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A p.o. P is called aSuslin ccc forcing notioiif it is ccc and
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are all analytic sets.
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Suslin ccc forcing

A p.o. P is called aSuslin ccc forcing notioiif it is ccc and
P It
p ' 1! and
?2p !t 1!
are all analytic sets.
AssumeM E ZFC. If the parameters in the de nition o, p,

and ? p are inM, we may interpretP in M. Denote this
interpretation by PV
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Suslin ccc forcing

A p.o. P is called aSuslin ccc forcing notioiif it is ccc and

P It

p 'Y 1! and

?2p 101!
are all analytic sets.
AssumeM E ZFC. If the parameters in the de nition o, p,
and ? p are inM, we may interpretP in M. Denote this
interpretation by PV

AssumeM N. By } absoluteness, the statemenfs2 P,
g ppandp?pqare absolute betweeM andN.
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Hechler forcingD:

e Conditions: pairs§;f) with f 21' ands f nite
e Order: (;9) (s;f) ift sandg
Properties:
e -centered (thus ccc)

f (everywhere)
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Hechler forcingD:
e Conditions: pairs§f) with f 2!' ands f nite
o Order: (;g9) (s;f) ift sandg f (everywhere)
Properties:
@ -centered (thus ccc)
@ adds a genefitHechIer real
d= fs: thereisf 21" such that (;f) 2 Gg
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Hechler forcingD:

e Conditions: pairsf) with f 2!' ands f nite

o Order: (;g9) (s;f) ift sandg f (everywhere)
Properties:

@ -centered (thus ccc)

@ adds a generitiechler real

[
d= fs: thereisf 21" such that (5;f) 2 Gg
e d is adominating real

ie. f d for everyf 2 I'' from the ground model.
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CheckD is Suslin ccc:
identify D with !
Then:

=1t via (s;f) 7! (sj; ).
o the order is a closed relation
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Examples for Suslin ccc forcing 2

CheckD is Suslin ccc:
identify Dwith ! 1! = 1! via (s;f) 7! (jsj;f).
Then:
o the order is a closed relation
e (s;f) and (t;g) are incompatible i
s eithers andt are incomparable (a clopen relation)
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Examples for Suslin ccc forcing 2

CheckD is Suslin ccc:
identify Dwith ! 1! = 1! via (s;f) 7! (jsj;f).
Then:
o the order is a closed relation
e (s;f) and (t;g) are incompatible i
s eithers andt are incomparable (a clopen relation)

s or one extends the other, say t for simplicity, and
t(n) < f(n) for somen (again a clopen relation).
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Amoeba forcingA:

e Conditions: open sett)
e Order:V Ui

VvV U
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Amoeba forcingA:

e Conditions: open sett)
e Order:V Ui V U

Properties:

o

2" of measure less thaj
-linked (thus ccc)
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Examples for Suslin ccc forcing 3

Amoeba forcingA:
e Conditions: open sett) 2 of measure less thag
e Order:V Ui V U

Properties:
@ -linked (thus ccc)

e adds an open subset= ~ G of 2 of measure%
(an amoeba regl
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Examples for Suslin ccc forcing 3

Amoeba forcingA:
e Conditions: open sett) 2 of measure less thag
e Order:V Ui V U

Properties:
@ -linked (thus ccc)

e adds an open subset= ~ G of 2 of measure%
(an amoeba regl

@ makes union of ground model null sets a null set
(becauseX a+ r for every ground model nuk and every
rational r)
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Examples for Suslin ccc forcing 3

Amoeba forcingA:
e Conditions: open sett) 2' of measure less thaé
@ Order:V Ui V U

Properties:
o -linked (thus ccc)

e adds an open subset= ~ G of 2 of measure}
(an amoeba regl

@ makes union of ground model null sets a null set
(becauseX a+ r for every ground model nuK and every
rational r)

Coding open sets by reals we see thais Suslin ccc.
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Absoluteness 1

Lemma (absoluteness of maximal antichains)
LetM N be ZFC-models. LeP 2 M be Suslin ccc.
Then \A is a maximal antichain irP"isa 1[ 1 statement, and

therefore absolute between M and N.
If P is a Borel set, being a maximal antichain is in fact.
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Absoluteness 1

Lemma (absoluteness of maximal antichains)

Let M N be ZFC-models. LeP 2 M be Suslin ccc.

Then \A is a maximal antichain irP"isa 1[ 1 statement, and
therefore absolute between M and N.

If P is a Borel set, being a maximal antichain is in fact.

Proof: ccc: antichains are countable and coded by reals.
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Lemma (absoluteness of maximal antichains)

Let M N be ZFC-models. LeP 2 M be Suslin ccc.

Then \A is a maximal antichain irP"isa 1[ 1 statement, and
therefore absolute between M and N.

If P is a Borel set, being a maximal antichain is in fact.

Proof: ccc: antichains are countable and coded by reals.
LetA=fx,:n2!g P. Aisamaximal antichain i

® Xy ?p Xm foralln & m and,
o for all y, eithery 2 P or there isn such thaty 6% Xp.
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Lemma (absoluteness of maximal antichains)

Let M N be ZFC-models. LeP 2 M be Suslin ccc.

Then \A is a maximal antichain irP"isa 1[ 1 statement, and
therefore absolute between M and N.

If P is a Borel set, being a maximal antichain is in fact.

Proof: ccc: antichains are countable and coded by reals.
LetA=fx,:n2!g P. Aisamaximal antichain i

® Xy ?p Xm foralln & m and,
o for all y, eithery 2 P or there isn such thaty 6% Xp.

The rst partis 1, while the second is 1. Thus 1 absoluteness
applies.
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LetM N be ZFC-models. LeP 2 M be Suslin ccc.

If G isPN-generic over N, then G M is PM-generic over M.
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Absoluteness 2

Corollary (downward absoluteness of genericity)

LetM N be ZFC-models. LeP 2 M be Suslin ccc.
If G is PN-generic over N, then G M is PM-generic over M.

Proof: Let A2 M be a maximal antichain oP in M.
By previous lemmaA maximal antichain ofP in N.
HenceG\ A6 ;.
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Lemma (preservation of embeddability in iterations)

Let Pp< P; be p.o.'s. LetQ; be Pi-names for p.o.'s such that
P, Qo Qi and all maximal antichains oRg in Vo are
maximal antichains of; in VP,

Then Py ? Qo< P1?Q;s.
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Lemma (preservation of embeddability in iterations)

Let Pp< P; be p.o.'s. LetQ; be Pi-names for p.o.'s such that
P, Qo Qi and all maximal antichains oRg in Vo are
maximal antichains of; in VP,

Then Py ? Qo< P1?Q;s.

Proof: Let A be a maximal antichain ifPy ? Qo.
Need to show:A still maximal inP; ? Q.
Let (p°; g% 2 P1 ?Qu.

Jerg Brendle Aspects of iterated forcing



Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Embeddability in iterations 1

Suslin ccc forcing
Iteration of de nable forcing
Applications

Lemma (preservation of embeddability in iterations)

Let Pp< P; be p.o.'s. LetQ; be Pi-names for p.o.'s such that
P, Qo Qi and all maximal antichains oRg in Vo are
maximal antichains of; in VP,

Then Py ? Qo< P1?Q;s.

Proof: Let A be a maximal antichain ifPy ? Qo.
Need to show:A still maximal inP; ? Q.

Let (p% %) 2 P1 ? Q.

Fix P1-generic Iter G overV containingp®.
By assumptionG\ Py is Pg-generic ovel .
INnV[G\ Pg], let

B=1fq2 Qo:9(p;a) 2 Awithp2 G andq= g[G\ Polo:
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Check: B is a maximal antichain irQq in V[G\ Pg]!
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Check: B is a maximal antichain irQq in V[G\ Pg]!
By assumptionB maximal inQ; in V[G].

Hence there ig] 2 B compatible withq?[G].

Let (p;q) 2 A witnessg = g[G\ Pg] 2 B.
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Check: B is a maximal antichain irQq in V[G\ Pg]!

By assumptionB maximal inQ; in V[G].

Hence there ig] 2 B compatible withq?[G].

Let (p;q) 2 A witnessg = g[G\ Pg] 2 B.

There isp 2 G forcing that g and q° are compatible, with common

extensiong. Wlogp p;p° Then (p;a)  (p;a); (p%; 9.
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Check: B is a maximal antichain irQq in V[G\ Pg]!

By assumptionB maximal inQ; in V[G].

Hence there ig] 2 B compatible withq?[G].

Let (p;q) 2 A witnessg = g[G\ Pg] 2 B.

There isp 2 G forcing that g and q° are compatible, with common
extensiong. Wiogp  p;p°. Then (p;q)  (p;@); (p% Q7).

Corollary (embeddability of Suslin ccc forcing)
Let Pp< P; be p.o.'s.

AssumeQ is a Suslin ccc forcing coded in™.
ThenPo ?QV "< Py 2QV™.
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Check: B is a maximal antichain irQq in V[G\ Pg]!

By assumptionB maximal inQ; in V[G].

Hence there ig] 2 B compatible withq?[G].

Let (p;q) 2 A witnessg = g[G\ Pg] 2 B.

There isp 2 G forcing that g and q° are compatible, with common
extensiong. Wiogp  p;p°. Then (p;q)  (p;@); (p% Q7).

Corollary (embeddability of Suslin ccc forcing)
Let Pp< P; be p.o.'s.

AssumeQ is a Suslin ccc forcing coded in™.
ThenPo ?QV "< Py 2QV™.

Proof: Immediate by previous lemma and absoluteness of maximal
antichains of Suslin ccc forcing.
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Let be an ordinal. LetQ , < , be Suslin ccc, all coded M.

One can recursively de ne thanite support iteration (fsi)

(P : ) with iterands Q in the usual way, letting® +; be
the two-step iteration ofP and QVP (the reinterpretation ofQ
in the P -generic extension).
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Let be an ordinal. LetQ , < , be Suslin ccc, all coded M.

One can recursively de ne thanite support iteration (fsi)

(P : ) with iterands Q in the usual way, letting® +; be
the two-step iteration ofP and QVP (the reinterpretation ofQ
in the P -generic extension).

We will also look at fragments of this iteration.

By the absoluteness properties described above, all theggrfents
will completely embed into the whole iteration in a canonicayw
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Fix X

By recursion on

) PX\0= flg
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Fix X

By recursion on

) PX\0= flg

, de ne the p.o. Px,
@ P\ (41 =

Px\ if 2X
Py 2QV™ if 2X
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Fix X

By recursion on

) PX\0= flg

, de ne the p.o. Px,
Py if 2X
® Pxy( 41 = Py, ?QVPX\ if 2 X
o For limit , Pxy, =limdir< Py,
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Fragments of the iteration
Fix X
By recursion on , de ne the p.o. Py,
e Px\o=flg
@ Pyy( 41 = Pxy VP ?f 2 X
Py, ?Q if 2 X
o Forlimit , Pxy =limdir< Px\
Clearly, forX = one obtains the standard fsi

mentioned above.
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Assume X Y . ThenPx< Py. I
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Assume X Y . ThenPyx< Py. l
Proof: Prove by induction on
Basic step: trivial.

that Pxy < Py,
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Lemma (embeddability of fragments)
Assume X Y . ThenPx< Py.

Proof: Prove by induction on that Pxy, < Py,
Basic step: trivial.
Successor step: let = +1.

If 2 X,
Px\ =Pxy < Pyy < Py\

by de nition and induction hypothesis.
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So assume 2 X. Recall:

Corollary (embeddability of Suslin ccc forcing)

Let Pp< P; be p.o.'s.

AssumeQ is a Suslin ccc forcing coded in".

ThenPy ?2QY™°< P 2QY™.

By induction hypothesis and embeddability of Suslin ccc ifoge

_ V Pxy VPyvo
Pxi =Pxy ?Q < Pyy ?Q = Py\
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Suslin ccc forcing,

Pxi = Pxi 2Q'™ < Pyy ?2Q'™ =Py,
Limit step: exercise!
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So assume 2 X. By induction hypothesis and embeddability of



Let .
(i) Letp2 P .
Then there is X countable such that @ Py.
(i) Letf-be aP -name for a real.

Then there is X countable such that_is a Px-name for
a real.
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Localization 1

Lemma (localization)
Let .
() Letp2 P .
Then there is X countable such that @2 Px.

(i) Letf be aP -name for a real.
Then there is X countable such that_is a Px-name for
a real.

o

Proof: Simultaneous induction on

Basic step: trivial.
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Localization 2

Successor step: let =  +1.

()Let(p;)2P ?2Q =P .

By induction hypothesis for (i) and (ii): there are countadXg
and Xy such thatp 2 Px, and g is aPx,-name.

Let X = Xo[ X1[f g. Then (p;q) 2 Px.
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Localization 2

Successor step: let =  +1.

()Let(p;)2P ?2Q =P .

By induction hypothesis for (i) and (ii): there are countadXg
and Xy such thatp 2 Px, and g is aPx,-name.

Let X = Xo[ X1[f g. Then (p;q) 2 Px.

(i) Let £-be aP -name for a real.

