = min{k € w: {m € w: f(x) > %} C Ck}.

If AC[0,1], then f, =%, 0 on A if and only if (o(c,) F)[A] is bounded, and so
H= (F-,, =) holds.

Also, without a loss of generality we can assume that ¢(x) is increasing for all
x € [0,1]. Let x € [0,1]. Let fi(x) =1/2" if and only if

J € Coyinin) \ Cop(n)-
Thus, H=(F-,, =) holds.
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And countably generated ideals, continued

Thus we immediately get:
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And countably generated ideals, continued

Thus we immediately get:

Proposition

Assume that non(A') < b. Let / be any countably generated ideal, and
let ¢ > 0. Let F = (f,) ¢, fa: [0,1] = [0,1], for n € w be such that
fo —1 0. Then there exists A C [0, 1] with m*(A) > 1 — ¢ such that

f, =, 0 on A.

Proposition

Assume that non(AN') = ¢, and that there exists a ¢-Lusin set. Let | be
any countably generated ideal. Then there exists F = (f,) ..,

fn: [0,1] — [0,1] for n € w with f, —; 0, and € > 0 such that for all

A C [0, 1] with m*(A) > 1 —¢, f, 2, 0 on A.



Preliminaries and motivation Generalization of Pinciroli's method Applications Further generalizations and open problems
000000000000 00 0000 000e0000000 000000

Also for I* convergence

Let F = (f3),c,, besuch that f, =« 0. Let F = (f,)ncw be such that f, —« 0.
For x € [0, 1] define o/, (F)(x) = ¥ € w* by

1(0) = min {n €W (fm)mew\c, — O} ,

. 1
(n) = min {m € W Viewcy filx) < 2,1} , n>0.

I>m



Preliminaries and motivation Generalization of Pinciroli's method Applications Further generalizations and open problems

0000000000000 0 0000 0O00@0000000 000000

Also for I* convergence

Let F = (f3),c,, besuch that f, =« 0. Let F = (f,)ncw be such that f, —« 0.
For x € [0, 1] define o/, (F)(x) = ¥ € w* by

1(0) = min {n €W (fm)mew\c, — O} ,

. 1
¥(n) = min {m € W Vicw\cy filx) < } , n>0.

n
I>m 2

It is easy to see, that o witnesses H™ (F_, ., =+) and H(F ., =2+)
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Also for I* convergence, continued

Thus,
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Also for I* convergence, continued

Thus,
Proposition

Assume that non(A') < b. Let / be any countably generated ideal, and
let € > 0. Let F = (f,),c.,» fa: [0,1] = [0,1], for n € w be such that
fo == 0. Then there exists A C [0, 1] with m*(A) > 1 — ¢ such that
f, =~ 0 on A.

Proposition

Assume that non(A) = ¢, and that there exists a c-Lusin set. Let / be
any countably generated ideal. Then there exists F = (f,), ..

fn: [0,1] — [0,1] for n € w with f, =~ 0, and € > 0 such that for all
A C[0,1] with m*(A) >1—¢, f, &~ 0 on A.
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Analytic P-ideals

Fix ¢ such that /| = Exh(¢). Notice that since / is a proper ideal,
liMmisoo d(w\ ) > 0. If limise p(w \ 1) < 00, let

_ limis oo @(w\ /)

n 2n+1

for n € w. Otherwise, set g, = 1/2"",
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Analytic P-ideals

Fix ¢ such that /| = Exh(¢). Notice that since / is a proper ideal,
liMmisoo d(w\ ) > 0. If limise p(w \ 1) < 00, let
- lim; o0 @(w \ 1)

n 2n+1

for n € w. Otherwise, set ¢, = 1/2”“. For a sequence of functions
F={(f) f,: [0,1] — [0, 1] such that f, —; 0, let 04 F € (w*)Y, and

ncw’

