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We will discuss the topological dynamics of the automorphism groups
Aut(M) of metric structures M, focused in:

(approximate) ultrahomogeneous structures.

the Extreme amenability (EA) of Aut(M), or the computation of its
universal minimal flow

The relation between the (EA) of Aut(M) and the (approximate)
Ramsey properties of Age(M) (the KPT-correspondence).

The “metric” theory for the case of Banach spaces.

The Gurarij space and the L, [0, 1]-spaces.
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2/75



@ Topological Dynamics
Extreme Amenability, Universal Minimal Flows
UMF vs EA; how to prove EA

® (Metric) Fraissé Theory
First order structures
KPT correspondence; Structural Ramsey Properties
Structural Ramsey Theorems
Metric structures
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© Fraissé Banach spaces and Fraissé Correspondence
Fraissé correspondence
Fraissé Banach spaces and ultrapowers

@ Approximate Ramsey Properties

® KPT correspondence for Banach spaces
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@ Gurarij space
dim. oo is a Fraissé class
The ARP of Finite dimensional Normed spaces

@ L,-spaces
L, (sometimes) is a Fraissé space
Equimeasurability
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Let (G, -, 1) be a topological group (that is, a group endowed with a topology

for which the operations (g, 4) — g - h and g +— g~! are continuous).

Given a compact space K, a flow G ~ K is an algebraic action
((g-h)-x=g-(h-x),1-x=x)suchthat (g,x) — g - xis continuous.

Definition

A topological group G is called extremely amenable (EA) when every
continuous action (flow) G ~ K on a compact K has a fixed point; that is,
thereisp € Ksuchthatg-p=pforall g € G.

EA groups are amenable (G is amenable iff every affine flow G ~ K on a
compact convex space K has a fixed point).
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Definition

A flow G ~ K is called minimal when every G-orbit is dense.
G ~ K is a universal minimal flow when for any minimal flow G ~ L there
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Extreme Amenability, Universal Minimal Flows

Definition

A We consider the commutative C* -algebra of right uniformly con-

G tinuous and bounded f : G — C, and represent it as C(S(G)) © there
IS (Gelfand); any minimal flow of S(G) is G-isomorphic to M(G). B(x)-
Proposition

Universal Minimal flows exists and are unique, denoted by M (G).
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Proposition

A topological group G is extremely amenable if and only if M(G) = {x}.

Question

Compute universal minimal flows.
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The unitary group U of linear isometries of the separable infinite
dimensional Hilbert space Hl, endowed with its strong operator topology
SOT (i.e. the pointwise convergence topology) (Gromov-Milman);

The group Aut(Q) of strictly increasing bijections of Q (with the pw.
convergence topology) is extremely amenable (V. Pestov);

The group of isometries of the Urysohn space with its pw. conv. top.
(Pestov);
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Topological Dynamics Extreme Amenability, Universal Minimal Flows

The group of linear isometries of the Lebesgue spaces L, [0, 1],
1 < p # 2 < oo, with the SOT (Giordano-Pestov);

The Automorphism group of the ordered countable atomless boolean
algebra B is extremely amenable (Kechris-Pestov-Todorcevic);

@ The Automorphism group of the ordered universal F-vector space F<>°,
FF finite field, is extremely amenable (K-P-T);

The group of linear isometries of the Gurarij space G
(Bartosova-LA-Lupini-Mbombo).
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Extreme Amenability, Universal Minimal Flows

B M(Homeo|0, 1]) = {—1, 1} (orientations of an homeomorphism
f:10,1] — [0, 1] (Pestov);
M(Aut(B)) = Canonical Linear Orderings on B (K-P-T);

M (Aut(F<°°)) = Canonical Linear Orderings on F<* (K-P-T), for any
finite field IF;

M(Aut(PP)) = P, where IP is the Poulsen simplex, the unique compact
metrizable Choquet simplex whose extreme points are dense
(B-LA-L-M).



UMF vs EA; how to prove EA

Proposition (Ben Yaacov-Melleray-Tsankov)

Suppose that G is a polish group (i.e. separable and complete metrizable
topological group). If the umf M(G) is metrizable, then there is an EA
subgroup H of G such that M(G) is the completion of G/H.
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UMF vs EA; how to prove EA

Up to now there are two ways to prove the extreme amenability of a group:

H Intrinsically by proving that G is Lévy (concentration of measure);

by representing G as the automorphims group Aut(X) of a metric Fraissé
structure X, and then using the KPT correspondence.

While the first seems a restricted approach, the second is general, as proved
by Melleray.



Topological Dynamics UMEF vs EA; how to prove EA

Aut(X) is extremely amenable

X Method

H Lévy

Q KPT

U Lévy and KPT
L,[0,1] | Lévy and KPT
B KPT

F<e° KPT

G KPT

Table: Methods to prove extreme amenability
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Definition (Ultrahomogeneity)

A first order structure M is called ultrahomogeneous when for every finitely
generated substructure " of M and every embedding ¢ : N” — M there is an
automorphism g € Aut(M) such that g [ N = ¢.

Fraissé theory tells that countable ultrahomogeneous structures are the Fraissé
limits of Fraissé classes (hereditary property, joint embedding property, and
amalgamation property).
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B (Q, <) is the Fraissé limit of all finite total orderings;

The countable atomless boolean algebra B is the Fraissé limit of all finite
boolean algebras;

[F<°° is the Fraissé limit of all finite dimensional F-vector spaces, for a
finite field F;

The Rational Urysohn space Ug is the Fraissé limit of all finite metric
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Every closed subgroup G < So is the automorphism group of a
ultrahomogeneous first order structure.
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Proposition (Representation Theorem I)

Every closed subgroup G < Ss.,  is the automorphism group of a
ultrahomogeneous first order structure.

Permutations of N with the topology of point-
wise convergence.
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(Metric) Fraissé Theory First order structures

Proposition (Representation Theorem I)

Every closed subgroup G < So is the automorphism group of a
ultrahomogeneous first order structure.

Proof.

For suppose that G is a closed subgroup of S..; For each k € N, consider the
canonical action G ~ N¥, g - (a;)j<k = (g(aj))j<k, and let {OJ(k) }ier, be the
enumeration of the corresponding orbits. Let £ be the relational language,
{R;k) : ke N, je Ik}, each R}k) being a k-ari relational symbol. Now N is an
‘R-structure M naturally,

CIVVIPNG
(RYM = 0.

It is easy to see that M is ultrahomogeneous, and that G C Aut(M) is dense
in G, so, equal to G.

O

J. Lopez-Abad (UNED) Eaag WS2019  17/75



KPT correspondence; Structural Ramsey Properties
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KPT correspondence; Structural Ramsey Properties

Given two first order structures of the same sort A, B, let emb(A, B) be the
collection of all 1-1 morphisms 2 : A — B.

Definition (Structural Ramsey Property)

Let F be a class of finitely generated first order structures of the same sort.
The class F has the Structural Ramsey Property (RP) if for every A,B € F
and every r € N there is C € F such that for every coloring

¢ :emb(A, C) — rthereis o € emb(B, C) such that p o emb(A, B) is
c-monochromatic.