There a countable maximal antichaifpy' :m2'!g P and
numbersfki" : m 2 ! g, such thatp' f(n)= k.

By (i): thgre are countableX" such thatpy' 2 Pxm.

LetX = . X

Sincef_is completely decided bg;' and k", it is Px-name.
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Localization 2

Successor step: let =  +1.

()Let(p;)2P ?2Q =P .

By induction hypothesis for (i) and (ii): there are countadXg
and Xy such thatp 2 Px, and g is aPx,-name.

Let X = Xo[ X1[f g. Then (p;q) 2 Px.

(i) Let £-be aP -name for a real.

There a countable maximal antichaifpy' :m2'!g P and
numbersfki" : m 2 ! g, such thatp' f(n)= k.

By (i): thgre are countableX" such thatpy' 2 Pxm.

LetX = . X

Sincef_is completely decided bg;' and k", it is Px-name.

Limit step: (i) trivial. (ii) follows from (i) as above.
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countable Y

thereis X2 X withY X.
Then P =lim diryox Px.
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Direct limit 1

Corollary (representation as direct limit)

Let X P () be a directed family of sets such that for every
countable Y there is X2 X withY  X.
ThenP =lim dirxox Px.

Proof:

By embeddability of fragments, the direct limit is a subsetPf.
By localization, then, the two sets are actually equal.
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Direct limit 1

Corollary (representation as direct limit)

Let X P () be a directed family of sets such that for every
countable Y there is X2 X withY  X.
ThenP =lim dirxox Px.

Proof:
By embeddability of fragments, the direct limit is a subsetPf.
By localization, then, the two sets are actually equal.

Corollary
P =limdirfPy : X is countable).
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Direct limit 1

Corollary (representation as direct limit)

Let X P () be a directed family of sets such that for every
countable Y there is X2 X with Y X.
ThenP =lim dirxox Px.

Proof:
By embeddability of fragments, the direct limit is a subset®f.
By localization, then, the two sets are actually equal.

Corollary
P =IlimdirfPx : X is countable.

v

What can we say about the direct limit of nite fragments of
Suslin ccc iterations? E.g., for Hechler forcing.
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ConsiderP?B. .

AssumeP is Suslin ccc, andP is an iteration of Suslin ccc forcin
No new real of \P nV belongs to VP (in VF?®).
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Direct limit 2

Lemma
AssumeP is Suslin ccc, andP is an iteration of Suslin ccc forcin

ConsiderP?E .
No new real of \P nV belongs to VP (in VP?®).

Warning: This is not true for iterations of forcing notions in
general. For example, & is Sacks generic ovéf, ands; is Sacks
generic oveV [s], then 59 2 V[s1].
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Direct limit 2

Lemma
AssumeP is Suslin ccc, andP is an iteration of Suslin ccc forcing.

ConsiderP ?E..
No new real of " nV belongs to \P (in VP?®),

Corollary (representation ak;-stage direct limit)
Let be uncountable. Let X, <§ 1, be a strictly increasing

sequence of subsets ofwith = X .
Then P =lim dir Px . Furthermore,
@'V VvP =Tty v

i) 11\ (VX anVvPx )6 for <!
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Direct limit 2

Lemma
AssumeP is Suslin ccc, andP is an iteration of Suslin ccc forcing.

ConsiderP ?E..
No new real of " nV belongs to \P (in VP?®),

Corollary (representation ak;-stage direct limit)
Let be uncountable. Let X, <§ 1, be a strictly increasing

sequence of subsets ofwith = X .
Then P =lim dir Px . Furthermore,
@'V VvP =Tty v

i) 11\ (VX anVvPx )6 for <!

Proof: rst part: representation as direct limit.
second part: (i) localization. (i) apply lemma_.above.
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For our applications, we need some of the basic
cardinal invariants of the continuum
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Cardinal invariants of the continuum 1

For our applications, we need some of the basic
cardinal invariants of the continuum

Forf;g2!"':

f g (g eventually dominates)f
0 f(n) g(n) for all but nitely many n
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Cardinal invariants of the continuum 1

For our applications, we need some of the basic
cardinal invariants of the continuum

Forf;g2!"':

f g (g eventually dominates)f
0 f(n) g(n)forall but nitely many n

b:=minfjFj :F is unbounded in!('; )g,
the bounding number
d:=minfjfFj :F isconalin(!'; )g, the dominating number
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For A;B

A

B (A is almost contained irB) ()

AnB is nite
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For A;B

1
A

B (A is almost contained iB) ) AnB is nite
ForA;B2[']:
A splits B () j

A\ Bj= jBnAj= @
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Cardinal invariants of the continuum 2

ForA;B !:
A B (Ais almost contained iBB) ( AnB is nite
ForA;B2[]:
AspltsB()j A\ Bj=]BnAj= @
F ['] issplitting if every member of![]' is split by a member
of F

F ['] isunsplit(or unreaped if no member of []' splits all
members ofF. l.e.8A2['] 9B 2F (JA\ Bj< @orB A)
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ForA;B !:
A B (Ais almost contained iBB) ( AnB is nite
ForA;B2[]:
AspltsB()j A\ Bj=]BnAj= @

F ['] issplitting if every member of![]' is split by a member
of F.

F ['] isunsplit(or unreaped if no member of []' splits all
members ofF .

s:=minfjFj :F is splittingg, the splitting number
r :=minfjFj :F is unsplig, the reaping number
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Applications

D ['] dense8A2['] 9B2D (B A)
D ['] open 8A2D 8B A (B2D)

AfamilyD [!']" is groupwise densé
e D is open

@ given a partition (nén 2 1) of ! into intervals, there is
B2[']' suchthat ,gIh2D
(this implies, in particular, thatD is dense)
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D ['] dense8A2['] 9B2D (B A)
D ['] open 8A2D 8B A (B2D)

AfamilyD [!']" is groupwise densé
e D is open
@ given a partition (ns:n 2 1) of ! into intervals, there is
B2[']' suchthat ,gIh2D
(this implies, in particular, thatD is dIense)
h:=minfjDj: allD 2 D open dense and D = ;g
the distribfltivity number
g:=minfiDj: allD 2 D groupwise dense and D = ;g
the groupwise density number
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| ideal on the reals.

S
add(l ) :=minfjFj :F | and F 2lg, the additivity of I .
cof(l ) :=minfjFj : F | is a basig, the co nality of I .

Basis F | such every member df is contained in some
member offF .
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Cardinal invariants of the continuum 4

| ideal on the reals.

S
add(l ) :=minfjFj :F | and F 2lg, the additivity of I .
cof(l ) :=minfjFj : F | is a basig, the co nality of I .

Basis F | such every member df is contained in some
member offF .
Theorem

(i) h minfb;s;ggandg d

(i) b d

(i) b randduallys d
(iv) add(N) band duallyd cof(N) for the null idealN
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Let

forcing.

be regular uncountable. Le® be an fsi of Suslin ccc
Then, in the P -extension,g= @.
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First application:b versusg 1

Theorem

Let be regular uncountable. Le®? be an fsi of Suslin ccc
forcing.

Then, in theP -extension,g= @.

Corollary

Let D be the fsi of Hechler forcing.

In the D -extensionb= d= whileg= @.
In particular,g < b is consistent.
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First application:b versusg 1

Suslin ccc forcing
Iteration of de nable forcing
Applications

Theorem

Let be regular uncountable. Le®? be an fsi of Suslin ccc
forcing.

Then, in theP -extension,g= @.

Corollary

Let D be the fsi of Hechler forcing.

In the D -extensionb= d= whileg= @.
In particular,g < b is consistent.

Proof: b= d= because we add a-scale
(a well-ordered dominating family of size).
g= @ follows from Theorem.
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First application:b versusg 1

Theorem

Let be regular uncountable. Le®? be an fsi of Suslin ccc
forcing.
Then, in theP -extension,g= @.

Corollary

Let D be the fsi of Hechler forcing.
In the D -extensionb= d= whileg= @.
In particular,g < b is consistent.

Corollary

Let A be the fsi of amoeba forcing.
In the A -extensionadd(N ) =cof(N)= whileg= @.
In particular,g < add(N ) is consistent.
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First application:b versusg 2

Suslin ccc forcing
Iteration of de nable forcing
Applications

Theorem follows from:

Corollary (representation aki-stage direct limit)
Let be uncountable. Let X, <é 1 be a strictly increasing

sequence of subsets ofwith = X .
ThenP =lim dir Px . Furthermore,
@'V vP =Tty v

i) 1P\ (VX anvPx )6 for <!

and the following lemma:
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‘Lemma
Let be an uncountable cardinal. Assume there is an increasin
chain of ZFC-mSodeIs V, < , such that
@M''yv="_ ('\vv)

@i "\ (V4s1nV)6; forall < .

Theng .
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First application:b versusg 3

Lemma

Let be an uncountable cardinal. Assume there is an increasing
chain of ZFC-models V, < , such that

M1 AV="_ (V)
(i) """\ (Vs1nV )6 ; foral <
Theng

Proof: Let
D =fX2['] :X has no almost subset iN g

(i): intersection of D is empty.
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First application:b versusg 3

Lemma

Let be an uncountable cardinal. Assume there is an increasing
chain of ZFC-models V, < , such that

M1 AV="_ (V)
(i) """\ (Vs1nV )6 ; foral <
Theng

Proof: Let
D =fX2['] :X has no almost subset iN g

(i): intersection of D is empty.
Check theD are groupwise dense.
Obviously, they are open.
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(i): there is

Letl =(ln:n2!) be a partition of! into intervals.
such thatl 2 V .
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First application:b versusg 4

Letl =(lp:n2!) be a partition of! into intervals.

(): there is such thatl 2 V .

Let A2 V be a mad family which contains a perfect a.d. family
B.

(i): B has new branctA in V ;1.

A almost disjoint fromA. LetC =, ln.

Clam:C2D andthusC 2D as well.
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First application:b versusg 4

Letl =(lh:n2!) be a partition of! into intervals.

(): there is such thatl 2 V .

Let A2 V be a mad family which contains a perfect a.d. family
B.

(i): B has new branctA in V ;1.

A almost disjoint fromA. LetC =, ln.

Clam:C2D andthusC 2D as well.

SupposeC has an almost subsdd 2 V .

LetE=fn:Ip\ D6 ;9.

ClearlyE A so that E is almost disjoint fromA.

On the other handE belongs toV because bottD and| do.
This contradicts the maximality ofA.

Jerg Brendle Aspects of iterated forcing



Let
forcing.

be regular uncountable. Le®? be an fsi of Suslin ccc

Then the ground model reals form a splitting family in the
P -extension.
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Theorem (Judah-Shelah)

Let be regular uncountable. Lé? be an fsi of Suslin ccc
forcing.

Then the ground model reals form a splitting family in the
P -extension.

Corollary (Judah-Shelah)
s< b is consistent. Evemdd(N ) < b is consistent.
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Second applicationb versuss

Theorem (Judah-Shelah)

Let be regular uncountable. Lé? be an fsi of Suslin ccc
forcing.

Then the ground model reals form a splitting family in the
P -extension.

Corollary (Judah-Shelah)
s< b is consistent. Evemdd(N ) < b is consistent.

Proof: Use again iteration oD (Hechler) orA (amoeba).
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Second applicationb versuss

Theorem (Judah-Shelah)

Let be regular uncountable. Lé? be an fsi of Suslin ccc
forcing.

Then the ground model reals form a splitting family in the
P -extension.

Corollary (Judah-Shelah)
s< b is consistent. Evemdd(N ) < b is consistent.

Proof: Use again iteration oD (Hechler) orA (amoeba).

Remark:CON(s < b) was rst shown by Baumgartner-Dordal
using the same model but a di erent argument.
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Absoluteness for non-de nable forcing?

Extending ultra lters
Matrix iterations
Applications

We investigate the problem to which extent the embeddability
results and iteration techniques of lecture 1 can be geneeal to
the non-de nable context.
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Absoluteness for non-de nable forcing?

Extending ultra lters
Matrix iterations
Applications

We investigate the problem to which extent the embeddability
results and iteration techniques of lecture 1 can be geneeal to
the non-de nable context.

Since absoluteness of maximal antichains usually fails béutly
non-ccc p.o.'s, we stay in the realm of ccc forcing.

Relatively simple non-de nable ccc forcing notions can be
associated naturally with ultra Iters onl .
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Let F be a lteron'!

Mathias forcing withF , Mg :

e Conditions: pairs §; A) such thats2 [!' ]¥ , A2F, and
maxs < minA
o Order: (;B) (s;A) ift s, tns

A, ,andB A
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Let F be a lteron'!

