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Basic terms

Definition (ldeal)

The family Z C P(w) is called ideal, if it has properties:
(1) AeZ, BCA— BeT,

(I2) A,BEZT - AUBE€ET,
(13) wé¢Z,

(14) (Ynew) {n} €.

» The Frechét ideal, denoted as Fin, is a set [w]<°.

= The Asymptotic density zero ideal: Z = {A Cw, lim ‘A—S"' = 0} .

n—00

= etc.



Ideal Convergence

Definition (Z-convergence)

The sequence (f, : n € w) of functions on X is called Z-convergent to a function fon X
(written f, = f), if {n € w: |fu(z) — f(z)| > €} € T for each z € X and for each ¢ > 0.
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Definition (Z-convergence)

The sequence (f, : n € w) of functions on X is called Z-convergent to a function fon X
(written f, = f), if {n € w: |fu(z) — f(z)| > €} € T for each z € X and for each ¢ > 0.

Definition (Z-quasi-normal convergence)

The sequence (f,, : n € w) is called Z-quasi-normal convergent to fon X if there exists
a sequence of positive reals (¢, : n € w) and &, %5 0 such that
{n€w:|fu(z) — f(z)] > en} €T for any z € X, denoted f, ELANYG)

= (en: m € w) is called control sequence

= especially, if control sequence is (27" : n € w) we are talking about strongly

Q . ZQN
Z-quasi normal convergence of f, to f, written f, STQN, f

classical convergence = Z-convergence

QN-convergence = sZQN-convergence = ZQN-convergence



Control sequences

Let us consider a family £ of functions on X.

& is closed under taking uniformly convergent series of functions from &£
and (1)
if fe &, c1,ca > 0 then min{cl,|czf|}€5.



Control sequences

Let us consider a family £ of functions on X.

& is closed under taking uniformly convergent series of functions from &£
and (1)
if fe &, c1,ca > 0 then min{cl,|czf|}€5.

= family of all continuous, Borel or non-negative upper semicontinuous functions
(USC; (X)) and etc.



Control sequences

Let us consider a family £ of functions on X.
& is closed under taking uniformly convergent series of functions from &£
and (1)
if f€ &, c1,c2 >0 then min{cy, |eaf |} € €.

= family of all continuous, Borel or non-negative upper semicontinuous functions

(USC; (X)) and etc.

Definition ((Z, J)wQN-space)

A topological space X is an (Z, J)wQN-space if for any sequence (f, : n € w) of
continuous real functions Z-converging to 0 on X, there exists a sequence (m, : n € w)

: N
such that f,,, EALNG




Control sequences
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& is closed under taking uniformly convergent series of functions from &£
and (1)
if f€ &, c1,c2 >0 then min{cy, |eaf |} € €.

= family of all continuous, Borel or non-negative upper semicontinuous functions

(USC; (X)) and etc.

Definition ((Z, J)wQN-space)

A topological space X is an (Z, J)wQN-space if for any sequence (f, : n € w) of
continuous real functions Z-converging to 0 on X, there exists a sequence (m, : n € w)

: N
such that f,,, EALNG

Definition ((Z,sJ)wQN(E)-space)

A topological space X is called an (Z,sJ)wQN(&)-space, if for any sequence
(fn : m € w) of functions from £ converging to zero there exists a sequence (m, : n € w)

s N . —n
such that f,,, 79N, with control sequence (27" : n € w).
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Control sequences

Let Z, J be ideals on w.
wQN-space = (Z,sJ)wQN-space = (Z, J)wQN-space

Lemma (V.S.,J.Supina)

Let (en: mE€w), (dn: n € w) be sequences of positive reals in [0, 1] such that €, — 0,
((fam: mE w): n € w) being a sequence of sequences of functions on X. Then there is
a sequence (gm : m € w) of functions with values in [0, 1] such that the following holds.

(1) If fa,m € € for all n € w then gn € £, assuming & satisfies (1).

(2) If fa,m Ly 0 for each n € w then Im Io.

(3) If {fo,m : m € w) are monotone sequences for each n € w then (gm : m € w) is
a monotone sequence.

(4) There is a sequence (k, : n € w) (e.g., kn = max{i, 27" > e,}) such that for any
z € X and m € w we have

On
gm(2) < en = |frn,m(@)| < Ok 2)



Control sequences

Theorem (V.S.,J.Supina)

Let X be a topological space. Let £ be a family of functions satisfying (1). Then
the following are equivalent.

(a) Xisan (Z,sT)wQN(E)-space.

(b) There is a sequence (e, : n € w) of positive reals such that £, — 0 and for any

sequence (f, : m € w) of functions from £ converging to zero there exists

N .
a sequence (my, : n € w) such that fn, 2N, 0 with control sequence (en : N € w).

(c) For every sequence (e, : n € w) of positive reals such that €, — 0 and for any
sequence (f, : n € w) of functions from & converging to zero there exists

N .
a sequence (my : n € w) such that fn, 9N, 0 with control sequence (e, : 1 € w).
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Control sequences

Theorem (V.S.,J.Supina)

Let X be a topological space. Let £ be a family of functions satisfying (1). Then
the following are equivalent.