Theorem (Kechris-Pestov-Todorcevic)

Let M be a countable ultrahomogeneous structure. TFAE:
Aut(M) is extremely amenable;
Age(M) has the Ramsey property (RP).
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Structural Ramsey Theorems

We will use the Von Neumann notation for an integer n := {0, 1,...,n — 1}.
Recall that [A]* is the collection of all subsets of A of cardinality k.

Proposition (F. P. Ramsey)
For every k,m,r € N there is n > k such that every r-coloring

c:[n]k—>r

has a monochromatic set of the form [A}* for some A C n of cardinality m.
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(Metric) Fraissé Theory Structural Ramsey Theorems

This is equivalent to the following: Let emb(k, n) be the collection of all
injections f : k — n (so, no structure).

Proposition (RP of finite linear orderings)

For every k,m,r € N there is n > k such that every r-coloring
¢ : emb(k,n) — r has a monochromatic set of the form o o emb(k, m) for
some o € emb(m,n); consequently,

The class of finite linear orderings has the Ramsey property, and
Aut(Q, <) is extremely amenable.
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Structural Ramsey Theorems

Let £ be the set of all partitions of 7 into d-many pieces. Given a partition
Q € &™ andd < m, let (Q)? be set of all partitions P € £ coarser than Q.



Structural Ramsey Theorems

Let £ be the set of all partitions of 7 into d-many pieces. Given a partition
Q € &™ andd < m, let (Q)? be set of all partitions P € £ coarser than Q.

Theorem (Dual Ramsey by Graham and Rothschild)

For every d, m and r there exists n such that for every coloring c : 5,’11 —r
there exists Q € EM such that ¢ | {Q)? is constant.



(Metric) Fraissé Theory Structural Ramsey Theorems

By a simple dual argument, this is equivalent to the following. Given

k,n € N, we consider P (k) and P(n) as boolean algebras, and then let
emb(k, n) be the collection of all ordered boolean embeddings

f:P(k) = P(n), i.e., such that minf({i} < minf({j}) foreveryi <j < k.
The dual Ramsey theorem can be restated as follows.

J. Lopez-Abad (UNED) Eaag WS2019  22/75



(Metric) Fraissé Theory Structural Ramsey Theorems

By a simple dual argument, this is equivalent to the following. Given
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emb(k, n) be the collection of all ordered boolean embeddings

f:P(k) = P(n), i.e., such that minf({i} < minf({j}) foreveryi <j < k.
The dual Ramsey theorem can be restated as follows.

Theorem (DR, Boolean version)

For every k,m and r in N there is some n € N such that every r-coloring
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By a simple dual argument, this is equivalent to the following. Given

k,n € N, we consider P (k) and P(n) as boolean algebras, and then let
emb(k, n) be the collection of all ordered boolean embeddings

f:P(k) = P(n), i.e., such that minf({i} < minf({j}) foreveryi <j < k.
The dual Ramsey theorem can be restated as follows.

Theorem (DR, Boolean version)

For every k,m and r in N there is some n € N such that every r-coloring
¢ :emb(P(k),P(n)) — r has a monochromatic set of the form
o oemb(P(k), P(m)) for some o € emb(P(m),P(n)); consequently,
The class of finite, canonically ordered, boolean algebras has the
Ramsey property, and

The automorphism group of the canonically ordered countable atomless
boolean algebra is extremely amenable.
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The rest of the examples are also groups of algebraic automorphisms that are
in addition isometries. First order structures are the discrete version of metric
structures M = (M, (FM)pez, (R™)rer): Roughly speaking:
H d is a bounded and complete metric on M;
n-ari function symbols F are interpreted as uniformly continuous
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functions RM : M" — I, I C R a bounded interval.
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Metric structures

For more information: “Model theory for metric structures” by Ben
Yaacov-Berenstein-Henson-Usvyatsov) Metric structures are

B metric spaces,
normed spaces,
euclidean spaces,

operator spaces, etc.



Metric structures

Definition (Approximate Ultrahomogeneity)

A metric structure M is called approximate ultrahomogeneous when for every
finitely generated substructure A\ of M and every embedding ¢ : N' — M
there is an automorphism g € Aut(M) such thatd(g [ N, ¢) < e.



Metric structures

Definition (Approximate Ultrahomogeneity)

A metric structure M is called approximate ultrahomogeneous when for every
finitely generated substructure A\ of M and every embedding ¢ : N' — M
there is an automorphism g € Aut(M) such thatd(g [ N, ¢) < e.

Metric Fraissé theory tells that countable ultrahomogeneous structures are the
Fraissé limits of Fraissé classes (hereditary property, joint embedding
property, and near amalgamation property).
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Metric structures

H H is the Fraissé limit of all finite dimensional euclidean normed spaces;

The Gurarij space G (the unique separable ultrahomogeneous Banach
space) is the Fraissé limit of all finite dimensional normed spaces.

Proposition (Representation Theorem II; Melleray)

Every polish group G is the automorphism group of an approximate
ultrahomogeneous metric structure.
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Theorem (Melleray-Tsankov)

Let M be a metric approximately ultrahomogeneous structure. TFAE:
B Aut(M) is extremely amenable;
Age(M) has the approximate Ramsey property (ARP).
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® When M is a ultrahomogeneous structure, the extreme amenability of
Aut(M) is determined by a combinatorial property of Age(M): The
Ramsey property

e S Ramsey theorem, Dual Ramsey Theorem, Graham-Leeb-

o [ Rothschild, NeSetfil...
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(although artificial).
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Metric structures

When M is a ultrahomogeneous structure, the extreme amenability of
Aut(M) is determined by a combinatorial property of Age(M): The
Ramsey property

Same when M is a metric structure.

Ultrahomogeneous structures are not so uncommon. every polish group

is the automorphism group of some Q as order, B<oo, F<®, U
(although artificial).

Several known Ramsey properties correspond to the structural Ramsey
property of Age(M) for some (approx.) ultrahomogeneous structure M



An example of metric structures:
Banach spaces
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Definition

Let E be an infinite dimensional Banach space, and let G < Age(E).



Age(E):=Finite dimensional subspaces of E.

F = G when for every X € F there is Y € G isometric to X.
Definition

Let E be an infinite dimensional Banach space, and let G < Age(E).



Definition

Let E be an infinite dimensional Banach space, and let G < Age(E).

® Eis G-homogeneous (G—H) when for every X € G and every and every
v,n € Emb(X, E) there is some g € Iso(E) such that g o v = 7; in other
words, when for each X € G, the natural action Iso(E) ~ Emb(X, E) by
composition is transitive.



Definition

Let E be an infir Linear v : X — E with ||_Tx|| = ||| < Age(E).

® Eis G-homogeneous (G—H) when for every X € G and every and every
v,n € Emb(X,E) there is some g € Iso(E) such that g oy = 7; in
other words, when for each X € G, the natural action
Iso(E) ~ Emb(X, E) by composition is transitive.
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Definition

Let E be an infinite dimensional Banach space, and let G < Age(E).