Mathias forcing withF , Mg :

e Conditions: pairs §; A) such thats2 [!' ]¥ , A2F, and
maxs < minA
o Order: (;B) (s;A) ift s, tns
Properties:
e -centered

A, ,andB A
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Mathias forcing

LetF be a lteron!.
Mathias forcing withF, Mg :

e Conditions: pairs §;A) such thats2 [' ]¥ , A2 F, and
maxs < minA

o Order: (;B) (s;A) ift s, tns A ,andB A
Properties:
e -centered
e adds a generidlathias real
m= fs: there isA2F such that (5;A) 2 Gg
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Applications

Mathias forcing

LetF bea lteron!.
Mathias forcing withF, Mg :

e Conditions: pairs §;A) such thats2 [' ]¥ , A2 F, and
maxs < minA

o Order: (;B) (s;A) ift s, tns A ,andB A
Properties:

e -centered

e adds a generidlathias real

[
m= fs: thereisA2F such that (5;A) 2 Gg

e m is apseudointersectioof the lter F
(m AforalA2F)
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Laver forcing withF , Lg:

e Conditions: treesT ! <
foralls2 T with stem(T)

such that:
S,
o Order: inclusion

«Or «Fr «=Zr « =) = Q>

sucg (s)=fn:sn2Tg2F.



Laver forcing withF , Lg:

o Conditions: treesl

I < such that:
foralls2 T with stem(T) s,
@ Order: inclusion
Properties:

sucg (s)=fn:sn2Tg2F.

-centered
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Extending ultra lters
Matrix iterations

Lecture 4: Witnesses Applications
Laver forcing
Laver forcing withF, Lg:
e Conditions: treesT ! < such that:

foralls2 T with stem(T) s,
sucegr (s)=fn:sn2Tg2F.

o Order: inclusion
Properties:
e -centered
e adds a generitaver real
= fstem(T): T 2 Gg
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Lecture 3: Ultrapowers
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Extending ultra lters
Matrix iterations
Applications

Laver forcing

Laver forcing withF, Lg:

e Conditions: treesT ! <" such that:
foralls2 T with stem(T) s,
sucegr (s)=fn:sn2Tg2F.

o Order: inclusion
Properties:

e -centered

e adds a generitaver real

[
= fstem(T): T 2 Gg

@  is a dominating real
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Laver forcing

Laver forcing withF, Lg:

e Conditions: treesT ! <" such that:
foralls2 T with stem(T) s,
sucegr (s)=fn:sn2Tg2F.

o Order: inclusion
Properties:

e -centered

e adds a generitaver real

[
= fstem(T): T 2 Gg

@  is a dominating real
e ran(’) is a pseudointersection d¥
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extendingF .

Assume we have modeld N, and ltersF2 M andG 2N
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Lecture 1: De nability

Leriie 2 Vs Extending ultra lters
N Matrix iterations
Lecture 3: Ultrapowers Aealieatiene
Lecture 4: Witnesses PP

Absoluteness for Mathias or Laver forcing?

Assume we have modeld N, and ltersF2 M andG 2N
extendingF .

Under which circumstances is every maximal antichdin Mg in
M still a maximal antichain oM g is N? What aboutLg andLg?
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Extending ultra lters
Matrix iterations
Applications

Absoluteness for Mathias or Laver forcing?

Assume we have modeld N, and ltersF2 M andG 2N
extendingF .

Under which circumstances is every maximal antichdin Mg in
M still a maximal antichain oM g is N? What aboutLg andLg?
This is trivially true ifG= F, but the situation we are interested in
is whenG properly extends- .

The answer is easier for Laver forcing:
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Absoluteness for Laver forcing 1

Lemma (preservation of maximal antichains)
The following are equivalent:
(i) everyF -positive set in M is stillG-positive in N
(i) every maximal antichain of ¢ in M is still a maximal
antichain ofLg in N
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Absoluteness for Laver forcing 1

Lemma (preservation of maximal antichains)
The following are equivalent:
(i) everyF -positive set in M is stillG-positive in N
(i) every maximal antichain of ¢ in M is still a maximal
antichain ofLg in N

Proof: Backwards direction: easy!
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Absoluteness for Laver forcing 1

Lemma (preservation of maximal antichains)
The following are equivalent:
(i) everyF -positive set in M is stillG-positive in N
(i) every maximal antichain of ¢ in M is still a maximal
antichain ofLg in N

Proof: Backwards direction: easy!
AssumeX 2 M is F -positive, but! nX 2 G. Then:

D=fT 2 Lg :stem(T)(jstem(T)] 1)2 Xg

dense inLg.
Yet: S=(! nX)¥ 2 Lg is incompatible with every element @i.
Thus no maximal antichailm D of M survives.
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Forwards direction: rank argument!
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Absoluteness for Laver forcing 2

Extending ultra lters
Matrix iterations
Applications

Forwards direction: rank argument!
Let A2 M be a maximal antichain i . By recursion on
<! 41, deneinM whenrank(s)= fors2!< .

o rank(s) =0 if 9T 2 A such thatstem(T) s2T.
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Absoluteness for Laver forcing 2

Forwards direction: rank argument!
Let A2 M be a maximal antichain i . By recursion on

<! 41, deneinM whenrank(s)= fors2!< .
o rank(s) =0 if 9T 2 A such thatstem(T) s2T.
o rank(s)= if
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Absoluteness for Laver forcing 2

Extending ultra lters
Matrix iterations
Applications

Forwards direction: rank argument!
Let A2 M be a maximal antichain i . By recursion on
<! 41, deneinM whenrank(s)= fors2!< .
o rank(s) =0 if 9T 2 A such thatstem(T) s2T.
o rank(s)= if
e thereisno <  with rank(s) = , and
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Absoluteness for Laver forcing 2

Extending ultra lters
Matrix iterations
Applications

Forwards direction: rank argument!
Let A2 M be a maximal antichain i . By recursion on
<! 41, deneinM whenrank(s)= fors2!< .
o rank(s) =0 if 9T 2 A such thatstem(T) s2T.
o rank(s)= if
e thereisno <  with rank(s) = , and
e fn:rank(s™n) < gisF -positive.
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Extending ultra lters
Matrix iterations
Applications

Absoluteness for Laver forcing 2

Forwards direction: rank argument!
Let A2 M be a maximal antichain ihl.g . By recursion on
<! 4,deneinM whenrank(s)= fors2!< .
o rank(s) =0 if 9T 2 A such thatstem(T) s2T.
o rank(s)= if
e thereisno <  with rank(s)= , and
s fn:rank(s™n) < gisF -positive.
Claim: for everys 2 | < | rank(s) de ned (thus <! ;).
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Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

Absoluteness for Laver forcing 2

Forwards direction: rank argument!
Let A2 M be a maximal antichain ihl.g . By recursion on
<! 4,deneinM whenrank(s)= fors2!< .
o rank(s) =0 if 9T 2 A such thatstem(T) s2T.
o rank(s)= if
e thereisno <  with rank(s)= , and
s fn:rank(s™n) < gisF -positive.
Claim: for everys 2 | < | rank(s) de ned (thus <! ;).
Supposeank(s) unde ned for somes.
Thenfn: rank(s™n) is unde nedy 2 F .
Recursively build tre& 2 Lg such thatstem(S) = s and for all
t sin S, rank(t) is unde ned.
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Absoluteness for Laver forcing 2

Extending ultra lters
Matrix iterations
Applications

Forwards direction: rank argument!
Let A2 M be a maximal antichain ihl.g . By recursion on
<! 4,deneinM whenrank(s)= fors2!< .
o rank(s) =0 if 9T 2 A such thatstem(T) s2T.
o rank(s)= if
e thereisno <  with rank(s)= , and
s fn:rank(s™n) < gisF -positive.
Claim: for everys 2 | < | rank(s) de ned (thus <! ;).
Supposeank(s) unde ned for somes.
Thenfn: rank(s™n) is unde nedy 2 F .
Recursively build tre& 2 Lg such thatstem(S) = s and for all
t sin S, rank(t) is unde ned.
Let T 2 A be compatible withS with common extensiorJ.
Then: stem(T) stem(U)2 U T so thatrank(stem(U)) = 0.
Also: stem(S) stem(U) 2 U S so thatrank(stem(U)) undef.
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Let S2 N be a condition inLg. Put s = stem(S).
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Let S2 N be a condition inLg. Put s = stem(S).

By induction onrank(s), show there isT 2 A compatible withS.
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

Absoluteness for Laver forcing 3

Let S2 N be a condition inLg. Put s = stem(S).
By induction onrank(s), show there isT 2 A compatible withS.

@ rank(s) = 0: there is T 2 A such thatstem(T) s2T.
Compatibility: straightforward.
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Lecture 1: De nability
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Lecture 3: Ultrapowers
Lecture 4: Witnesses

Absoluteness for Laver forcing 3

Extending ultra lters
Matrix iterations
Applications

Let S2 N be a condition inLg. Put s = stem(S).
By induction onrank(s), show there isT 2 A compatible withS.

@ rank(s) = 0: there is T 2 A such thatstem(T) s2T.
Compatibility: straightforward.

o rank(s) > 0: Considerf n : rank(s™n) < rank(s)g.
This set isF -positive and, by assumption, stifb-positive.

Jerg Brendle Aspects of iterated forcing



Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Absoluteness for Laver forcing 3

Extending ultra lters
Matrix iterations
Applications

Let S2 N be a condition inLg. Put s = stem(S).
By induction onrank(s), show there isT 2 A compatible withS.

@ rank(s) = 0: there is T 2 A such thatstem(T) s2T.
Compatibility: straightforward.

o rank(s) > 0: Considerf n : rank(s™n) < rank(s)g.
This set isF -positive and, by assumption, stib-positive.
Hence there is1 2 sucgs(s) with rank(s™) < rank(s).
ConsiderSq, = ft 2 St sors™m tg.
This is a subtree o with stem s™n.
By induction hypothesis, there i§ 2 A compatible withSqp.
But then T is also compatible witls.
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

Absoluteness for Laver and Mathias forcing

Corollary (Shelah)

Let U be an ultra lter in M and letV be an ultra lter in N
extendingU. Then every maximal antichain dfy in M is still a
maximal antichain ofLy in N.
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

Absoluteness for Laver and Mathias forcing

Corollary (Shelah)

Let U be an ultra lter in M and letV be an ultra lter in N
extendingU. Then every maximal antichain dfy in M is still a
maximal antichain ofLy in N.

Even this special case fails for Mathias forcing:

AssumeU 2 M is not Ramsey, and assume there is a Cohen real in
N overM. Then there are an ultralterV U in N and a
maximal antichainhA My in M which is not maximal inVy,.
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On the other hand, given an arbitraryy, we can always ndv
such that maximal antichains are preserved:
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Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Absoluteness for Mathias forcing

Extending ultra lters
Matrix iterations
Applications

On the other hand, given an arbitrary, we can always ndVv
such that maximal antichains are preserved:

Lemma (Blass-Shelah)

Let U be an ultra lter in M.
Also assume thereis2 ! ' \ N unbounded over M.
Then there is an ultralterV U in N such that:

(i) every maximal antichain dfy in M is still a maximal
antichain ofMy in N

(i) ¢ is unbounded over Mu in NMv
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@ lteration of de nable forcing
o Applications
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o Extending ultra Iters
@ Matrix iterations
@ Applications
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o Ultrapowers of p.o.'s
@ Ultrapowers and iterations
o Applications
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@ The problem
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

Complete embeddability

Using these absoluteness results
@ we obtain complete embeddability

o we build long iterations which can be realized as direct lgnit
of \short iterations"

as in lecture 1.
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Complete embeddability

Extending ultra lters
Matrix iterations
Applications

Using these absoluteness results
@ we obtain complete embeddability
e we build long iterations which can be realized as direct lgnit
of \short iterations"

as in lecture 1. Recall from lecture 1:
Lemma (preservation of embeddability in iterations)

Let Pp< P; be p.o.'s. LetQ; be P;-names for p.o.'s such that
P. Qo Qi and all maximal antichains o®g in Vo are
maximal antichains of; in VP,

Then Py ? Qo< P71 ?Qy.

In our context, this means:
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Complete embeddability

Extending ultra lters
Matrix iterations
Applications

Using these absoluteness results
@ we obtain complete embeddability

o we build long iterations which can be realized as direct lgnit
of \short iterations"

as in lecture 1.
Lemma (preservation of embeddability in iterations)

Let Pp< Py be p.o.'s. Letk; be Pi-names for lters such that
P1 Eg FEj and all maximal antichains oﬁ(Fﬂ in VPo are
maximal antichains of>(,:_1 in VP whereX = L: M.