(06 F)(x)(n) = min{k € w: p({m € w: fn(x) > en} \ k) < &n}.
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Analytic P-ideals

Fix ¢ such that /| = Exh(¢). Notice that since / is a proper ideal,
liMmisoo d(w\ ) > 0. If limise p(w \ 1) < 00, let

- lim; o0 @(w \ 1)

n 2n+1

for n € w. Otherwise, set ¢, = 1/2”*1. For a sequence of functions
F={(f) f,: [0,1] — [0, 1] such that f, —; 0, let 04 F € (w*)Y, and

ncw’

(06 F)(x)(n) = min{k € w: p({m € w: fn(x) > en} \ k) < &n}.

Lemma (MK),[5]

Let / be an analytic P-ideal. Then, f, —; 0 on A C [0, 1] if and only if
(06 ((fa) e ))IA] is bounded in w®. In particular, H~ (F_;,,—/) holds.
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generalizations and open problems

Analytic P-ideals
Fix ¢ such that /| = Exh(¢). Notice that since / is a proper ideal,
liMmisoo d(w\ ) > 0. If limise p(w \ 1) < 00, let
- limisoeo p(w \ 1)

n 2n+1

for n € w. Otherwise, set €, = 1/2"“. For a sequence of functions
F={(f) f,: [0,1] — [0, 1] such that f, —; 0, let 04 F € (w*)Y, and

ncw’

(06 F)(x)(n) = min{k € w: p({m € w: fn(x) > en} \ k) < &n}.

Lemma (MK),[5]
Let / be an analytic P-ideal. Then, f, —; 0 on A C [0, 1] if and only if
(06 ((fa) e ))IA] is bounded in w®. In particular, H~ (F_;,,—/) holds.

Proof: By definition, f, —; 0 on A < for any n € w, there exists k € w such
that for all x € A, ¢({m € w: fin(x) > en} \ k) < £, & there exists a sequence
(kn) e, Of natural numbers such that for any n € w and x € A,

d({m e w: fin(x) > en} \ k) < €n < for all x € A, (04 F)(x)(n) < kn. O
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Analytic P-ideals, continued

Theorem (MK),[5]
Assume that non(A') < b. Let / be any analytic P-ideal, € > 0, and let
F = (fa) pew» fa: [0,1] = [0,1] for n € w, be such that f, —; 0. Then
there exists A C [0, 1] with m*(A) > 1 — e such that f, —»; 0 on A
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Analytic P-ideals, continued

Lemma (MK),[5]
H<(F-,,—) holds.
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Analytic P-ideals, continued

Lemma (MK),[5]
H<(F-,,—) holds.

Proof: Fix x € [0,1]. Notice that ¢(w \ n) is a decreasing sequence with limit
greater or equal to 2eq > 0, so ¢(w \ n) > 2e9 > 0 for any n € w. Therefore,
for each m, n € w, there exists k > n such that ¢(k \ n) > en. Let (ki),.,, be
an increasing sequence such that ko = 0 and ¢(kiy1 \ @(x)(i)) > i, | € w. Set
fi(x) =i if ki <j < kiy1. Then fn(x) > €, if and only if m < kn11. Hence, if
d({m € w: fin(x) > en} \ k) < &n, then k > p(x)(n), so

(06 F)(x)(n) > w(x)(n) for any n € w. O
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Analytic P-ideals, continued

Lemma (MK),[5]
H=(F,, 1) holds.