® Eis G-homogeneous (G—H) when for every X € G and every and every
v,n € Emb(X, E) there is some g € Iso(E) such that g o v = 7; in other
words, when for each X € G, the natural action Iso(E) ~ Emb(X, E) by
composition is transitive.

® E s is called approximately G-homogeneous (AGH) when for every
X € G and every € > 0 the natural action by composition
Iso(E) ~ Emb(X, E) is e-transitive, that is, whenever v, € Emb(X, E)
there is g € Iso(E) such that ||[g oy — 7] < e.



Definition

® Eisis called weak G-Fraissé when for every X € G and every ¢ > 0
there is § > 0 such that Iso(E) ~ Embs(X, E) is e-transitive.



Definition

® Eisis called weak G-Fraissé when for every X € G and every € > 0
there is § > 0 such that Iso(E) ~ Embs(X, E) is e-transitive.

® Eis G-Fraissé when for every k € N, and € > 0 there is § > 0 such that
Iso(E) ~ Embs(X, E) is e-transitive for every X € Gy



Definition

e Eisis called weak G-Fr¢ Yk = spacesinG of < G and every ¢ > 0
there is 6 > 0 such that ] dimension k. is e-transitive.

® Eis G-Fraissé when for every k € N, and € > there is § > 0 such that
Iso(E) ~ Embs(X, E) is e-transitive for every X € Gy



Definition

® Eisis called weak G-Fraissé when for every X € G and every ¢ > 0
there is 0 > 0 such that Iso(E) ~ Embs(X, E) is e-transitive.

® Eis G-Fraissé when for every k € N, and € > 0 there is § > 0 such that
Iso(E) ~ Embs(X, E) is e-transitive for every X € Gy

When G = Age(E), then we will use ultrahomogeneus (uH), approximately
ultrahomogeneous (AuH™), weak Fraissé and Fraissé for the corresponding
G-homogeneities.
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A Hilbert space is obviously (uH), but also is a Fraissé Banach space.
The Gurarij space G is Fraissé but not (uH).

For every 1 < p < oo the space L, [0, 1] is {£} },-Fraissé . In fact, L,[0, 1]
is the Fraissé limit of {£}},.

Assume p € 2N, p > 4. For any C > 1 and § > 0, there are isometric

E,F € Age(L,(0, 1)) such that for any bounded linear mapping
T:L,(0,1) = L,(0,1),if T | E € Embs(E, F), then ||T|| > C.



Recall the gap or opening metric on Age, (E) is defined by

Ap(X, ¥) = maX{gé%g;reuBn e~ vl ma i ||x—y||E}

in other words, Ag(X, Y) is the || - ||g-Hausdorff distance between the unit
balls of X and Y.



Recall the gap or opening metric on Age, (E) is defined by

Ap(X,Y) —max{gé%icirel%n ||x—y||E,m%xm1n ||X—Y||E}

in other words, Ag(X, Y) is the || - ||g-Hausdorff distance between the unit
balls of X and Y.

This induces the following Gromov-Hausdorff function, £-Kadets on
Age, (E)?, defined as

’yE(X, Y) = inf{AE(Xo, Yo) : Xo, Yo € Agen( ) Xo=X,Y = Y}



When E is universal g is the original Kadets pseudometric, although in
general v¢ may not be a pseudometric.
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Fraissé Banach spaces and Fraissé Correspondence

When E is universal g is the original Kadets pseudometric, although in
general v¢ may not be a pseudometric.

Proposition

When E is approximately G-ultrahomogeneous, g is a pseudometric on G.

Proof.
Wlog, we assume that G C Age(E). Then,
Ye(X, Y) = infocror) Ae(8X,Y) O



The Banach-Mazur pseudometric on Age, (E):

dia(X, V) = log(_inf 71|77}

where the infimum runs over all isomorphisms 7' : X — Y. It is well-known
that dgy defines a pre-compact topology on Age, (E); that is, every sequence
in Age,(E) has a dgm-convergent subsequence, not necessarily to an element
of Age,(E).
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® Fis G-Fraissé.
® E is weak G-Fraissé, Gg is Ag-closed in Age(E), and dy\; and ~p are
uniformly equivalent on Gy, for every k.



Fraissé Banach spaces and Fraissé Correspondence

Theorem

The following are equivalent for a Banach space E and G < Age(E).
® Fis G-Fraissé.
® E is weak G-Fraissé, Gg is Ag-closed in Age(E), and dy\; and ~p are
uniformly equivalent on Gy, for every k.

® F is weak G-Fraissé and G is dgy-compact.



Fraissé Banach spaces and Fraissé Correspondence

Theorem

The following are equivalent for a Banach space E and G < Age(E).

® Eis G-Fraissé.

® E is weak G-Fraissé, Gg is Ag-closed in Age(E), and dp\; and ~y are

uniformly equivalent on Gy, for every k.

® FEis weak G-Fraissé and G is dgm-compact.
It follows from this that the Hilbert and the Gurarij spaces are very special
Fraissé spaces: Recall that a Banach space Y is finitely representable in X if
Age,(Y) is included in the dgy-closure Fk(X)BM of Age, (X) for every k.
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Let E be a Fraissé Banach space. The following are equivalent for a
separable Banach space Y.
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Proposition

Let E be a Fraissé Banach space. The following are equivalent for a
separable Banach space Y.

X is finitely representable on E.
X can be isometrically embedded into E.

Consequently,
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Proposition

Let E be a Fraissé Banach space. The following are equivalent for a
separable Banach space Y.

X is finitely representable on E.
X can be isometrically embedded into E.
Consequently,

£y is the minimal separable Fraissé Banach space.



Fraissé correspondence

Definition

Given a family G of finite dimensional spaces, let [G] be the class of all
separable Banach spaces X such that there is an C-increasing sequence (X,,),
in Gy whose union is dense in X.
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Definition

Given a family G of finite dimensional spaces, let [G] be the class of all
separable Banach spaces X such that there is an C-increasing sequence (X,,),
in Gy whose union is dense in X.

Theorem

Suppose that X and Y are G-Fraissé Banach spaces, with
G = Age(X),Age(Y) and X € [G]. The following are equivalent.



Fraissé correspondence

Definition

Given a family G of finite dimensional spaces, let [G] be the class of all
separable Banach spaces X such that there is an C-increasing sequence (X,,),
in Gy whose union is dense in X.

Theorem

Suppose that X and Y are G-Fraissé Banach spaces, with
G = Age(X),Age(Y) and X € [G]. The following are equivalent.

Y € [G].



Fraissé correspondence

Definition

Given a family G of finite dimensional spaces, let [G] be the class of all
separable Banach spaces X such that there is an C-increasing sequence (X,,),
in Gy whose union is dense in X.

Theorem

Suppose that X and Y are G-Fraissé Banach spaces, with

G < Age(X),Age(Y) and X € [G|. The following are equivalent.
Y € [G].

X is isometricto Y.
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Fraissé correspondence

Definition

Let G be a class of finite dimensional spaces.

® G isan amalgamation class when {0} € G and for every € > 0 and every
k there is 6 > O such thatif X € G4, Y,Z € G and v € Embs(X, Y),
n € Emb;(X, Z), then there is H € G and isometries i : Y — H and
Jj:Z — Hsuchthat|ioy—jon| <e.