Then Py ?X‘F_o< P, ?X‘F_l'
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Let <

be uncountable regular cardinals.
Assume P :

) is a ccc iteration such that

«Or 4 Fr «=H» <= = 9Dae



Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

Matrices: the rst step 1

Let < be uncountable regular cardinals.
Assume P, : ) is a ccc iteration such that

By recursion on chooseP,-names for ltersk, such that
o Py Fg Fgfor <
o all maximal antichains oK - in VPo are maximal antichains
of Xg_in Vo whereX = L;M
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

Matrices: the rst step 1

Let < be uncountable regular cardinals.
Assume P, : ) is a ccc iteration such that

By recursion on chooseP,-names for ltersk, such that
o Py Fg Fgfor <
o all maximal antichains oK - in VPo are maximal antichains
of Xg_in Vo whereX = L;M
Then letP; = P, ?Xe, -
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Properties:

o if x is Xg_-generic ovelV Po, then it is alsoXp_-generic over
VP for <

(by preservation of maximal antichains)
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra Ilters
Matrix iterations
Applications

Matrices: the rst step 2

Properties:
o if x is X _-generic oveV Po, then it is alsoXg_-generic over
VPo for <
(by preservation of maximal antichains)

o P,< P for <
(by preservation of embeddability)
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

Matrices: the rst step 2

Properties:
e if X is X_-generic ovelV Po, then it is alsoX. -generic over
-0 -0

VP for <
(by preservation of maximal antichains)

o P,< P for <
(by preservation of embeddability)

o P, =limdir< Py
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

Matrices: the rst step 2

Properties:
o if x is X _-generic oveV Po, then it is alsoXg_-generic over
VPo for <
(by preservation of maximal antichains)

o P,< P for <
(by preservation of embeddability)

o P, =lim dir§ P,
oV \ 1= v
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers

Extending ultra lters
Matrix iterations

Lecture 4: Witnesses Applications
Matrices: the rst step 2
Properties:
o if Xis XF—o -generic ovelV Po, then it is alszFw -generic over
VP for <

(by preservation of maximal antichains)

o P;< Pyfor <
(by preservation of embeddability)

o P, =limdir¢ Py

eV, \ I =" _ v\ 1!
In particular, P, : ) is a ccc iteration such that
P, =lim dir < P;.
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More generally, by recursion or<
iterations (P :

i) P< P for <

),

, build nite support
, such that
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More generally, by recursion orn<
iterations (P :

),

, such that
i) P< P for <
(i) P =lim dir <

, build nite support
P
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More generally, by recursion orn<
iterations (P :

i) P< P for <

(i) P =lim dir
(i) V \ 1! =

),

P

VoL

, build nite support
, such that
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Matrices: the general case

Extending ultra Ilters
Matrix iterations
Applications

More generally, by recursion on< |, build nite support
iterations (P : ), , such that

O P< P for <
(i) P =limdire P

iy v \it="_ vyt
(iv) if = +1is a successor, we haye -names for ItersF
such that
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Matrices: the general case

Extending ultra lters
Matrix iterations
Applications

More generally, by recursion on< |, build nite support
iterations (P : ), , such that

O P< P for <
(i) P =limdire P

iy v \it="_ vyt
(iv) if = +1is a successor, we haye -names for ItersF
such that

o P F F for <
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Matrices: the general case

Extending ultra lters
Matrix iterations
Applications

More generally, by recursion on< |, build nite support
iterations (P : ), , such that

O P< P for <
(i) P =limdire P

iy v \it="_ vyt
(iv) if = +1is a successor, we haye -names for ItersF
such that

P E FE for <
o all maximal antichains oK. in VP are maximal antichains

of X inVP whereX = L;M
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Lecture 1: De nability
Lecture 2: Matrices

Lecture 3: Ultrapowers
Lecture 4: Witnesses

Matrices: the general case

Extending ultra lters
Matrix iterations
Applications

More generally, by recursion on< , build nite support
iterations P : ), , such that

O P< P for <
(i) P =lim dirS< P
iy v \1t="_ vt

(iv) if = +1is a successor, we ha¥® -names for ltersF
such that

P E E for <
e all maximal antichains oK. in VP are maximal antichains

of X inVP whereX = L;M
and we putP = P ?X_
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Matrices: the general case

Extending ultra lters
Matrix iterations
Applications

More generally, by recursion on< , build nite support
iterations P : ), , such that

O P< P for <
(i) P =limdire P

iy v \1t="_ vt
(iv) if = +1is a successor, we ha¥® -names for ltersF
such that

P E E for <
e all maximal antichains oK. in VP are maximal antichains

of X inVP whereX = L;M
and we putP = P ?X_
Successor step = +1: like =1 of previous slide.
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Lecture 1: De nability
Lecture 2: Matrices

Lecture 3: Ultrapowers
Lecture 4: Witnesses

Matrices: the general case

Extending ultra lters
Matrix iterations
Applications

More generally, by recursion on< , build nite support
iterations P : ), , such that

O P< P for <
(i) P =limdire P

iy v \1t="_ vt
(iv) if = +1is a successor, we ha¥® -names for ltersF
such that

P E E for <
e all maximal antichains oK. in VP are maximal antichains

of X inVP whereX = L;M
and we putP = P ?X_
Successor step = +1: like =1 of previous slide.
Limit step: (i), (ii), (iii): exercise!
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@ Lecture 1: De nability
@ Suslin ccc forcing
@ lteration of de nable forcing
o Applications

© Lecture 2: Matrices
o Extending ultra Iters
o Matrix iterations
@ Applications

© Lecture 3: Ultrapowers
o Ultrapowers of p.o.'s
@ Ultrapowers and iterations
o Applications

© Lecture 4: Witnesses
@ The problem
@ The construction
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Let Q denote the rationals.

DensdQ): dense subsets of rationals.

nwd: nowhere dense sets of rationals

«Or «Fr «=>» = = aAr



Lecture 1: De nability
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Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

Dense sets of rationals

Let Q denote the rationals.

DensdQ): dense subsets of rationals.
nwd: nowhere dense sets of rationals
For A; B 2 Dens€Q):

A i B (Ais contained inB modnwd) ) AnB 2 nwd
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

Dense sets of rationals

Let Q denote the rationals.
DensdQ): dense subsets of rationals.
nwd: nowhere dense sets of rationals

For A; B 2 Dens€Q):

A i B (Ais contained inB modnwd) ) AnB 2 nwd

Consider the quotienDens€Q)=nwd ordered by
[A] [B] i A nwd B.
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For A; B 2 Dens€Q):

A Q-splits B ()

A\ B and B n A both dense



Lecture 1: De nability
Lecture 2: Matrices

Lecture 3: Ultrapowers
Lecture 4: Witnesses

Cardinal invariants fobens€Q)=nwd 1

Extending ultra lters
Matrix iterations
Applications

For A; B 2 Dens€Q):

A Q-splits B() A\ B andB nA both dense

F DensdQ) is Q-splitting if every member oDensdQ) is
Q-split by a member of.

F  Dens€Q) is Q-unsplit (or Q-unreaped if no member of
DensdQ) Q-splits all members oF, i.e.

8A 2 DensdQ) 9B 2 F (A\ B not dense oB nA not dense).
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Matrix iterations
Applications

Cardinal invariants fobens€Q)=nwd 1

For A; B 2 Dens€Q):
A Q-splits B() A\ B andB nA both dense

F DensdQ) is Q-splitting if every member oDensdQ) is
Q-split by a member of.

F  Dens€Q) is Q-unsplit (or Q-unreaped if no member of
DensdQ) Q-splits all members oF, i.e.

8A 2 DensdQ) 9B 2 F (A\ B not dense oB nA not dense).

Sq = minfjFj : F is Q-splittingg, the Q-splitting number
ro := minfjFj :F is Q-unsplity, the Q-reaping number
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D Dens€Q) Q-dense 8A 2 Dens€Q) 9B 2D (B

nwd A)
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Cardinal invariants fobens€Q)=nwd 2

Extending ultra Ilters
Matrix iterations
Applications

D Dens€Q) Q-dense 8A 2 DensdQ) 9B 2D (B nwdg A)

T
ho :==minfjDj : allD 2 D openQ-dense and D = ;g
the Q-distributivity number
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Lecture 1: De nability
Lecture 2: Matrices

Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

Cardinal invariants fobens€Q)=nwd 2

D Dens€Q) Q-dense 8A 2 DensdQ) 9B 2D (B nwdg A)
T
ho :==minfjDj : allD 2 D openQ-dense and D = ;g
the Q-distributivity number
Let M be the meager ideal.

Theorem
() so minfs;addM )g minfs;bg and dually
maxr;dg maxr;cof(M)g rog

(i) ho so
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andhg = @.

' be regular uncountable. It is consistent that

«Or «Fr «=Zr « =) = Q>



Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

First application:hg versussg 1

Extending ultra lters
Matrix iterations
Applications

Theorem (B.)

Let = ' Dbe regular uncountable. It is consistent that
So=c= andhg = @.

Proof: F  Dens€Q) is amaximalQ- Iter if F is a lter in
Densd Q) which cannot be extended to a strictly larger Iter in

Dens€Q).
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Lecture 1: De nability
Lecture 2: Matrices

Lecture 3: Ultrapowers
Lecture 4: Witnesses

First application:hg versussg 1

Extending ultra lters
Matrix iterations
Applications

Theorem (B.)

Let = ' be regular uncountable. It is consistent that
Sg=c= andhg= @.

Proof: F  Dens€Q) is amaximalQ- Iter if F is a lter in
Densd Q) which cannot be extended to a strictly larger Iter in

Dens€Q).

Fact: If N M, F is a maximalQ- Iter in M and Gis a maximal
Q- Iter in N extendingF , then everyF -positive set ofM is
G-positive inN.
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Lecture 1: De nability
Lecture 2: Matrices

Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

First application:hg versussqg 2

So we may apply preservation of maximal antichains for Laver
forcing.
Lemma (preservation of maximal antichains)
The following are equivalent:
(i) everyF -positive set in M is stillG-positive in N
(i) every maximal antichain df ¢ in M is still a maximal
antichain ofLg in N
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Extending ultra Ilters
Matrix iterations
Applications

First application:hg versussqg 2

So we may apply preservation of maximal antichains for Laver
forcing. This allows us to build a matrix iteration with = @,
X = L and the being maximalQ- Iters:
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First application:hg versussqg 2

So we may apply preservation of maximal antichains for Laver
forcing. This allows us to build a matrix iteration with = @,
X = L and the being maximalQ- Iters:

(i) Po=C adds Cohen reals
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Extending ultra lters
Matrix iterations
Applications

First application:hg versussqg 2

So we may apply preservation of maximal antichains for Laver
forcing. This allows us to build a matrix iteration with = @,
X = L and the being maximalQ- Iters:

(i) Po=C adds Cohen reals
(i) P< P for <
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Lecture 1: De nability
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First application:hg versussqg 2

Extending ultra lters
Matrix iterations
Applications

So we may apply preservation of maximal antichains for Laver
forcing. This allows us to build a matrix iteration with = @,
X = L and the being maximalQ- Iters:

(i) Po=C adds Cohen reals
(i) P< P for <
(i) P@ =lim dir < P
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

First application:hg versussqg 2

So we may apply preservation of maximal antichains for Laver
forcing. This allows us to build a matrix iteration with = @,
X = L and the being maximalQ- Iters:

(i) Po=C adds Cohen reals

(i) P< P for <

(i) P@ =lim dir ¢ P

(iv) v@y it =7 _a(v \t)yand!'\ (V nV )6 ; for
<
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Lecture 1: De nability
Lecture 2: Matrices

Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

First application:hg versussqg 2

So we may apply preservation of maximal antichains for Laver
forcing. This allows us to build a matrix iteration with = @,
X = L and the being maximalQ- Iters:

(i) Po=C adds Cohen reals

(i) P< P for <

(i) P@ =lim dir ¢ P

(iv) v@y it =7 _a(v \t)yand!'\ (V nV )6 ; for
<

(v) if = +1is a successor, we ha¥ -names for maximal
Q- Iters = such that
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Lecture 1: De nability
Lecture 2: Matrices

Lecture 3: Ultrapowers
Lecture 4: Witnesses

Extending ultra lters
Matrix iterations
Applications

First application:hg versussqg 2

So we may apply preservation of maximal antichains for Laver
forcing. This allows us to build a matrix iteration with = @,
X = L and theF- being maximalQ- Iters:
(i) Po=C adds Cohen reals
(i) P< P for <
(i) P@ =lim dir ¢ P
(iv) v@y it =7 _a(v \t)yand!'\ (V nV )6 ; for
<
(v) if = +1is a successor, we ha¥ -names for maximal
Q- Iters = such that
° F kK for <

Jerg Brendle Aspects of iterated forcing



Lecture 1: De nability

LEEuE 2 MEES Extending ultra lters
: Matrix iterations
Lecture 3: Ultrapowers i
Lecture 4: Witnesses PP

First application:hg versussqg 2

So we may apply preservation of maximal antichains for Laver
forcing. This allows us to build a matrix iteration with = @,
X = L and the being maximalQ- Iters:

(i) Po=C adds Cohen reals

(i) P< P for <
(i) P@ =lim dir ¢ P
(iv) v@y it =7 _a(v \t)yand!'\ (V nV )6 ; for

<

(v) if = +1is a successor, we ha¥ -names for maximal
Q- Iters = such that
° FE  FE for <
¢ all maximal antichains of. - in VP are maximal antichains
of Lp inVP
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First application:hg versussqg 2

Extending ultra lters
Matrix iterations
Applications

So we may apply preservation of maximal antichains for Laver
forcing. This allows us to build a matrix iteration with = @,
X = L and theF- being maximalQ- Iters:
(i) Po=C adds Cohen reals
(i) P< P for <
(i) P@ =lim dir. gP
(iv) v@\ 1t =" _ (v \I)yand!' \ (V nV )6 ; for
<
(v) if = +1is a successor, we ha¥ -names for maximal
Q- lters = such that

° F  FE for <
o all maximal antichains of.. in VP are maximal antichains

of Lp inVP
and we putP = P ?L_.
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Fact: Let F be a maximalQ- Iter.

model dense set.