Proof: Fix x € [0,1]. Notice that ¢(w \ n) is a decreasing sequence with limit
greater or equal to 2eq > 0, so ¢(w \ n) > 2e9 > 0 for any n € w. Therefore,
for each m, n € w, there exists k > n such that ¢(k \ n) > en. Let (ki),.,, be
an increasing sequence such that ko = 0 and ¢(kiy1 \ @(x)(i)) > i, | € w. Set
fi(x) =i if ki <j < kiy1. Then fn(x) > €, if and only if m < kn11. Hence, if
d({m € w: fin(x) > en} \ k) < &n, then k > p(x)(n), so

(06 F)(x)(n) > w(x)(n) for any n € w. O

Theorem (MK),[5]
Assume that non(N') < b. Let / be any analytic P-ideal, € > 0, and let
F = (fa) pew fa: [0,1] = [0,1] for n € w, be such that f, —; 0. Then
there exists A C [0,1] with m*(A) > 1 — ¢ such that f, —; 0 on A.
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Fin® ideals

Let Fo = Foyppa -
Fix a bijection b: w? — w and a bijection ag:w — B\ {0} for any limit 8 < w;. We
define o4 : Fo — (w“)[ovl] in the following way. Let e, = 1/2" for n € w, and let

Fao = {{fa)ncw 1 Vacwfn 1 [0,1] — [0, 1] A Vycpo,1{q € w: fq(x) > en} € Fin®}.
First, define of: F7 — (w*)[%1, n € w,0 < o < wy, by induction on a. Let
My, nx = min{p € w: Vg>,fe(x) < €n},
and let
(of F)(x)(k) = My,n x
be a constant sequence. Given o7, let
M&+17n’x = min {p €cw: qup{m Ew: fb(q,m)(x) 2 En} (S Fino‘} s

and

MOH’L",X for k = b(p7 q)7
p< MoHrl,n,x +1,9 € w,

(08 (fp-1.)),e0,) (@), for k = b(p, ),
P > Ma+1,n,x +1, qE€w.

(0611 F)(x)(k) =

This definition is correct, since <fb(p,17,)> € FJ for p > Mati,nx + 1.

rew
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Fin® ideals, continued

Moreover, for limit 8 < wy, let

Mg, nx = min {p € w: Vgp{m € w: fyqm)(x) > en} € Finaﬁ(q)}
and

Mﬁv"ax for k = b(p7 q)7

p< MB,n,x +1,9 €w,
(Ogﬂ(p_n <fb(P71,r)>,€w) (x)(q), for k = b(p, q),

p= Mﬁ,n,x +1,9 €w.

(05 F)(x)(k) =

This definition is correct, since, for each p > Mg ,  + 1, <fb(P71*’)>r€w € ‘F:B(pil).
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Fin® ideals, continued

Moreover, for limit 8 < wy, let

Mg, nx = min {p € w: Vgp{m € w: fyqm)(x) > en} € Finaﬁ(q)}

and
Mg n.x for k = b(p, q),
P<Man+1yq€Wa
ol F)(x)(k) = .
(05 F)(x)(k) (ogﬁ(p_l) <fb(p71,r)>r€w) (x)(q), for k = b(p,q),

p>Msgpx+1lqgew.

This definition is correct, since, for each p > Mg ,  + 1, <fb(P71*’)>r€w € ]-'a"B(pil).

Notice that Fo C FJ}, for any n € w. Therefore, finally let
(0a F)(x)(k) = (05 F)(x)(m),

for k = b(n,m), n,m € w.
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Fin® ideals, continued

The construction is done in such a way that H= (F,, =Fin~) holds.
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Fin® ideals, continued
The construction is done in such a way that H= (F,, =Fin~) holds.

Theorem (MK),[5]
Assume that non(AN) < b. Let 0 < @ < wy, and let ¢ > 0 and

F = (fa) pew fa: [0,1] = [0,1] for n € w, with f, —Fine 0. Then there
exists A C [0, 1] with m*(A) > 1 — € such that f, =Fin« 0 on A.
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Fin® ideals, continued
The construction is done in such a way that H= (F,, =Fin~) holds.

Theorem (MK),[5]

Assume that non(AN) < b. Let 0 < @ < wy, and let ¢ > 0 and
F = (fa) pew fa: [0,1] = [0,1] for n € w, with f, —Fine 0. Then there
exists A C [0, 1] with m*(A) > 1 — € such that f, =Fin« 0 on A.