Fraissé correspondence

Definition

it follows that G has the Joint embedding property: For every

X,Y € G there is Z € G such that Emb(X Z),Emb(Y,Z) # 0.
and every

k there is & > 0 such that if X € 7, Y ZcGandy € Emb(;(X Y),
n € Emb;(X, Z), then there is H € G and isometries i : Y — H and
Jj:Z — Hsuchthat|ioy—jon| <e.



Fraissé correspondence

Definition

Let G be a class of finite dimensional spaces.

® G isan amalgamation class when {0} € G and for every € > 0 and every
k there is 6 > O such thatif X € G4, Y,Z € G and v € Embs(X, Y),
n € Emb;(X, Z), then there is H € G and isometries i : Y — H and
Jj:Z — Hsuchthat|ioy—jon| <e.

® (G is a Fraissé class when it is hereditary amalgamation class.



Fraissé correspondence

Theorem

Suppose that G is an amalgamation class. Then there is a unique separable
G-Fraissé Banach space E such that E € [G), called the Fraissé limit of G and
denoted by Flim G.
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Fraissé correspondence

Theorem

Suppose that G is an amalgamation class. Then there is a unique separable
G-Fraissé Banach space E such that E € [G), called the Fraissé limit of G and
denoted by Flim G.

Corollary (Fraissé correspondence)

The following are equivalent for a class G of finite dimensional Banach
spaces:

B G is a Fraissé class;



Fraissé correspondence

Theorem

Suppose that G is an amalgamation class. Then there is a unique separable
G-Fraissé Banach space E such that E € [G), called the Fraissé limit of G and
denoted by Flim G.

Corollary (Fraissé correspondence)

The following are equivalent for a class G of finite dimensional Banach
spaces:

B G is a Fraissé class;

G = Age(E) of a unique separable Fraissé Banach space
E = Flimg. O
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Ly(0,1) = Flim{£}},.
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Fraissé correspondence

tp = Flim{{}},,

Ly(0,1) = Flim{£}},.

L,(0,1) = Flim Age(L,(0,1)) forp #4,6,8,. ...
G = Flim{/"_},.

G = Flim Age(CJ0, 1]).
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some sequence (g,), € Iso(E)N.



Fraissé Banach spaces and ultrapowers

Being Fraissé is an ultra property. Recall that given a Banach space E, and
given a non-principal ultrafilter I/ on N,

* we write Ey, to denote the ultrapower EN JU.

® We denote by Iso(E);, the subgroup of Iso(E;) consisting of all
isometries of the ultrapower Ey; of the form [(x,)n)us — [(gn(xn))nles for
some sequence (g,), € Iso(E)N.

It is well known that Age(Ey) = Age(E)BM
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Let E be a Banach space, and let U be a non-principal ultrafilter on N. The
following are equivalent.



Fraissé Banach spaces and ultrapowers

Proposition

Let E be a Banach space, and let U be a non-principal ultrafilter on N. The
following are equivalent.

H E is Fraissé.
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Let E be a Banach space, and let U be a non-principal ultrafilter on N. The
following are equivalent.

H E is Fraissé.
Ey is Fraissé and (Iso(E) )y is dense in Iso(Ey) with respect to the SOT.



Fraissé Banach spaces and Fraissé Correspondence Fraissé Banach spaces and ultrapowers

Proposition

Let E be a Banach space, and let U be a non-principal ultrafilter on N. The
following are equivalent.

H E is Fraissé.
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Fraissé Banach spaces and Fraissé Correspondence Fraissé Banach spaces and ultrapowers

Proposition

Let E be a Banach space, and let U be a non-principal ultrafilter on N. The
following are equivalent.

H E is Fraissé.

Ey is Fraissé and (Iso(E) )y is dense in Iso(Ey) with respect to the SOT.
For every X € Age(Ey) one has that (Iso(E) )y ~ Emb(X, Ey) is
approximately transitive.

For every X € Age(Ey) one has that (Iso(E) )y ~ Emb(X, Eyy) is
transitive.
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Fraissé Banach spaces and Fraissé Correspondence Fraissé Banach spaces and ultrapowers

Proposition

Let E be a Banach space, and let U be a non-principal ultrafilter on N. The
following are equivalent.

H E is Fraissé.

Ey is Fraissé and (Iso(E) )y is dense in Iso(Ey) with respect to the SOT.

For every X € Age(Ey) one has that (Iso(E))y ~ Emb(X, Ey) is
approximately transitive.

For every X € Age(Ey) one has that (Iso(E) )y ~ Emb(X, Eyy) is
transitive.

For every separable X C Ey one has that (Iso(E))y ~ Emb(X, Ey) is
transitive.

J. Lopez-Abad (UNED) Eaag WS2019  44/75



Fraissé Banach spaces and Fraissé Correspondence Fraissé Banach spaces and ultrapowers

Proposition

Let E be a Banach space, and let U be a non-principal ultrafilter on N. The
following are equivalent.

H E is Fraissé.

Ey is Fraissé and (Iso(E) )y is dense in Iso(Ey) with respect to the SOT.

For every X € Age(Ey) one has that (Iso(E))y ~ Emb(X, Ey) is
approximately transitive.

For every X € Age(Ey) one has that (Iso(E) )y ~ Emb(X, Eyy) is
transitive.

For every separable X C Ey one has that (Iso(E))y ~ Emb(X, Ey) is
transitive.

B Ey is (uH) and (Iso(E))y is dense in 1so(Ey) with respect to the SOT.
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Fraissé Banach spaces and Fraissé Correspondence Fraissé Banach spaces and ultrapowers

Proposition

Let E be a Banach space, and let U be a non-principal ultrafilter on N. The
following are equivalent.
E is Fraissé.
Eyy is Fraissé and (Iso(E) )y is dense in 1so(Ey,) with respect to the SOT.
For every X € Age(Ey) one has that (Iso(E) )y ~ Emb(X, Ey) is
approximately transitive.
For every X € Age(Ey) one has that (Iso(E))y ~ Emb(X, Ey) is
transitive.
For every separable X C Ey one has that (Iso(E))y ~ Emb(X, Ey) is
transitive.

Ey is (uH) and (Iso(E))y is dense in Iso(Ey) with respect to the SOT.

In particular, it follows that when E is Fraissé, its ultrapowers is Fraissé and
ultrahomogeneous.
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Given two Banach spaces X and Y, and 0 > 0, let Embgs(X, Y) be the
collection of all linear 1-1 bounded functions 7" : X — Y such that
T NT < 1+9.



Given two Banach spaces X and Y, and 0 > 0, let Embgs(X, Y) be the
collection of all linear 1-1 bounded functions 7" : X — Y such that
T NT < 1+9.

Definition

A collection F of finite dimensional normed spaces has the Approximate
Ramsey Property (ARP) when for every F, G € F and € > 0 there exists
H € F such that every continuous coloring ¢ of Emb(F, H) e-stabilizes in
0o Emb(F, G) for some p € Emb(G, H), that is,

osc(c [ oo Emb(F,G)) < e.