If * is Lg -generic oveNV, ran(’) is not Q-split by any ground
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Fact: Let F be a maximalQ- Iter.

If * is Lg -generic oveNV, ran(’) is not Q-split by any ground
model dense set.

Since we iterate times,sqg = c=
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Extending ultra lters
Matrix iterations
Applications

First application:hg versussg 3

Fact: Let F be a maximalQ- Iter.
If * is Lg -generic oveV, ran(’) is not Q-split by any ground
model dense set.

Since we iterate times,sqg = c=

Lemma
Let be an uncountable cardinal. Assume there is an increasing
chain of ZFC-models V, < , such that

S
@M''\vv="_ ('"\VV)
(i) "'\ (VsnV )6 ; forall <
Then hg
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Extending ultra lters
Matrix iterations
Applications

First application:hg versussg 3

Fact: Let F be a maximalQ- Iter.
If * is Lg -generic oveV, ran(’) is not Q-split by any ground
model dense set.

Since we iterate times,sqg = c=

Lemma
Let be an uncountable cardinal. Assume there is an increasing
chain of ZFC-models V, < , such that

S
@M''\vv="_ ('"\VV)
(i) "'\ (VsnV )6 ; forall <
Then hg

By (iv): true with = @,V = V& andVv =V .
Hence:hg = @.
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Let =

andb= @.

' be regular uncountable. It is consistent that= ¢ =
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Second applicationb versuss

Extending ultra lters
Matrix iterations
Applications

Theorem (Blass-Shelah)

Let = ' be regular uncountable. It is consistent that= ¢ =
andb= @.

Use a matrix iteration with = @, X = M and thell being
ultra Iters. Recall:
Lemma (Blass-Shelah)

Let U be an ultra lter in M.
Also assume thereis2 ! ' \ N unbounded over M.
Then there is an ultralterV U in N such that:

() every maximal antichain o1y in M is still a maximal
antichain of My in N

(i) c is unbounded over Mv in NMv,

Jerg Brendle Aspects of iterated forcing
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measurable cardinal
D:

-complete ultra lter on
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Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

Ultrapowers of p.o.'s

: measurable cardinal
D: -complete ultra lter on
Let P be a p.o. and consider theltrapower

P=D=f[f]:f: ! Pg

wheref]l=fg2P :f < :f( )= g( )g2Dgisthe
equivalence class df.
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Ultrapowers of p.o.'s

Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

: measurable cardinal
D: -complete ultra lter on
Let P be a p.o. and consider theltrapower

P=D=f[f]:f: ! Pg

where f]=fg2P :f < :f( )= g( )g2Dgisthe
equivalence class df.
P =D is ordered by

[l [f1iff < :g() f()g2D

Identifyingp 2 P with the class {] of the constant function
f( )= pforall ,we mayassum® P =D.
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Let A P be a maximal antichain.
Then A is maximal inP =D i

In particular,P< P =D i

IAj <

P has the -cc.
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Complete embeddability

Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

Lemma (Complete embeddability)
Let A P be a maximal antichain.
Then A is maximal inP =D i jAj <
In particular,P< P =D i P has the -cc.

Proof: A: an antichain ofP of size at least .
f: any injection from into A.
Then: [f] is incompatible with all members dA.
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Ultrapowers and iterations
Applications

Complete embeddability

Lemma (Complete embeddability)
Let A P be a maximal antichain.
Then A is maximal inP =D i jAj <
In particular,P< P =D i P has the -cc.

Proof: A: an antichain ofP of size at least .
f: any injection from into A.
Then: [f] is incompatible with all members dA.

Let A be an antichain ofP of size<

Assumef] 2 P =D is incompatible with all members dk.
Forp2 A: Xp:=f :f( )andp are incompatiblg 2 D.
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Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

Complete embeddability

Lemma (Complete embeddability)
Let A P be a maximal antichain.
Then A is maximal inP =D i jAj <
In particular,P< P =D i P has the -cc.

Proof: A: an antichain ofP of size at least .
f: any injection from into A.
Then: [f] is incompatible with all members dA.

Let A be an antichain ofP of size<

Assumef] 2 P =D is incompatible with all members dk.

Forp2 A: X, = f :{_( ) and p are incompatiblg 2 D.
-completenessX = ,, X, 2D.

If 2 X: f( )isincompatible with allp 2 A.
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AssumeP has the -cc for some <

Then P =D has the -cc as well.
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Lemma (Preservation of the chain condition)

AssumeP has the -cc for some <
Then P =D has the -cc as well.

Proof: Assumef ], < , pairwise incompatible if®? =D.
For ; < Y. :=f :f()andf ( )areincompatiblg2D.
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Ultrapowers of p.o.'s
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Applications

Preservation of chain condition

Lemma (Preservation of the chain condition)

AssumeP has the -cc for some <
Then P =D has the -cc as well.

Proof: Assumef ], < , pairwise incompatible if®? =D.

For ; < :Y. = fT :f ( )andf () are incompatiblg 2 D.
-completenessyY = . Y. 2D.

if 2vY:f(), < , is an antichain inP.

Contradiction to the -cc.
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Applications

Preservation of chain condition

Lemma (Preservation of the chain condition)

AssumeP has the -cc for some <
Then P =D has the -cc as well.

Proof: Assumef ], < , pairwise incompatible if®? =D.

For ; < :Y. = fT :f ( )andf () are incompatiblg 2 D.
-completenessyY = . Y. 2D.

if 2vY:f(), < , is an antichain inP.

Contradiction to the -cc.

Remark:If P has the -cc but not the -cc forany < , then
P =D does not have the -cc.
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Lecture 3: Ultrapowers Ultrapowers and iterations

Lecture 4: Witnesses Al

Antichains and names for reals 1

AssumeP is ccc.
SinceP completely embeds int® =D, we may write

P=D=P?Q

What can we say about the remainder forciGg?
E.g., what kind of reals can it add?
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Antichains and names for reals 1

AssumeP is ccc.
SinceP completely embeds int® =D, we may write

P=D=P?Q

What can we say about the remainder forciGg?
E.g., what kind of reals can it add?

Assumef[fy] : n 2 ! g is a maximal antichain irP =D.

Know: f :ffy( ):n2!gisamaximal antichaig2 D.

Thus, by changing thd,, on a small set, we may as well assume
that for all , the f,( ) form a maximal antichain irP.
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such that

Pn:i

A P-name for a reak is represented by sequences of maximal
antichainsfpp;; : n2 ! g and of numbersk,i :n2!g,i2!,

p X(1) = Kn;i
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Antichains and names for reals 2

Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

A P-name for a reak is represented by sequences of maximal
antichainsfpp;j : n2 ! g and of numberdky;:n21!g,i2!,
such that

Pri P X(1) = Kn;i
Therefore: aP =D-namey for a real is represented by sequences
flfil:n2 ! gandfkyi:n2!g,i2!, suchthatthe
ffai( ):n2!g i 2!, form maximal antichains ifP for all and

[fni]l P =0 Y(I) = Kn;i
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Antichains and names for reals 2

A P-name for a reak is represented by sequences of maximal
antichainsfpp;j : n2 ! g and of numberdky;:n21!g,i2!,
such that

Pri P X(1) = Kn;i
Therefore: aP =D-namey for a real is represented by sequences
flfil:n2 ! gandfkyi:n2!g,i2!, suchthatthe
ffai( ):n2!g i 2!, form maximal antichains ifP for all and

[fni]l P =0 Y(I) = Kn;i

Theffi( ):n2!gandfkyj:n2!g,i2!, determine a
P-namey_ for a real given by

fri( ) pY (1) = kn;i
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Antichains and names for reals 2

A P-name for a reak is represented by sequences of maximal
antichainsfpp;j : n2 ! g and of numberdky;:n21!g,i2!,
such that

Pri P X(1) = Kn;i
Therefore: aP =D-namey for a real is represented by sequences
flfil:n2 ! gandfkyi:n2!g,i2!, suchthatthe
ffai( ):n2!g i 2!, form maximal antichains ifP for all and

[fri] P =p ¥(I) = Kn;i
Theffi( ):n2!gandfkyj:n2!g,i2!, determine a
P-namey_ for a real given by

fri( ) PY (1) = Kn;
Think of y as themeanor averageof they and write
y=(y : < )=D.

Jerg Brendle Aspects of iterated forcing
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(i) IFP b>

\b=d= i Qadds a dominating real".
orP d<

,thenP \Qis!"'

-bounding".
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Applications

Ultrapowers and eventual dominance 1

Lemma (ultrapowers and eventual dominance)

() P \b=d= i Q adds a dominating real".

(i) TP b> orP d< ,thenP \Qis!'-bounding".
Proof: (i) Assumep p\fx : < gis ascale".

Putx=(x : < )=D.
Clearlyp pQX X for all
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Ultrapowers and eventual dominance 1

Lemma (ultrapowers and eventual dominance)
() P \b=d= i Q adds a dominating real".
(i) fP b> orP d< ,thenP \Qis!'-bounding".
Proof: (i) Assumep p\fx : < gis ascale".
Putx=(x : < )=D.
Clearlyp pQX X for all

Converse: exercise!
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Lemma (ultrapowers and eventual dominance)
() P \b=d= i Q adds a dominating real".
(i) fP b> orP d< ,thenP \Qis!'-bounding".

Proof: (i) Assumep p\fx : < gis ascale".
Putx=(x : < )=D.
Clearlyp pQX X for all

Converse: exercise!

(il) Assume thatp pb>

Lety=(y : < )=D be aP =D-name for a real.
The y are forced to be bounded, say, by _
Butthenp p,qy X

Jerg Brendle Aspects of iterated forcing



Assume that for some <
Say:p p\fx

Then:p p\fx

<

,p pd=

g is dominating".
D <

g is dominating".
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Assume that for some< ,p pd=
Say:p p\fx : < gis dominating".
Then:p p\fx : < gis dominating".

Problem

Give an exact characterization of whep is forced to be
I'' -bounding.
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Ultrapowers and eventual dominance 2

Assume that for some< ,p pd=
Say:p p\fx : < gis dominating".
Then:p p\fx : < gis dominating".

Problem

Give an exact characterization of whep is forced to be

I'' -bounding.

Main point: If >  regular, andP forcesb= d= , thisis

preserved by taking ultrapowers.
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Ultrapowers and ultra Iters

Lemma (ultrapowers and ultra Iters)
(i) Let > regular. Assumé® \A ; < ; is -decreasing
and generates an ultra lter". TherP =D \A ; < ; still
generates an ultra Iter".

(i) AssumeP \A ; < ; satisfyA 6 A for < " Then
P=D \A; <; does notgenerate an ultra lter".
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Ultrapowers and ultra Iters

Lemma (ultrapowers and ultra Iters)
(i) Let > regular. Assumé> \A ; < ; is -decreasing
and generates an ultra lter". TherP =D \A ; < ; still
generates an ultra Iter".

(i) AssumeP \A ; < ; satisfyA 6 A for < " Then
P=D \A; <; does notgenerate an ultra Iter".

)=D: P =D-name for a subset of .

Proof: (i) B=(B : <
= such that

By ccc: for each , nd
P \A B orA I nB": (?
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Ultrapowers and ultra Iters

Lemma (ultrapowers and ultra Iters)

(i) Let > regular. Assumé> \A ; < ; is -decreasing
and generates an ultra lter". TherP =D \A ; < ; still
generates an ultra Iter".

(i) AssumeP \A ; < ; satisfyA 6 A for < " Then
P=D \A; <; does notgenerate an ultra Iter".

Proof: (i) B=(B. : < )=D: P =D-name for a subset of .

By ccc: foreach , nd = such that
P \A B orA 'nB": (?)
Let = sup . Then (?) holds for all . Hence:
P=D \A BorA ! nB":
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Ultrapowers and ultra Iters

Lemma (ultrapowers and ultra Iters)

(i) Let > regular. Assumé> \A ; < ; is -decreasing
and generates an ultra lter". TherP =D \A ; < ; still
generates an ultra Iter".

(i) AssumeP \A ; < ; satisfyA 6 A for < " Then
P=D \A; <; does notgenerate an ultra Iter".

Proof: (i) B=(B. : < )=D: P =D-name for a subset of .

By ccc: foreach , nd = such that
P \A B orA 'nB": (?)
Let = sup . Then (?) holds for all . Hence:
P=D \A BorA ! nB":

(ii) Exercise! (ConsideA=(A : < )=D.)
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Ultrapowers and ultra Iters

Lemma (ultrapowers and ultra Iters)
(i) Let > regular. Assumé> \A ; < ; is -decreasing
and generates an ultra lter". TherP =D \A ; < ; still
generates an ultra Iter".

(i) AssumeP \A ; < ; satisfyA 6 A for < " Then
P=D \A; <; does notgenerate an ultra Iter".