Also,
Theorem (MK),[5]

Assume that non(A) = ¢, and that there exists a c¢-Lusin set. Let
0 < a < wj. Then there exist (f,),.,, € Fo and € > 0 such that for all
A C [0, 1] with m*(A) > 1 — ¢, f, Brine 0 0n A.
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Fin® ideals, continued
The construction is done in such a way that H= (F,, =Fin~) holds.

Theorem (MK),[5]

Assume that non(AN) < b. Let 0 < @ < wy, and let ¢ > 0 and
F = (fa) pew fa: [0,1] = [0,1] for n € w, with f, —Fine 0. Then there
exists A C [0, 1] with m*(A) > 1 — € such that f, =Fin« 0 on A.

Also,
Theorem (MK),[5]

Assume that non(A) = ¢, and that there exists a c¢-Lusin set. Let
0 < a < wj. Then there exist (f,),.,, € Fo and € > 0 such that for all
A C [0, 1] with m*(A) > 1 — ¢, f, Brine 0 0n A.

Sketch of the proof: It is enough to take

(0a F)(x)(n) = Man,x.
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Other properties

A mapping o: F — (w“’)[o’l] is said to be measurability preserving, if for any sequence
of measurable functions (fy)new € F, o(f) is measurable as well.
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Other properties

A mapping o: F — (w“)[o’l] is said to be measurability preserving, if for any sequence
of measurable functions (fy)new € F, o(f) is measurable as well.

Other hypotheses

(A= (F, %))

(HE(F, %)

(M= (F,%))

(M=(F,%))

(M= (F, %))

(M=(F, %))

There exists o0 : F — (w®)[%1] such that for every F € F and every
A C [0,1] if o(F)[A] is bounded in (w*, <*), then F 3 0 on A.

There exists o : F — (w* )1 which is cofinal (with respect to <)
such that for every F € F and every A C [0,1], if F & 0 on A, then
o(F)[A] is bounded in (w*, <*).

There exists measurability preserving o : 7 — (w“’)[ovl] such that for
every F € F and every A C [0, 1] if o(F)[A] is bounded in (w*, <),
then F 9» 0 on A.

There exists measurability preserving cofinal o : F — (w*)[%1 such
that for every F € F and every A C [0,1], if F & 0 on A, then
o(F)[A] is bounded in (w*, <).

There exists measurability preserving o : F — (w*)[%1 such that for
every F € F and every A C [0,1] if o(F)[A] is bounded in (w*, <*),
then F 3» 0 on A.

There exists measurability preserving o : F — (w“’)[o*l] which is

cofinal (with respect to <) such that for every F € F and every
A C [0,1], if F 9 0 on A, then o(F)[A] is bounded in (w®, <*).
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Other properties, continued

We get that _
H=(F,s) = H7(F,%) HS(F,%2) = HS(F,%)
o f f o
M= (F, %) = M7(F,%) M<S(F, %) = MS(F,+)
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Other properties, continued

We get that _
H7(F,e) = H7(F, %) HS(F, ) = HY(F,+)
B t f R
M7 (F,+) = M7(F,%) M<(F,+) = M“(F,%)

It is also easy to get the following Corollary

Corollary (M. Repicky), [10]

Assume that M~ (F.., %) holds. Then for every sequence of measurable
functions F = (f,)n € w € F.., and € > 0, there exists a measurable set
A C [0, 1] such that m(A) > 1 —¢, and f & 0 on A.
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Other properties, continued
We get that _
H=(F,s) = H7(F,%) HS(F,%2) = HS(F,%)
o f f o
M= (F, %) = M7(F,%) M<S(F, %) = MS(F,+)
It is also easy to get the following Corollary
Corollary (M. Repicky), [10]

Assume that M~ (F.., %) holds. Then for every sequence of measurable
functions F = (f,)n € w € F.., and € > 0, there exists a measurable set
A C [0, 1] such that m(A) > 1 —¢, and f & 0 on A.