Definition

A collection F of finite dimensional normed spaces has the Discrete (ARP)
when for every F,G € F, e > 0 and r € N there exists H € F such that every
coloring ¢ of Emb(F,H) — r has an e-monochromatic set of the form

0o Emb(F, G) for some p € Emb(G, H).



Definitic A 18 e-monochromatic when there is some j < r such that A C

A collect (e G)e-

when for every F,G € F, e > 0 and r € N there exists H € F such that every
coloring ¢ of Emb(F,H) — r has an e-monochromatic ~ set of the form

0o Emb(F, G) for some p € Emb(G, H).



Definition

A collection F of finite dimensional normed spaces has the Discrete (ARP)
when for every F, G € F, e > 0 and r € N there exists H € F such that every
coloring ¢ of Emb(F, H) — r has an e-monochromatic set of the form

00 Emb(F, G) for some p € Emb(G, H).

Proposition
F has the (ARP) if and only if F has the discrete (ARP).
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Theorem (KPT global)

Suppose that E is approximately ultrahomogeneous. The following are
equivalent:

The group 1so(E) with its strong operator topology is extremely
amenable; that is, every continuous action of Iso(E) on a compact space
has a fixed point.

B Age(E) has the (ARP).



KPT correspondence for Banach spaces

Theorem (KPT global)

Suppose that E is approximately ultrahomogeneous. The following are
equivalent:

The group 1so(E) with its strong operator topology is extremely
amenable; that is, every continuous action of Iso(E) on a compact space
has a fixed point.

B Age(E) has the (ARP).

Theorem (KPT Local)

Suppose that G is an amalgamation class. The following are equivalent:
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KPT correspondence for Banach spaces

Theorem (KPT global)

Suppose that E is approximately ultrahomogeneous. The following are
equivalent:

The group 1so(E) with its strong operator topology is extremely
amenable; that is, every continuous action of Iso(E) on a compact space
has a fixed point.

B Age(E) has the (ARP).

Theorem (KPT Local)
Suppose that G is an amalgamation class. The following are equivalent:

The group Iso(Flim G) is extremely amenable.
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KPT correspondence for Banach spaces

Theorem (KPT global)

Suppose that E is approximately ultrahomogeneous. The following are
equivalent:

The group 1so(E) with its strong operator topology is extremely
amenable; that is, every continuous action of Iso(E) on a compact space
has a fixed point.

B Age(E) has the (ARP).

Theorem (KPT Local)

Suppose that G is an amalgamation class. The following are equivalent:
The group Iso(Flim G) is extremely amenable.
G has the (ARP).

J. Lopez-Abad (UNED) Eaag WS2019  47/75



Proposition

Suppose that 1so(E) ~ K, and suppose that 1so(E) - p is dense K. The
following are equivalent.

B there is a fixed point for the action Iso(E) ~ K.

For every entourage U in K and every finite set F C Iso(E) there is some
g € Iso(E) such that Fg - p is U-small, that is for every fo, fi € F one has

that (fog - p,fig - p) € U.



KPT correspondence for Banach spaces

Proof.

implies For suppose that ¢ € K is a fixed point; Fix F C G finite
and an entourage U; let V be an entourage such that Vo V C U. Using
that g- : K — K is uniformly continuous, we find an entourage W such that
gW C Vforevery g € F. Let h € G be such that (k- p,q) € W. It follows that

(gh-p,q) = (gh-p,gq) € Vforall g € F; hence (gh-p,g'h-p) € U.
O
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KPT correspondence for Banach spaces

Proof.

implies g} For every finite set F' and entourage U choose gr.y € G such
that (F U {e}) - gr,up is U-small, hence fgrp € Ulgp yp] for every F and U.
Then any accumulation point ¢ of {gr v} v is a fixed point.
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B FixIso(E) ~ K, p € K, an entourage U and a finite set F C Iso(E). Set
H:=F
let V be an entourage such that Vo Vo VoV C U.

Let (X,), be an increasing sequence of finite dimensional subspaces of E
whose union is dense in E.

For each n, let d,, be the pseudometric on Iso(E),
dn(g,h) == [lg [ Xu — h | Xal|.
Since the sequence of pseudometrics (d,), defines the SOT on Iso(E)

and since G — K, g — g~ !p is uniformly continuous there is some
n € Nand ¢ > 0 such that d, (g, h) < 60 implies that

(g'-p,nt-p)ev.
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KPT correspondence for Banach spaces

LetY := deHan.
Let {x;};<, C K be such that K = J;_, V[x;], where
Vx| :={yeK: (x,y) € V}.
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KPT correspondence for Banach spaces

LetY := deHan.

Let {x;};<, C K be such that K = J;_, V[x;], where
Vx| :={yeK: (x,y) € V}.

B We apply the (ARP) of Age(E) to X,,, Y, §/3 and r to find the
corresponding Z.
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KPT correspondence for Banach spaces

Let Y := )" cy 8Xn.

Let {x;};<, C K be such that K = J;_, V[x;], where
Vx| :={yeK: (x,y) € V}.

B We apply the (ARP) of Age(E) to X,,, Y, §/3 and r to find the
corresponding Z.

We define the coloring ¢ : Emb(X,,, Z) — r for v € Emb(X,,, Z) by
choosing g € Iso(E) such that ||g | X,, — 7|| < /3, and then by
declaring c(y) = j if j is (the first) such that g~ 'p € VI[x;].
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KPT correspondence for Banach spaces

LetY := deHan.

Let {x;};<, C K be such that K = J;_, V[x;], where
Vx| :={yeK: (x,y) € V}.

B We apply the (ARP) of Age(E) to X,,, Y, §/3 and r to find the
corresponding Z.

We define the coloring ¢ : Emb(X,,, Z) — r for v € Emb(X,,, Z) by
choosing g € Iso(E) such that ||g | X,, — 7|| < /3, and then by
declaring c(y) = j if j is (the first) such that g~ 'p € VI[x;].

By the Ramsey property of Z, we can find o € Emb(Y,Z) and j < r such
that, in particular, for every 7 € Emb(X,, Y) there is some g,, € Iso(E)
such that (g,) ™! -p € Vix;] and |lo o — g,|| < 26/3.
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KPT correspondence for Banach spaces

Let Y := )" cy 8Xn.

Let {x;};<, C K be such that K = J;_, V[x;], where
Vx| :={yeK: (x,y) € V}.

B We apply the (ARP) of Age(E) to X,,, Y, §/3 and r to find the
corresponding Z.

We define the coloring ¢ : Emb(X,,, Z) — r for v € Emb(X,,, Z) by
choosing g € Iso(E) such that ||g | X,, — 7|| < /3, and then by
declaring c(y) = j if j is (the first) such that g~ 'p € VI[x;].

By the Ramsey property of Z, we can find o € Emb(Y,Z) and j < r such
that, in particular, for every 7 € Emb(X,, Y) there is some g,, € Iso(E)
such that (g,) ™! -p € Vix;] and |lo o — g,|| < 26/3.