Main points: (i) If >  regular, andP forces an ultra lter
generated by a decreasing chain of lengththis is preserved by

taking ultrapowers.
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Ultrapowers and ultra Iters

Lemma (ultrapowers and ultra lters)
() Let > regular. Assumd&® \A ; < ; is -decreasing
and generates an ultralter". ThenP =D \A ; < ; still
generates an ultra Iter".

(i) AssumeP \A ; < ; satisfyA 6 A for < " Then
P=D \A; <; does notgenerate an ultra lter".

Main points: (i) If >  regular, andP forces an ultra lter
generated by a decreasing chain of lengththis is preserved by

taking ultrapowers.
(i) Taking ultrapowers kills ultra lter bases of size.
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Ultrapowers and mad families

Lemma (ultrapowers and mad families)

AssumeP \A_is an a.d. family of size
ThenP =D \A_is not maximal".

In particular, if P forcesa , then no a.d. family of \P is
maximal in V¥ 70

Jerg Brendle Aspects of iterated forcing



Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses
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Lemma (ultrapowers and mad families)

AssumeP \A_is an a.d. family of size
ThenP =D \A_is not maximal".

In particular, if P forcesa , then no a.d. family of \P is
maximal in VP =D,

Proof: Let . LetA=fA : < gbe aP-name for an a.d.
family. ConsidelA= (A : < )=D.
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Ultrapowers and mad families

Lemma (ultrapowers and mad families)

AssumeP \A_is an a.d. family of size
ThenP =D \A_is not maximal".

In particular, if P forcesa , then no a.d. family of \P is
maximal in VP =D,

Proof: Let . LetA=fA : < gbe aP-name for an a.d.
family. ConsidelA= (A : < )=D.

Claim: A is forced to be a.d. from all members &f.
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Ultrapowers and mad families

Lemma (ultrapowers and mad families)

AssumeP \A_is an a.d. family of size
ThenP =D \A_is not maximal".

In particular, if P forcesa , then no a.d. family of \P is
maximal in VP =D,

Proof: Let . LetA=fA : < gbe aP-name for an a.d.
family. ConsidelA= (A : < )=D.

Claim: A is forced to be a.d. from all members &f.

Fix < .For < with 6 : pjA\Aj<!
Thus:f < : pjA \ Aj<! gbelongs toD.
Hence: p p JA \ Aj <! .
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Ultrapowers and mad families

Lemma (ultrapowers and mad families)

AssumeP \A_is an a.d. family of size
ThenP =D \A_is not maximal".

In particular, if P forcesa , then no a.d. family of \P is
maximal in VP =D,

Main point: Taking ultrapowers kills mad families of size
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The basic result says:

We next look at ultrapowers of whole iterations.
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The basic result says:

We next look at ultrapowers of whole iterations.

AssumeP< Q. ThenP =D< Q =D. l
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We next look at ultrapowers of whole iterations.
The basic result says:

Lemma (Preservation of complete embeddability)
AssumeP< Q. ThenP =D< Q =D.

Proof: By elementarity:

Jerg Brendle Aspects of iterated forcing



Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Preservation of complete embeddability

Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

We next look at ultrapowers of whole iterations.
The basic result says:

Lemma (Preservation of complete embeddability)
AssumeP< Q. ThenP =D< Q =D.

Proof: By elementarity:

AssumeD predense irP =D.

Then:f < :ff( ):[f]2 Dg predense ilfPg 2D.
Hence:f < ff( ):[f]2 Dg predense iMQg 2 D.
Thus: D predense iQ =D.
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Assume P :

Then: (P =D :

) is an iteration.

) is again an iteration.
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Lecture 4: Witnesses PP

Ultrapowers of iterations

Assume P : ) is an iteration.
Then: (P =D : ) is again an iteration.
Note that we make no requirements about limits.

In fact, \being a direct limit" is in general NOT preserved by
taking the ultrapower:
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Ultrapowers of iterations

Assume P : ) is an iteration.

Then: (P =D : ) is again an iteration.

Note that we make no requirements about limits.

In fact, \being a direct limit" is in general NOT preserved by
taking the ultrapower:

Lemma (Ultrapower of an iteration)

AssumeP =Ilimdir(P : < ).
Thenlimdir(P =D : < )< P =D.
AlsoP =D =limdir(P=D: < )i cf ()6
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AssumeP = lim dir(P

< ).
Thenlimdir(P =D : < )< P =D.
AlsoP =D =limdir(P=D: < )icf ()6
Proof: Second statement: Letf 2 P =D.
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Lemma (Ultrapower of an iteration)

AssumeP =limdir(P : < ).
Thenlimdir(P =D : < )< P =D.
AlsoP =D =limdir(P =D : < )i cf ()6

Proof: Second statement: Letf| 2 P =D.
cf( )6 :thereis < suchthatf :f( )2P g2D.

Hence: {]2 P =D.
Therefore: P =D is direct limit.
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Ultrapowers of iterations

Lemma (Ultrapower of an iteration)
AssumeP =Ilimdir(P : < ).
Thenlimdir(P =D : < )< P =D.

AlsoP =D =limdir(P =D : < )i cf ()6

Proof: Second statement: Letf] 2 P =D.

cf( )6 :thereis < suchthatf :f( )2P g2D.
Hence: {]2 P =D.
Therefore: P =D is direct limit.

cf( )= and( : < )isconalin
choosef 2 P withf( )2 P nP
Then [f] 2 P =D does not belong to the direct limit.
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Ultrapowers of iterations

Lemma (Ultrapower of an iteration)
AssumeP =Ilimdir(P : < ).
Thenlimdir(P =D : < )< P =D.

AlsoP =D =limdir(P =D : < )i cf ()6

Proof:

First statement: assumef( ) >! .

Assumef [fp] : n 2 ! g maximal antichain in lindir(P =D : < ).
Then: f[fs] : n 2 ! g maximal antichain in som®& =D.
Therefore, also maximal i =D.
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Let us look at an example of an iteration and its ultrapower.

Fix regular >
Let (D : ) be the fsi of Hechler forcind.
(That is,

eD,,=D ?D

o D =limdir. D forlimit .)
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Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

Example for ultrapower of an iteration

Let us look at an example of an iteration and its ultrapower.

Fix regular >
Let (D : ) be the fsi of Hechler forcindp.

Obtain iteration O =D : ) such that:

oD =D=limdirc D=Di cf()86
(In particular, this is true for = )
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Applications

Example for ultrapower of an iteration

Let us look at an example of an iteration and its ultrapower.

Fix regular >
Let (D : ) be the fsi of Hechler forcindp.

Obtain iteration (D =D : ) such that:
oD =D=limdirc D=Di cf()86
oD ,,=D=D=D?D
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Applications

Example for ultrapower of an iteration

Let us look at an example of an iteration and its ultrapower.

Fix regular >
Let (D : ) be the fsi of Hechler forcindp.

Obtain iteration O =D : ) such that:
oD =D=limdir« D=Di cf()6
eD,,=D=D =D?D
e (D =D : < )is an fsi of Hechler forcing of length( )
(l.e. D =D = Dj(.)
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Example for ultrapower of an iteration

Ultrapowers of p.o.'s
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Applications

Let us look at an example of an iteration and its ultrapower.

Fix regular >
Let (D : ) be the fsi of Hechler forcindp.

Obtain iteration (D =D : ) such that:
@D =D=Ilimdir< D=Di cf()6
oD ,,=D=D=D?D
o (D =D : < )is an fsi of Hechler forcing of lengtj( )

o The dominating family added by is still dominating in
VD =D
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Example for ultrapower of an iteration

Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

Let us look at an example of an iteration and its ultrapower.

Fix regular >
Let (D : ) be the fsi of Hechler forcindp.

Obtain iteration (D =D : ) such that:
@D =D=Ilimdir< D=Di cf()6
oD ,,=D=D=D?D
o (D =D : < )is an fsi of Hechler forcing of lengtj( )

o The dominating family added by is still dominating in
VD =D

e No a.d. family ofVP is mad invP =P
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regular.

Start with iteration (P° :
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Assume > >

regular.

Start with iteration (P° :

)-
Put P! := (PY%) =D. Obtain iteration (P :
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Assume > >

regular.

Start with iteration (P° : ).

Put P! := (P%) =D. Obtain iteration (P :
Put P2 := (P!) =D. Obtain iteration (P? :

). Etc.
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Matrices of iterated ultrapowers

Assume > > regular.

Start with iteration (P° : ).

Put P! := (P%) =D. Obtain iteration (P : ).

Put P2 := (P!) =D. Obtain iteration (P? : ). Etc.

More generally, for <
put P *1 := (P ) =D. Obtain iteration P ** : ).
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Matrices of iterated ultrapowers

Assume > > regular.

Start with iteration (P° : ).

Put P! := (P%) =D. Obtain iteration (P : ).

Put P2 := (P!) =D. Obtain iteration (P? : ). Etc.

More generally, for <
put P *1 := (P ) =D. Obtain iteration P ** : ).

What do we do for limit ?
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Matrices of iterated ultrapowers

Assume > > regular.

Start with iteration (P° : ).

Put P! := (P%) =D. Obtain iteration (P : ).

Put P2 := (P!) =D. Obtain iteration (P? : ). Etc.

More generally, for <
put P *1 := (P ) =D. Obtain iteration P ** :

What do we do for limit ?
For some application® =Ilim dir . P will be OK.
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Matrices of iterated ultrapowers

Assume > > regular.

Start with iteration (P° : ).

Put P! := (P%) =D. Obtain iteration (P : ).

Put P2 := (P!) =D. Obtain iteration (P? : ). Etc.

More generally, for <
put P *1 := (P ) =D. Obtain iteration P ** : ).

What do we do for limit ?

For some application® =Ilim dir . P will be OK.

For some applications want something else:
Suppose D ) are such thatD ,;, = D ?Dfor <

Then still wantD ,;, = D ?D. Doable but more complicated!

Jerg Brendle Aspects of iterated forcing
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o Extending ultra Iters
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@ Applications
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@ The problem
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['] ad. family jA\ Bj<! forA6 B2A
A mad family A is a.d. and maximal

(e, forallC 2 ['|' there isA2 A with jC\ Aj=1)



A

['] ad. family jA\ Bj<! forA6 B2A
A mad family A is a.d. and maximal

a:=minfjAj : A is in nite madg, the almost disjointness number
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More cardinal invariants

A ['] ad. family jA\ Bj<! forA6 B2A
A mad family A is a.d. and maximal

a:= minfjAj : A is in nite madg, the almost disjointness number

U ultralter on ! .
F baseof U: for all A2 U there isB 2 F with B A.
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Lecture 3: Ultrapowers Ultrapowers and iterations

Lecture 4: Witnesses goplicatons

More cardinal invariants

A ['] ad. family jA\ Bj<! forA6 B2A
A mad family A is a.d. and maximal

a:= minfjAj : A is in nite madg, the almost disjointness number

U ultralter on ! .
F baseof U: for all A2 U there isB 2 F with B A.

(V) :=minfjFj : F base ofUg, the character ofU.
u:=minf (U): U ultralter on ! g, the ultra lter number.
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More cardinal invariants
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Applications

A ['] ad. family jA\ Bj<! forA6 B2A
A mad family A is a.d. and maximal

a:= minfjAj : A is in nite madg, the almost disjointness number

U ultralter on ! .
F baseof U: for all A2 U there isB 2 F with B A.

(V) :=minfjFj : F base ofUg, the character ofU.
u:=minf (U): U ultralter on ! g, the ultra lter number.

Theorem
i) b a
@ii) r wu
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Assume

is measurable, and =

are regular.
Then there is a ccc forcing extension in whiah= ¢ =
b=d=

holds.
In particulard < a is consistent.

> >

and
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First application:a versusd

Theorem (Shelah)

Assume is measurable, and = ' > > are regular.
Then there is a ccc forcing extension in whiak= c= and
b=d= holds.

In particulard < a is consistent.

Proof: Start with (D° : ): fsi of Hechler forcing.
Repeatedly take ultrapower to géd *' = (D ) =D.

Guarantee in limit step thatstill D ,;, = D ?D.
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First application:a versusd

Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

Theorem (Shelah)

Assume is measurable, and = ' > > are regular.
Then there is a ccc forcing extension in whiak= c= and
b=d= holds.

In particulard < a is consistent.

Proof: Start with (D° : ): fsi of Hechler forcing.
Repeatedly take ultrapower to géd *' = (D ) =D.
Guarantee in limit step thatstill D ,;, = D ?D.

a : small a.d. families destroyed by ultrapower.
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Ultrapowers of p.o.'s
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Applications

First application:a versusd

Theorem (Shelah)

Assume is measurable, and = > > are regular.
Then there is a ccc forcing extension in whiak= c= and
b=d= holds.

In particulard < a is consistent.

!

Proof: Start with (D° : ): fsi of Hechler forcing.
Repeatedly take ultrapower to géd *' = (D ) =D.
Guarantee in limit step thatstill D ,;, = D ?D.

a : small a.d. families destroyed by ultrapower.
b=d= : (D : ) still iteration of D (though not with
direct limits).