Also the negative theorem can be slightly refined

Corollary (M. Repicky), [10]
Assume that non(A) = ¢, and that there exists a c¢-Lusin set. If A< (F.., %)
holds, then there exist (f;) .. € F.. and £ > 0 such that for all A C [0, 1] with
m*(A)>1—¢, f,%0on A
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Repicky's results

In [10] the property H<(F.., %), where ~» and % are various notions of
convergence with respect to / is considered. In particular, it is proven that if ~~
is any notion of convergence weaker than —, and & is stronger than

= U ﬂvﬂ*, then H<(F.-.,9) holds.
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Repicky's results

In [10] the property H<(F.., %), where ~» and % are various notions of
convergence with respect to / is considered. In particular, it is proven that if ~~
is any notion of convergence weaker than —, and & is stronger than

=, U . then A=(F.., %) holds.

Actually, the function obtained in the proof of this observation witnesses
M<(F..,%), and we have the following.
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Repicky's results

In [10] the property H<(F.., %), where ~» and % are various notions of
convergence with respect to / is considered. In particular, it is proven that if ~~
is any notion of convergence weaker than —, and & is stronger than

=, U . then A=(F.., %) holds.

Actually, the function obtained in the proof of this observation witnesses
M<(F..,%), and we have the following.

Corollary (MK), [6]

Assume that / is an ideal on w, and ~~ is any notion of convergence weaker
than —, and % is stronger than =, U LN, then M<(F..,%) holds.
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Repicky's results, continued

I: | MZ(Fs, 3 | O (Fo 3) | MT(Fo e 3x) | HT (Fo e %)
Fin € v v v v
B C  w is coinfinite, then v v v v
(B) €
downward < gy closed v v
downward SR.E closed v v v v
(InYncw € ZI%, then v v v v

b [EnEw In} <€

J E[Z]¥, then N T € v v v v
I,J € Z, Jis a P-ideal, then v v
IvJe

{In)ncw € I%, then v
V{lh:n€ w} e

(In)ncw is an increasing se- v v
quence of ideals from Z, then

V{lh:ne€w} e

(In)ngw is an increasing se- v v v

quence of analytic ideals from Z,
then \/{lp: n € w} €
(In)ngw is an increasing se- v v v v
quence of Borel ideals from Z,
then \V{lh: n € w} €

I € Z, {Inypew € IY, v v
b [ TThew n] €
I € Z, {In)pcw is a se- v v v v

quence of analytic ideals from Z,
b [/»n,,ew /,,} €

I € I, Inpypcw € I%, v v
I'Ii—"‘newln €
I € I, (In)ncw is a se- v v v

quence of analytic ideals from Z,
Himp ey ln €




Preliminaries and motivation Generalization of Pinciroli's method Applications Further generalizations and open problems
000000000000 00 0000 00000000000 0000e0

Open problems

Problem

Is there any possible condition, which implies that classic Egorov’s
statement (measurable version) does not hold for a given ideal in ZFC?
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Open problems

Problem

Is there any possible condition, which implies that classic Egorov’s
statement (measurable version) does not hold for a given ideal in ZFC?

Problem

Are there any examples of ideals which prove that the classes of all ideals
satisfying M= (F_,,, =), H7(F=,, =), M7 (FS,.,=0+),

and H=(F_,,., =2+ are pairwise distinct?
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Open problems

Problem

Is there any possible condition, which implies that classic Egorov's
statement (measurable version) does not hold for a given ideal in ZFC?

Problem

Are there any examples of ideals which prove that the classes of all ideals
satisfying M= (F_,,, =), H7(F=,, =), M7 (FS,.,=0+),
and H=(F_,,., =2+ are pairwise distinct?

Problem
Is there an ideal | such that H< (]—;,, Q—N>,) does not hold?
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