Choose h € Iso(E) such that || | Y — g|| < /3. Then g := h~! is the
good one.
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KPT correspondence for Banach spaces

LetY := deHan.

Let {x;};<, C K be such that K = J;_, V[x;], where
Vx| :={yeK: (x,y) € V}.

B We apply the (ARP) of Age(E) to X,,, Y, §/3 and r to find the
corresponding Z.

We define the coloring ¢ : Emb(X,,, Z) — r for v € Emb(X,,, Z) by
choosing g € Iso(E) such that ||g | X,, — 7|| < /3, and then by
declaring c(y) = j if j is (the first) such that g~ 'p € VI[x;].

By the Ramsey property of Z, we can find o € Emb(Y,Z) and j < r such
that, in particular, for every 7 € Emb(X,, Y) there is some g,, € Iso(E)
such that (g,) ™! -p € Vix;] and |lo o — g,|| < 26/3.

M Choose h € Iso(E) such that ||h | Y — || < §/3. Then g := h~! is the

good one.

Then, for every f € H, setting n) := f | X,,, then d,(hof,g,) <, and

g;l -p € Vixj].

=y

=
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KPT correspondence for Banach spaces

LetY := deHan.

Let {x;};<, C K be such that K = J;_, V[x;], where
Vx| :={yeK: (x,y) € V}.

B We apply the (ARP) of Age(E) to X,,, Y, §/3 and r to find the
corresponding Z.

We define the coloring ¢ : Emb(X,,, Z) — r for v € Emb(X,,, Z) by
choosing g € Iso(E) such that ||g | X,, — 7|| < /3, and then by
declaring c(y) = j if j is (the first) such that g~ 'p € VI[x;].

By the Ramsey property of Z, we can find o € Emb(Y,Z) and j < r such
that, in particular, for every 7 € Emb(X,, Y) there is some g,, € Iso(E)
such that (g,) ™! -p € Vix;] and |lo o — g,|| < 26/3.

=y

Choose h € Iso(E) such that || | Y — o|| < §/3. Then g := h~ ! is the
good one.

Then, for every f € H, setting n) := f | X,,, then d,(hof,g,) <, and
g -p e Vil

Consequently, (fyo A= - p,fi o h™! - p) € U for every fy, fi € F, as
desired.
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KPT correspondence for Banach spaces

Let Y := )" cy 8Xn.

Let {x;};<, C K be such that K = J;_, V[x;], where
Vx| :={yeK: (x,y) € V}.

B We apply the (ARP) of Age(E) to X,,, Y, §/3 and r to find the
corresponding Z.

We define the coloring ¢ : Emb(X,,, Z) — r for v € Emb(X,,, Z) by
choosing g € Iso(E) such that ||g | X,, — 7|| < /3, and then by
declaring c(y) = j if j is (the first) such that g~ 'p € VI[x;].

By the Ramsey property of Z, we can find o € Emb(Y,Z) and j < r such
that, in particular, for every 7 € Emb(X,, Y) there is some g,, € Iso(E)
such that (g,) ™! -p € Vix;] and |lo o — g,|| < 26/3.

Choose h € Iso(E) such that || | Y — g|| < /3. Then g := h~! is the

=y

good one.

Then, for every f € H, setting n) := f | X,,, then d,(hof,g,) <, and
g -p e Vil

Consequently, (fyo A= - p,fi o h™! - p) € U for every fy, fi € F, as
desired.

Consequently, (fy o g - p,fi o g - p) € U for every fy,fi € F, as desired.
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¢ Given two metric spaces (A,d4) and (B,dp), let Lip(A, B) be the
collection of 1-Lipschitz mappings from A to B.

® When A is compact, we endow it with the uniform metric
d(c,d) = sup,c, dp(c(a),d(a)). Observe that when B is also compact,
(Lip(A, B), d) is also compact.



For the next claim we need some terminology.

¢ Given two metric spaces (A,d4) and (B,dp), let Lip(A, B) be the
collection of 1-Lipschitz mappings from A to B.

® When A is compact, we endow it with the uniform metric
d(c,d) = sup,c, dp(c(a),d(a)). Observe that when B is also compact,
(Lip(A, B), d) is also compact.

® For each W € Age(E), let (W) := {X € Age(E) : W C X}. Note that
{{W}weage(r) has the finite intersection property. Let U be a
non-principal ultrafilter on Age(E) containing all (W).



KPT correspondence for Banach spaces

® Define the ultraproduct
Lip, (Emb(X, E), [0,1]) := (HXQYeAge(E) Lip(Emb(X, Y), [0,1])/ ~u,
where (cy)y ~y (dy)y if and only if for every
Y0, - - > Yn—1 € Emb(X, E), and every € > 0,
{Y € (3, Imy) © [maxjcy ey () —dy(y)| < e} €U.
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KPT correspondence for Banach spaces

® Define the ultraproduct
Lip;,(Emb(X, E), [0, 1]) := (HXQYeAge(E) Lip(Emb(X, Y), [0,1])/ ~u,
where (cy)y ~y (dy)y if and only if for every
Y05 - -+, Yn—1 € Emb(X, E), and every € > 0,
{Y € (3, Imy) © [maxjcy ey () —dy(y)| < e} €U.

® We consider the canonical action Iso(E) ~ Lip(Emb(X, E), [0, 1],
(g-¢)(7) :=c(g o), and the (algebraic) action
Iso(E) ~ Lip,,(Emb(X, E), [0, 1]), g - [(cy)v|u = [(dy)y]u, where
dy(7) := cq(v)(g07)-
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KPT correspondence for Banach spaces

® Define the ultraproduct
Lip;,(Emb(X, E), [0, 1]) := (HXQYeAge(E) Lip(Emb(X, Y), [0,1])/ ~u,
where (cy)y ~y (dy)y if and only if for every
Y05 - -+, Yn—1 € Emb(X, E), and every € > 0,
{Y € (3, Imy) © [maxjcy ey () —dy(y)| < e} €U.
® We consider the canonical action Iso(E) ~ Lip(Emb(X, E), [0, 1],
(g-¢)(7) :=c(g o), and the (algebraic) action
Iso(E) ~ Lip,,(Emb(X, E), [0, 1]), g - [(cy)v|u = [(dy)y]u, where
dy(7) := cq(v)(g07)-
® Define ¢ : Lip(Emb(X, E), [0, 1] — Lip,,(Emb(X, E), [0, 1]),
®(c) = (cy)y, where cy(7) := ¢(7).
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KPT correspondence for Banach spaces

Proposition

® is a Iso(E)-bijection.



KPT correspondence for Banach spaces

Proposition

® is a Iso(E)-bijection.

Proof.

Suppose that ®(c) = [(cy)y]u and ®(g - ¢) = [(dy)y]u. Then for each Y
and v € Emb(X,Y), cy(y) = c(v) and dy(v) = (g ¢)(7) = c(g o), so
g [(ey)ylu = [(dy)ylu- Itis easy to see that ® is 1-1.
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KPT correspondence for Banach spaces

Proposition

® is a Iso(E)-bijection.

Proof.