Jerg Brendle Aspects of iterated forcing



Lecture 1: De nability

Lecture 2: Matrices UIiFIponiEs Cif (s

Lecture 3: Ultrapowers Ultrapowers and iterations

Lecture 4: Witnesses Applications
First application:a versusd
Theorem (Shelah)
Assume is measurable,and= ! > > are regular.
Then there is a ccc forcing extension in whialv c= and

b=d= holds.
In particulard < a is consistent.

Remark:Using iterations along templates, Shelah also proved
CON(d < a) on the basis ofCON(ZFC) alone.
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Assume

is measurable, and =

are regular.
Then there is a ccc forcing extension in whiah= ¢ =
b=d=u=

holds.
In particularu < ais consistent.

> >

and
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Theorem (Shelah)

Assume is measurable, and = ' > > are regular.
Then there is a ccc forcing extension in whiak= c= and
b=d=u= holds.

In particularu < ais consistent.

Proof: Build fsi (P : ) and names (° : (= < )
such that

(i) P WY is an ultra Iter
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Second applicatioma versusu 1

Ultrapowers of p.o.'s
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Applications

Theorem (Shelah)

Assume is measurable, and = ' > > are regular.
Then there is a ccc forcing extension in whiak= c= and
b=d=u= holds.
In particularu < ais consistent.
Proof: Build fsi (P : ) and names (° : (= < )
such that

(i) P° W is an ultra lter

(i) P° \_ is the name for theL ,-generic"
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Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Second applicatioma versusu 1

Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

Theorem (Shelah)

Assume is measurable, and = ' > > are regular.
Then there is a ccc forcing extension in whiak= c= and
b=d=u= holds.

In particularu < ais consistent.

Proof: Build fsi (P : ) and names (° : (= < )
such that

(i) P WY is an ultra Iter
(i) P° \_ is the name for theL ,-generic"

(i) PO ran()2 WO for <
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Second applicatioma versusu 1

Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

Theorem (Shelah)
|

Assume is measurable, and = * > > are regular.
Then there is a ccc forcing extension in whiak= c= and
b=d=u= holds.
In particularu < ais consistent.
Proof: Build fsi (P : ) and names (° : (= < )
such that

(i) P° W is an ultra lter

(i) P° \_ is the name for theL ,-generic"
(i) P° ran(L)2 W for <

(iv) PO, = PP2L
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Second applicatioma versusu 1

Theorem (Shelah)

Assume is measurable, and = > > are regular.
Then there is a ccc forcing extension in whiak= c= and
b=d=u= holds.

In particularu < ais consistent.

!

Proof: Build fsi (P : ) and names (° : ), (= :
such that

() P° WY is an ultra Iter

(i) P° \'_ is the name for theL ,-generic"

(i) P° ran(-)2 W for <

(iv) PO, = P°2L
Note: (iii) implies

(v) PP, W W andran(-) _ran(>)for <
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Second applicatioma versusu 1

Ultrapowers of p.o.'s
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Applications

Theorem (Shelah)
|

Assume is measurable, and = * > > are regular.
Then there is a ccc forcing extension in whialv c= and
b=d=u= holds.

In particularu < ais consistent.

Proof: Build fsi (P : ) and names (° : Y, (= < )
such that
() P° WY is an ultra Iter

(i) P° \_ is the name for thel 0-generic”
(i) P° ran(-)2 WO for <

(iv) PO, = PP2L

Hence:P° forcesU’ is generated byan(-), <

Jerg Brendle Aspects of iterated forcing



Take the ultrapowerP! := ( P%) =D.
Obtain iteration (P! :

) such that:
() P*=limdir< P*i cf()6
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Take the ultrapowerP! := ( P%) =D.
Obtain iteration (P! :

) such that:
() P*=limdir< P*i cf()6
(i) Pt

Ul is an ultra Iter extendingU®
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Take the ultrapowerP! := ( PY) =D.
Obtain iteration (P : ) such that:

(i) PL=limdir< PLi cf()6
(i) Pt U!is an ultra lter extendingU®
(i) P \_ is the name for thel ;;-generic”
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Second applicationa versusu 2

Take the ultrapowerP! := ( PY) =D.
Obtain iteration (P : ) such that:

(i) PL=limdir< PLi cf()6
(i) Pt U!is an ultra lter extendingU®
(i) P \_ is the name for thel ;;-generic”

(iv) P! ran(-) 2 Ul for <
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Second applicationa versusu 2

Take the ultrapowerP! := ( PY) =D.
Obtain iteration (P : ) such that:

(i) PL=limdir< PLi cf()6

(i) Pt U!is an ultra lter extendingU®

(i) P \_ is the name for thel ;;-generic”
(iv) P! ran(-) 2 Ul for <

(v) P, =Pl2L
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Second applicationa versusu 2

Take the ultrapowerP! := ( PY) =D.
Obtain iteration (P : ) such that:

(i) PL=limdir< PLi cf()6

(i) Pt U!is an ultra lter extendingU®

(i) P \_ is the name for thel ;;-generic”
(iv) P! ran(-) 2 Ul for <

(v) P, =Pl2L

(viy P ulfor <

Jerg Brendle Aspects of iterated forcing



Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

Second applicationa versusu 2

Take the ultrapowerP! := (P%) =D.
Obtain iteration (P! : ) such that:

() PL=limdir< P'i cf()6

(i) P U!is an ultra lter extendingU®

(i) P \'_ is the name for theL ,-generic"

(iv) Pt ran(-) 2 Ul for <

(v) Pty =Pl2L

(vij Pt Ut ulfor <
Repeat this to getP ** = (P ) =D.
Guarantee in limit step thatstill P ., = P 2L, .
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Second applicationa versusu 2

Take the ultrapowerP! := ( PY) =D.
Obtain iteration (P : ) such that:

(i) P*=limdir< P*i cf()6

(i) P U!is an ultra lter extendingU®

(i) P* \ is the name for thel ,;-generic”

(iv) Pt ran(-) 2 Ul for <

(v) Py = Pt 2L,

(viy P ulfor <
Repeat this to getP ** = (P ) =D.
Guarantee in limit step thatstill P ., = P ?L, .

a : small a.d. families destroyed by ultrapower.
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Applications

Second applicationa versusu 2

Take the ultrapowerP! := ( PY) =D.
Obtain iteration (P : ) such that:

(i) P*=limdir< P*i cf()6

(i) Pt U!is an ultra lter extendingU®

(i) P* \ is the name for thel ;;-generic”

(iv) P! ran(-) 2 Ul for <

(v) Pty =Pl2L

(vij Pt Ul ulfor <
Repeat this to getP ** = (P ) =D.
Guarantee in limit step thatstill P ., = P ?L, .

u= : taking ultrapowers preserves ultra Iters generated byaats
of length

Jerg Brendle Aspects of iterated forcing



Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

Third application: character spectrum

Theorem (Shelah)

Assume is measurable, and = ' > s regular.

Then there is a ccc forcing extension in whiclkk  and

b= d= u= @ holds, and there is no ultra Iter of character.
In particular it is consistent that the character spectrums i
non-convex.
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Third application: character spectrum

Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

Theorem (Shelah)

Assume is measurable, and = ' > s regular.

Then there is a ccc forcing extension in whiclkk  and

b= d= u= @ holds, and there is no ultra Iter of character.
In particular it is consistent that the character spectrums i
non-convex.

Proof sketch:As in previous proof with replaced by@ and P8
adds at least Cohen reals.
(This guarantees the ultrapowers are nontrivial.)
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Lecture 1: De nability
Lecture 2: Matrices
Lecture 3: Ultrapowers
Lecture 4: Witnesses

Third application: character spectrum

Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

Theorem (Shelah)

Assume is measurable, and = ' > s regular.

Then there is a ccc forcing extension in whiclkk  and

b= d= u= @ holds, and there is no ultra Iter of character.
In particular it is consistent that the character spectrums i
non-convex.

Proof sketch:As in previous proof with replaced by@ and P8
adds at least Cohen reals.

not character: taking ultrapowers kills ultra lter based size .

Jerg Brendle Aspects of iterated forcing




Lecture 1: De nability
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Third application: character spectrum

Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

Theorem (Shelah)

Assume is measurable, and = ' > s regular.

Then there is a ccc forcing extension in whiclkk  and

b= d= u= @ holds, and there is no ultra Iter of character.
In particular it is consistent that the character spectrums i
non-convex.

Proof sketch:As in previous proof with replaced by@ and P8
adds at least Cohen reals.

not character: taking ultrapowers kills ultra lter based size .

u= @ (and thus character): as before.
c= character: inZFC.
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Assume

is measurable, and = ' > > are regular.
Then there is a ccc forcing extension in whieh- s= ¢= and
b= holds.

«O>» «Fr «=)r «E)» =



Assume

is measurable, and = !

> >

are regular.
Then there is a ccc forcing extension in whieh- s= c=
b=

holds.

and

Proof sketch:P° adds Cohen reals,
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Lecture 3: Ultrapowers
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Forth application:a and s versusb

Ultrapowers of p.o.'s
Ultrapowers and iterations
Applications

Theorem (B.-Fischer)
|

Assume is measurable, and = * > > are regular.
Then there is a ccc forcing extension in whielx s= c= and
b= holds.

Proof sketch:P® adds Cohen reals,

Combine the methods of lectures 2 and 3 to makend a large
while keepingo small.

Build fsi (P : ) such that

(i) foreven ,P*1 =P 2M

(i) forodd ,P *1 =(P) =D
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@ Lecture 1: De nability
@ Suslin ccc forcing
@ lteration of de nable forcing
o Applications

© Lecture 2: Matrices
o Extending ultra Iters
o Matrix iterations
@ Applications

© Lecture 3: Ultrapowers
o Ultrapowers of p.o.'s
@ Ultrapowers and iterations
o Applications

© Lecture 4: Witnesses
@ The problem
@ The construction
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Relatives ofy and h

Today we look atg and h and their relatives.

Suslin ccc iterations and matrix iterations of lectures 1 dhgh 3
keep these cardinals small.

So such iterations cannot be used to separate them.
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Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Relatives ofy and h

Today we look atg and h and their relatives.

Suslin ccc iterations and matrix iterations of lectures 1 dhgh 3
keep these cardinals small.

So such iterations cannot be used to separate them.

To separate two such cardinals, we need to build a small wines

for onealongthe iteration while killing all small witnesses for the
other.
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Relatives ofy and h

Today we look atg and h and their relatives.

Suslin ccc iterations and matrix iterations of lectures 1 dhgh 3
keep these cardinals small.

So such iterations cannot be used to separate them.

To separate two such cardinals, we need to build a small wines
for onealongthe iteration while killing all small witnesses for the
other.

For the latter task, use a diamond principle.
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Lecture 1: De nability

Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses
gandgs 1
Recall:
AfamilyD [!'] is groupwise densé
o D is open

(8A2D 8B A (B2D))

@ given a partition (h&n 2 ! ) of ! into intervals, there is
B2[']' suchthat ,,gIh2D
(this implies, in particular, thatD is dense)
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Lecture 1: De nability

Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses
gandgs 1
Recall:
AfamilyD [!'] is groupwise densé
o D is open

(8A2D 8B A (B2D))

@ given a partition (h&n 2 ! ) of ! into intervals, there is
B2[']' suchthat ,,gIh2D
(this implies, in particular, thatD is dense)
D is agroupwise dense idedlit is groupwise dense and closed
under nite unions.
Remark:D groupwise dense ide§l dual Iter D non-meager.
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

gandgs 2

g:=minfjDj: allD 2 D groupwise dense an-lc-l D=9
the groupwise densi%number
gr :=minfjDj : all D 2 D groupwise dense ideals andD = ;g
the groupwise density number for ideals
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

gandgs 2

g:=minfjDj: allD 2 D groupwise dense an-lc-l D=9
the groupwise densi%number
gr :=minfjDj : all D 2 D groupwise dense ideals andD = ;g
the groupwise density number for ideals
Clearlyg ¢gr. We show:

Theorem (B.)
CON(g < o).
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Iter dichotomy FD: 8 Iters F on!, Of : ! |

nite-to-one
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such that eitherf (F) is the co nite lter or f(F) is an ultra Iter.



Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Context: Iter dichotomy and semi lter trichotomy

Iter dichotomy FD: 8 Iters F on!,9f :!1 | | nite-to-one
such that eitherf (F) is the co nite Iter or f(F) is an ultra Iter.
semi- lter trichotomy: 8 familiesX [!']' closed under almost
supersets9f : ! I I nite-to-one such that eitherf (X) is the
conite lteror f(X)=[!] orf(X)is an ultra lter.
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Context: Iter dichotomy and semi lter trichotomy

Iter dichotomy FD: 8 Iters F on!,9f :!1 | | nite-to-one
such that eitherf (F) is the co nite Iter or f(F) is an ultra Iter.
semi- lter trichotomy: 8 familiesX [!']' closed under almost
supersets9f : ! I I nite-to-one such that eitherf (X) is the
conite lteror f(X)=[!] orf(X)is an ultra lter.