® is onto: Suppose now that ®(c) = ®(d). Let [(cy)y]u, and let v €
Emb(X, E). Then the numerical sequence (cy(7))y is bounded, so the ¢/-limit
c(7y) := limy_y cy(7y) exists. It is ease to see that ¢ € Lip(Emb(X, E), [0, 1])
and that ®(c) = [(cy)y]u-

[

J. Lopez-Abad (UNED) Eaag WS2019 54/75



KPT correspondence for Ban:

Suppose now that Iso(E) is extremely amenable, fix X, Y € Age(E) and
e >0.



KPT correspondence for Banach spaces

Suppose now that Iso(E) is extremely amenable, fix X, Y € Age(E) and

e>0.

We prove that the collection of Z € Age(E) such that for every
¢ € Lip(Emb(X, Z), [0, 1]) there is v € Emb(Y, Z) such that
Osc(c [ Emb(X,Y)) < e belongs to U.
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KPT correspondence for Banach spaces

Suppose now that Iso(E) is extremely amenable, fix X, Y € Age(E) and
e >0.

We prove that the collection of Z € Age(E) such that for every
¢ € Lip(Emb(X, Z), [0, 1]) there is v € Emb(Y, Z) such that
Osc(c [ Emb(X,Y)) < e belongs to U.

Equivalently, for every (cz)z € []zcage(r) LiP(Emb(X, Z), [0, 1]) one
has that the set of Z € Age(E) such that there is v € Emb(Y, Z) with
Osc(cz | Emb(X,Y)) < ¢ belongs to U.
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KPT correspondence for Banach spaces

Suppose now that Iso(E) is extremely amenable, fix X, Y € Age(E) and
e >0.

We prove that the collection of Z € Age(E) such that for every
¢ € Lip(Emb(X, Z), [0, 1]) there is v € Emb(Y, Z) such that
Osc(c [ Emb(X,Y)) < e belongs to U.

Equivalently, for every (cz)z € []zcage(r) LiP(Emb(X, Z), [0, 1]) one
has that the set of Z € Age(E) such that there is v € Emb(Y, Z) with
Osc(cz | Emb(X,Y)) < ¢ belongs to U.

Since ® is a Iso(E)-bijection, this is equivalent to prove that given
¢ € Emb(X,E) — [0, 1] there is some g € Iso(E) such that
Osc(c [ go Emb(X,Y)) < e.
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KPT correspondence for Ban:

B We consider the action Iso(E) ~ Iso(E) - c.



KPT correspondence for Banach spaces

B We consider the action Iso(E) ~ Iso(E) - c.

Let d € Iso(E) - ¢ be a fixed point, that is, g - d = d for every g € Iso(E).



KPT correspondence for Banach spaces

B We consider the action Iso(E) ~ Iso(E) - c.
Let d € Iso(E) - ¢ be a fixed point, that is, g - d = d for every g € Iso(E).
Since Emb(X, Y) is compact, we can find g € Iso(E) such that

SUP,cEmb(x,r) 18 - €(7) —d(7)| < €/3. Let us see that
Osc(c [ go Emb(X,Y)) < e.
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KPT correspondence for Banach spaces

B We consider the action Iso(E) ~ Iso(E) - c.
Let d € Iso(E) - ¢ be a fixed point, that is, g - d = d for every g € Iso(E).
Since Emb(X, Y) is compact, we can find g € Iso(E) such that

SUP,cEmb(x,r) 18 - €(7) —d(7)| < €/3. Let us see that
Osc(c [ go Emb(X,Y)) < e.

For suppose that v, 7 € Emb(X, Y); Let h € Iso(E) be such that
lhoy —nll <e/3.
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KPT correspondence for Banach spaces

B We consider the action Iso(E) ~ Iso(E) - c.
Let d € Iso(E) - ¢ be a fixed point, that is, g - d = d for every g € Iso(E).
Since Emb(X, Y) is compact, we can find g € Iso(E) such that
SUP,cEmb(x,r) 18 - €(7) —d(7)| < €/3. Let us see that
Osc(c [ go Emb(X,Y)) < e.
For suppose that v, 7 € Emb(X, Y); Let h € Iso(E) be such that
[hoy —nl <e/3.
It follows that for v, € Emb(X, Y),
ld() — d(n)] = |d(h o) — d()| < /3, and
lc(go ) —clgon)| <2e/3+[d(y) —d(n)| <e.
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® Fraissé spaces are those spaces for which Iso(E) ~ Embs(X, E)
e-transitively, and the dependance

(X,e) " 6

is only on dim X.
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a Fraissé correspondence.
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(X,e) " 6

is only on dim X.

® There is a natural notion of Fraissé G-space, Fraissé G-limit Flim G, and
a Fraissé correspondence.

¢ Concerning ultrapowers, E is Fraissé if and only if the subgroup
(Iso(E))y of Iso(Ey) acts transitively on each Emb(X, Ey;) for every
separable (possibly infinite dimensional X C Eyy).



Fraissé spaces are those spaces for which Iso(E) ~ Embs(X, E)
e-transitively, and the dependance

(X,e) " 6

is only on dim X.

There is a natural notion of Fraissé G-space, Fraissé G-limit Flim G, and
a Fraissé correspondence.

Concerning ultrapowers, E is Fraissé if and only if the subgroup
(Iso(E))y of Iso(Ey) acts transitively on each Emb(X, Ey;) for every
separable (possibly infinite dimensional X C Eyy).

There is a local (KPT) and a global (KPT) that connects the extreme
amenability of Iso(E) with the (ARP) of G or of Age(E), when G is an
amalgamation class and E



Three examples
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@ Gurarij space
dim_ oo is a Fraissé class
The ARP of Finite dimensional Normed spaces

@ L,-spaces
L, (sometimes) is a Fraissé space
Equimeasurability
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Let G be a family of finite dimensional Banach spaces.
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® G has the hereditary property when for every X € G and every Y, if
Emb(Y,X) # (0, then Y € G,



Let G be a family of finite dimensional Banach spaces.

® G has the hereditary property when for every X € G and every Y, if
Emb(Y,X) # (0, then Y € G,

® G isan amalgamation class when {0} € G and for every € > 0 and every
k there is 6 > O such thatif X € G4, Y,Z € G and v € Embs(X, Y),
n € Emb;(X, Z), then there is H € G and isometries i : Y — H and
Jj:Z — Hsuchthat|ioy—jon| <e.



Let G be a family of finite dimensional Banach spaces.

& 2 lhan tha bhnvnditnn: et sxibhanm £am avraser Vo~ (7 an A Avrner Y if
it follows that G has the Joint embedding property: For every

X,Y € G there is Z € G such that Emb(X Z),Emb(Y,Z) # 0.
and every

k there is & > 0 such that if X € 7, Y ZcGandy € Emb(;(X Y),
n € Emb;(X, Z), then there is H € G and isometries i : Y — H and
Jj:Z — Hsuchthat|ioy—jon| <e.



Let G be a family of finite dimensional Banach spaces.