Theorem (Blass-La amme)
(i) Iter dichotomy FD is equivalent tou < ¢
(i) semi- Iter trichotomy is equivalent tou < g
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Context: Iter dichotomy and semi lter trichotomy

Iter dichotomy FD: 8 Iters F on!,9f :! | | nite-to-one
such that eitherf (F) is the co nite Iter or f(F) is an ultra Iter.
semi- Iter trichotomy: 8 familiesX [!']' closed under almost
supersets9f : ! I I nite-to-one such that eitherf (X) is the
conite lteror f(X)=[!] orf(X)is an ultra lter.

Theorem (Blass-La amme)
(i) Iter dichotomy FD is equivalent tou < ¢
(i) semi- Iter trichotomy is equivalent tou < g

Are lter dichotomy and semi- Iter trichotomy equivalent?

In our model forg < g;: U= g.

Jorg Brendle Aspects of iterated forcing



CON(g < o). I
Outline of proof:
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Outline of proof

Theorem (B.)
CON(g < o).

Outline of proof:

AssumeCH and build fsi of ccc partial orders of length,.
Along the iteration also build a witnedd for g = @.

Use a diamond principle to kill (initial segments of) poteritia
witnessesE for g = @ in limit stages of co nality! ;.
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Outline of proof

Theorem (B.)
CON(g < o).

Outline of proof:

AssumeCH and build fsi of ccc partial orders of length,.

Along the iteration also build a witnedd for g = @.

Use a diamond principle to kill (initial segments of) poteritia
witnessesE for g = @ in limit stages of co nality! ;.

The main point is that in such a limit stage a certain lter can be
built such that Laver forcing with this lter killsE while at the
same time not destroying (the initial part ofp

(see Crucial Lemma below).
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@ Lecture 1: De nability
@ Suslin ccc forcing
@ lteration of de nable forcing
o Applications

© Lecture 2: Matrices
o Extending ultra Iters
o Matrix iterations
@ Applications

© Lecture 3: Ultrapowers
o Ultrapowers of p.o.'s
@ Ultrapowers and iterations
o Applications

© Lecture 4: Witnesses
@ The problem
@ The construction
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} s2 there is a sequences(
such that8S

I » 9 stationarily many with S\
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2andcf( )=11)
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} sz there is a sequences(
such that8S

<! ,andcf( )
I » 9 stationarily many with S\

»o<!
@i ifcf( )=1,,thenQ =1L

=1 1)
=S.
2) of ccc forcing such that
(see below for details)

Build fsi (P ; Q



Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

The forcing

} szt there is a sequences( : <! sandcf( )="11)
such that8S !, 9 stationarily many with S\ =S .

Build fsi (P ;Q : <! ») of ccc forcing such that
(i) ifcf( )="1,thenQ =L
(see below for details)
@iy ifcf( ) !,thenQ =D
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to witnessg = @.

RequireD o D

for

0

Construct groupwise dense famili€s ,

<!

1; along the iteration
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Construct groupwise dense famili€s ,
to witnessg = @.

RequireD o D for

More explicitly: haveD
eD, D for ©

0

<!

=D \ V such that

1; along the iteration
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building witnesses 1

Construct groupwise dense famili®& , <! 1; along the iteration
to witnessg = @.
RequireD o D for ©

More explicitly: haveD = D \ V such that
eD, D for ©

e D open
(but not necessarily groupwise dense)
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building witnesses 1

Construct groupwise dense famili@s, <! ;; along the iteration
to witnessg= @.
RequireD o D for ©

More explicitly: haveD = D \ V such that
oD, D for ©
e D open
@ additional conditions, guaranteeing will be groupwise dense
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To show that

<!1D=

:, need
8A2[']\ V

9 <!

1 AZD

«Or < Fr «=Zr «=)r» E WA

+)



To show that

<!1D=

:, need

8A2[']T\V 9<! ; A2D +)
Argue that

8A2[11T\V 9 <! ; A2D ()
and
8A2[']\V 8<!; (A2D

impliesA 2D

+1
) (¥)
«4O0)>» «Fr «Er» «E)» = Q>
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building witnesses 2

To show thatT « ,D =, need

8A2[']'\V 9<! ; A2D
Argue that

8A2[']'\V 9<! ; A2D
and
8A2[']'\V 8<! ; (A2D impliesA2D

Straightforward: (+ ) follows from () and (y ).
Easy: § ) holds.

Main point: proof of () by induction on .

Standard: ( ) for limitand = ©°+1,cf( 9 1.

Jerg Brendle Aspects of iterated forcing
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Main issue:proof of ( +1) in casecf( )= !1.
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Main issue:proof of ( +1) in casecf( )= 1!;.
Also construct Iter F  such that forcing withQ = Lg overV
destroys potential witness fag

@.
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building and destroying witnesses 1

Main issue:proof of ( 4+1) in casecf( )=1!1.
Also construct Iter F  such that forcing withQ = Lg overV
destroys potential witness fay = @.
We want:
() if E; <! q;is the initial segment of a potential witness for
g = @, handed down by} sz then F diagonalizes thé&e

(thatis, forall <! ;,F \E 6 ;)
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building and destroying witnesses 1

Main issue:proof of ( 4+1) in casecf( )=1!1.

Also construct Iter F  such that forcing withQ = Lg overV
destroys potential witness fay = @.

We want:

() if E; <! q;is the initial segment of a potential witness for
g = @, handed down by} sz then F diagonalizes thé&e
(that is, forall <! 1, F \E 6 ;)

(i) for all partial functionsf :! ! ! fromV with
dom(f) 2F * andf (n)2F* foralln2 !, thereis

<! 1 suchthatforallF2F ,f(F\ dom(f)) 2D
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building and destroying witnesses 1

Main issue:proof of ( +1) in casecf( )= !1.

Also construct Iter F  such that forcing withQ = Lg overV
destroys potential witness fay = @.

We want:

() if E; <! 4;is the initial segment of a potential witness for
O = @, handed down by} s2» then F diagonalizes thdc
(thatis, forall <! ;,F \E 6 ;)

(i) for all partial functionsf :! ! ! fromV with
dom(f) 2F * andf (n)2F* foralln2 !, thereis

<! 7 suchthatforallF2F ,f(F\ dom(f)) 2D
(): for destroying a witness off = @
(ii): for proving ( +1) (and thus building a witness fog = @).
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building and destroying witnesses 1

Main issue:proof of ( +1) in casecf( )= !1.

Also construct Iter F  such that forcing withQ = Lg overV
destroys potential witness fay = @.

We want:

() if E; <! 4;is the initial segment of a potential witness for
O = @, handed down by} s2» then F diagonalizes thdc
(thatis, forall <! ;,F \E 6 ;)

(i) for all partial functionsf :! ! ! fromV with
dom(f) 2F * andf (n)2F* foralln2 !, thereis

<! 7 suchthatforallF2F ,f(F\ dom(f)) 2D
(): for destroying a witness off = @
(ii): for proving ( +1) (and thus building a witness fog = @).

Crucial Lemma
Assume( ). InV , there isF satisfying (i) and (ii) above.
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Assume cf )= ! and( ) holds. Then( +1) is true as well. l
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Assume cf )= ! and( ) holds. Then( +1) is true as well. l
Proof:
Rank analysis oL -names:
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Assume cf )= ! and( ) holds. Then( +1) is true as well. l
Proof:
Rank analysis oL -names:
' . statement of the forcing language.
forces' :

9p 2 Lg with stem(p) =

andp
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building and destroying witnesses 2

Crucial Corollary

Assume cf )= 17 and( ) holds. Then( +1) is true as well. J

Proof:
Rank analysis oL -names:
' . statement of the forcing language.
forces' : 9p 2 Lg with stem(p)= andp .

()=0if forces'.
> 0 () iffn: - (-n< g2F"*.
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building and destroying witnesses 2

Crucial Corollary
Assume cf )= 17 and( ) holds. Then( +1) is true as well. J

Proof:
Rank analysis oL -names:
' . statement of the forcing language.
forces' : 9p 2 Lg with stem(p)= andp ‘.

()=0if forces'.
> 0 () iffn: - (-n< g2F"*.

favors' if () is dened (i.e., itis less than 7).
forces at most one of and: ' and favors at least one of them.
In fact, favors' i does not force ' .

Jerg Brendle Aspects of iterated forcing



Rank analysis oL -names, continued:

Let A be anLg -name for an in nite subset of .
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building and destroying witnesses 3

Rank analysis oL -names, continued:
Let A be anLg -name for an in nite subset of .

rk( )=0if
o either there isB 2 [! ]! such that, for alln2 B, favors
n2 A

e or there is a partial functiorf :! ! I such that
dom(f)2F*,f Yn)2F* foralln2!,and - nfavors
f(n) 2 Afor alln2 dom(f)
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building and destroying witnesses 3

Rank analysis oL -names, continued:
Let A be anLg -name for an in nite subset of .

rk( )=0if
o either there isB 2 [! ]! such that, for alln2 B, favors
n2 A

e or there is a partial functiorf :! ! I such that
dom(f)2F*,f Yn)2F* foralln2!,and - nfavors
f(n) 2 Afor alln2 dom(f)

> 0:rk() iffn:rk( -n)< g2F".
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building and destroying witnesses 3

Rank analysis oL -names, continued:
Let A be anLg -name for an in nite subset of .

rk( )=0if
o either there isB 2 [! ]! such that, for alln2 B, favors
n2 A

e or there is a partial functiorf :! ! I such that
dom(f)2F*,f Yn)2F* foralln2!,and - nfavors
f(n) 2 Afor alln2 dom(f)

> 0:rk() iffn:rk( -n)< g2F".

Claim:rk( ) is de ned for all
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For

the de nition of rk.

with rk( ) =0 x either a withess B or a witnessf as in
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For
the de nition of rk.

with rk( ) =0 x either a withess B or a witnessf as in

For of rank O such thatB is de ned, use ( ) to nd such
that B 2D .
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building and destroying witnesses 4

For with rk( ) =0 x either a withess B or a witnessf as in
the de nition of rk.

For of rank O such thatB is de ned, use ( ) to nd such
that B 2D

For of rank O such thatf is de ned, use property (ii), which
holds forF by Crucial Lemma, to nd such that for all
F2F ,f (F\ dom(f )) 2D
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building and destroying witnesses 4

For with rk( ) =0 x either a withess B or a witnessf as in
the de nition of rk.

For of rank O such thatB is de ned, use ( ) to nd such
that B 2D

For of rank O such thatf is de ned, use property (ii), which
holds forF by Crucial Lemma, to nd such that for all
F2F ,f (F\ dom(f )) 2D

Let sup
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Claim: A2zD

+1

Assume:9B 2 D
Wilog:

andp2 Lg suchthatp A B.
:= stem(p) has rank O.
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building and destroying witnesses 5

Claim: A2zD .

Assume:9B 2D andp2 Lg suchthatp A B.
Wlog: := stem(p) has rank 0.

Assume rstB is de ned. By assumptionB nB is in nite.

Choosek 2 B nB. Since favorsk 2 A: 9q p such that
g k2 A, acontradiction.
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building and destroying witnesses 5

Claim: A2zD .

Assume:9B 2D andp2 Lg suchthatp A B.
Wlog: := stem(p) has rank 0.

Assume rstB is de ned. By assumptionB nB is in nite.
Choosek 2 B nB. Since favorsk 2 A: 9q p such that
g k2 A, acontradiction.

Assume nexf is de ned. LetF := sucg( ). By (ii):
f (F\ dom(f )) 2D . Hence: choos& 2 F\ dom(f ) such

that k := f (n) 2B. Since - nfavorsk 2 A: 9g p with
stem(q) - nsuch thatg k 2 A, again a contradiction.
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Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

Building and destroying witnesses 5

Claim: A2zD .

Assume:9B 2D andp2 Lg suchthatp A B.
Wlog: := stem(p) has rank 0.

Assume rstB is de ned. By assumptionB nB is in nite.
Choosek 2 B nB. Since favorsk 2 A: 9q p such that
g k2 A, acontradiction.

Assume nexf is de ned. LetF := sucg( ). By (ii):
f (F\ dom(f )) 2D . Hence: choos& 2 F\ dom(f ) such

that k := f (n) 2B. Since - nfavorsk 2 A: 9g p with
stem(q) - nsuch thatg k 2 A, again a contradiction.

Proves Crucial Corollary.
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g= @ holds in \{, I
Proof: Know: () holds for all . Implies:g= @.




g= @ holds in \f, l

g = @ holds in \{,

Proof: E=fE : <! ;g family of groupwise dense ideals.
By } s? and (i) of Crucial Lemma:

9 suchthatE \ V )\F 6 ; forall

<! 4.



Lecture 1: De nability
Lecture 2: Matrices The problem
Lecture 3: Ultrapowers The construction
Lecture 4: Witnesses

End of proof

Corollary
g= @ holds in \f,

Corollary
g = @ holds in \{,

Proof: E= fE : <! ;g family of groupwise dense ideals.
By } s2 and (i) of Crucial Lemma:
9 suchthatE \ V )\F 6 ; forall <! 1.

Lr adds pseudointersection through IteF , i.e., a setX 2 [! |'
such that for a11I <! ,thereisB 2E \ V with X B .
E open:X 2 E . Thus E cannot withessgy = @.
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