® G has the hereditary property when for every X € G and every Y, if
Emb(Y,X) # (0, then Y € G,

® G isan amalgamation class when {0} € G and for every € > 0 and every
k there is 6 > O such thatif X € G4, Y,Z € G and v € Embs(X, Y),
n € Emb;(X, Z), then there is H € G and isometries i : Y — H and
Jj:Z — Hsuchthat|ioy—jon| <e.

® (G is a Fraissé class when it is hereditary amalgamation class.



dim < oo is a Fraissé class

Proposition (Amalgamation Property)

For every finite dimensional spaces X, Y and Z and every -y € Emb(X, Y) and
n € Emb(X, Z)

X——Z



dim < oo is a Fraissé class

Proposition (Amalgamation Property)

For every finite dimensional spaces X, Y and Z and every -y € Emb(X, Y) and
1n € Emb(X, Z) there are V, i € Emb(Y, V) and j € Emb(Z, V) such that
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dim < oo is a Fraissé class

Proposition (Amalgamation Property)

For every finite dimensional spaces X, Y and Z and every -y € Emb(X, Y) and
1n € Emb(X, Z) there are V, i € Emb(Y, V) and j € Emb(Z, V) such that

Y — (Y @ Z))N
O IJ

VA

v

X

Ui

X @1 Y is the space X X Y with the norm (x,y) := ||x|[x + |[y|ly and N =
{(v(x),n(x)) = x € X}



dim < oo is a Fraissé class

Definition

A finite dimensional Banach space is called polyhedral when its unit ball has
finitely many extreme points.



dim < oo is a Fraissé class

Definition

A finite dimensional Banach space is called polyhedral when its unit ball has
finitely many extreme points.

Proposition

A finite dimensional space X is polyhedral if and only if Emb(X, ¢"_) # 0 for
some n € N.



Gurarij space dim < oo is a Fraissé class

Proof.

Suppose that Emb(X, ¢2_) # 0.
X f.d. is polyhedral if and only if X* is polyhedral.

Suppose that v : X — £7_ is an isometric embedding; then the restriction
of the dual operator v* : Ball(¢]) — Ball(X*) is a continuous affine
surjection.

Since O(Ball(#})) = {+£u;}j<, is finite, I(Ball(X*)) C {£y(u;) }j<n-

J. Lopez-Abad (UNED) Eaag WS2019  63/75



Gurarij space dim < oo is a Fraissé class

Proof.

Suppose that X is polyhedral. Then X* is also polyhedral. Let
E := 0(Ball(X™")).
Then 7y : X — U (E), v(x) := (e(x)).ck is an isometric embedding.
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dim < oo is a Fraissé class

Proposition

The classes Pol of finite dimensional polyhedral spaces and 0’ have the
amalgamation property



dim < oo is a Fraissé class

Proposition
The classes Pol of finite dimensional polyhedral spaces and 0’ have the
amalgamation property

Proof.
The push-out X @; Y /N is polyhedral when X and Y are so; in particular we
have
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dim < oo is a Fraissé class

Proposition
The classes Pol of finite dimensional polyhedral spaces and 0’ have the
amalgamation property

Proof.
The push-out X @; Y /N is polyhedral when X and Y are so; in particular we

have
1538

/
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dim < oo is a Fraissé class

Proposition
Embs (€3, £4,) € (Emb(£,, £3.))36-



dim < oo is a Fraissé class

Corollary

The classes {(%_}, Pol, and dim., are Fraissé, with Fraissé limit the Gurarij
space G.



The ARP of Finite dimensional Normed spaces

Theorem (BartoSova-LA-Lupini-Mbombo)
The following classes of f.d. normed spaces have the (ARP):

B {7 o



The ARP of Finite dimensional Normed spaces

Theorem (BartoSova-LA-Lupini-Mbombo)

The following classes of f.d. normed spaces have the (ARP):
B {4 >0
The class of finite dimensional polyhedral spaces;
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Theorem (BartoSova-LA-Lupini-Mbombo)

The following classes of f.d. normed spaces have the (ARP):
B {4 >0
The class of finite dimensional polyhedral spaces;

The class of all finite dimensional normed spaces.



The ARP of Finite dimensional Normed spaces

Theorem (BartoSova-LA-Lupini-Mbombo)

The following classes of f.d. normed spaces have the (ARP):
B {4 >0
The class of finite dimensional polyhedral spaces;

The class of all finite dimensional normed spaces.

This is done using the Dual Ramsey theorem.
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L, (sometimes) is a Fraissé space

Theorem
The following classes are Fraissé.
° {€Z}n forall 1 < p < oo (Schechtman argument for approximation of
d-embeddings)
* Age(Ly[0,1]) forp #4,6,8, ... (approximate equimeasurability
principle).
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Since Age(L,|0, 1]) is compact (ultrapower of an L, space is an L, space, and
L,[0, 1] is universal for separable ones) one has to prove that for those p’s,
L,[0, 1] is weak-Fraissé, that is, for every X € Age(L,(0, 1)) and every &,
there is d such that Iso(L,(0, 1)) ~ Emb(X, L,(0, 1)) is e-transitive. This is a
consequence of the approximate equimeasurability principle.
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Equimeasurability

[ .
Q
)
Figure: &, ; 1
1 1w nditis 1
in |a, b|.



Equimeasurability

From this, it follows that

Corollary

For p ¢ 2N, suppose that (fi, . .., f») € L,(Qo, X0, o) and
(81, 8n) € Lp(S, X1, 1) and

n n
11+ Zajﬁ'”uo =1 —|—Zajgjﬂmforeveryal,...,an.

J=1 J=1

Then (fi,....fn) and (g1, ..., 8n) are equidistributed
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Corollary
For p ¢ 2N, suppose that (fl, o5 fu) € Ly(Q0, 2o, po) and
((gl7 . N — 7 [ 1

po((fi(w )7~~,fn( ) € B) = m((g1(w), -, &(w)) € B) for

every B C R" Borel
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Equimeasurability

From this, it follows that

Corollary

For p ¢ 2N, suppose that (fi, . .., f») € L,(Qo, X0, o) and
(81, 8n) € Lp(S, X1, 1) and

n n
11+ Zajﬁ'”uo =1 —|—Zajgjﬂmforeveryal,...,an.

Jj=1 =1
Then (fi,....fn) and (g1, ..., 8n) are equidistributed
This was used by Lusky (1978) to prove

Corollary
Those L,’s are (AuH).

J. Lopez-Abad (UNED) Eaag WS2019

73775



Equimeasurability

We prove the following continuity theorem

Theorem

Suppose that p ¢ 2N. The following are equivalent for a sequence (i )x and a
measure 11 all in M) (F"):

® (|z|*dux )k converges completely to |z|*du for all 0 < a < p;
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Theorem
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We prove the following continuity theorem

Theorem

Suppos: for every ¢ > 0 there is a compact set K C R" such that 1a
measur. sup, v (R"\ K) < &
® (|z|“dux)r converges completely to |z|“dp jor all U < o < p;

|z|Pd )k converges completely to |z|Pdp and ||z

(
o (,uk)k converges completely to jn and (|z|Pduy )k is tight;
(#24

Lok )k converges to ,u(f’) uniformly in all compacta of F".
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Thank you!

J. Lopez
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