(a)
(b)

()

X is an (Z,sJ)wQN(E)-space.
There is a sequence (e, : n € w) of positive reals such that £, — 0 and for any

sequence (f, : m € w) of functions from £ converging to zero there exists
N .
a sequence (my, : n € w) such that fn, 2N, 0 with control sequence (en : N € w).

For every sequence (e, : n € w) of positive reals such that e, — 0 and for any
sequence (f, : n € w) of functions from & converging to zero there exists

N .
a sequence (my : n € w) such that fn, 9N, 0 with control sequence (e, : 1 € w).

For control sequence it is enough to ask only convergence to zero.

Similarly for an s7wmQN-space, i.e. for (Fin, sJ)wQN(C,(X))-space we consider
only monotone sequences.
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Ideal coverings

= () denotes all w-covers, I' denotes all y-covers and O denotes all open covers of X.

= Let Z be an ideal on w.

= A sequence (U, : n € w) of subsets of X is called an Z-v-cover, if for every
n, U, # X and the set {n € w; z ¢ U,} € Z for every z € X, [3].

= 7-T" denotes all Z-y-covers of X.

= Let A and B be families of sets.

= Si(A, B): for a sequence (U, : n € w) of elements of A we can select a set U, € U,
for each n € w such that (U, : n € w) is a sequence of B

For topological space X

S1(9,T)

|

$1(Z-T,T) — Si(Z-T, J-I)

l !

$i(I,I) —— Si(I,J-I) — S1([,Q)



Ideal coverings

= () denotes all w-covers, I" denotes all y-covers and O denotes all open covers of X.

= Let 7 be an ideal on w.

= A sequence (U, : n € w) of subsets of X is called an Z-v-cover, if for every
n, U, # X and the set {n € w; z ¢ U,} € Z for every z € X, [3].

= Z-T" denotes all Z-y-covers of X.

= Let A and B be families of sets.

= 51(A, B): for a sequence (U : n € w) of elements of A we can select a set U, € U,
for each n € w such that (U, : n € w) is a sequence of B

Lemma (J.Supina)

For any countable w-cover U and its bijective enumeration (U, : n € w) there is an ideal
Z such that (U, : n € w) is an Z-y-cover.
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Ideal coverings

= Similarly to M. Scheepers [7] we define
I-Ty(X) = {A € [X\ {z}]”; A is Z-convergent to z}.

= Consider the C,(X) - a set of continuous functions from X to R endowed with
the Tychonoff product topology.

= 0 denotes the function on X which is equal to zero everywhere.
Z-To(Cp(X)) = Z-Tg.

Definition
The C,(X) has the property S1(Z-I'o, J-T0) if:

for any sequence ((fn,m : M € w) : n € w) of sequences of continuous real functions such

z .
that fn,m — 0 for each n, there exists a sequence (m, : n € w) such that f, m, 0.
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Ideal coverings

Definition
The Cp(X) has the property S;(Z-T'o, J-To) if:

for any sequence ((fn,m : M € w) : n € w) of sequences of continuous real functions such

that fum Z, 0 for each n, there exists a sequence (m, : n € w) such that fo m, 0.

Fréchet — S1(Z-T'0,T0) — S1(Z-T'o, J-T0)

| |

Sl(Fo,Fo) — Sl(ro,J-Fo) — SI(F07Q0) — IndZ(X) =0



Ideal coverings

Definition

We say that a topological space X has [7-Hurewicz property if for each sequence
(Un : n € w) of open covers of X there are finite V, C Uy, n € w such that for each
z€X {ncw, ¢ UVnt € J.
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Definition

We say that a topological space X has [7-Hurewicz property if for each sequence
(Un : n € w) of open covers of X there are finite V, C Uy, n € w such that for each
z€X {ncw, ¢ UVnt € J.

= J-Hurewicz property was introduced by P. Das [3].
= P. Szewczak and B. Tsaban [9] (they consider an S-Menger property) showed that

Hurewicz — J-Hurewicz — Menger

Theorem (Bukovsky—Das-Supina)

If X is a normal topological space then the following are equivalent. Moreover,
the equivalence (a) = (b) holds for arbitrary topological space X.

(a) X is an (Z,sJ)wQN-space.
(b) Cp(X) has the property S1(Z-T'o, J-T'o).
(¢) X is an Si(Z-T*", J-I")-space.
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Ideal coverings

Theorem (V.S.,J.Supina)

If X is a perfectly normal topological space then the following are equivalent. Moreover, if
X is arbitrary topological space then (a) = (b).

(a) X is an sJwmQN-space.
(b) Co(X) has the property S1(T'g’, J-I'o).

(c) X possesses a [J-Hurewicz property.
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Ideal coverings

Theorem (V.S.,J.Supina)

If X is a perfectly normal topological space then the following are equivalent. Moreover, if
X is arbitrary topological space then (a) = (b).

(a) X is an sJwmQN-space.
(b) Cu(X) has the property S1(T'g’, J-I'o)
(c) X possesses a [J-Hurewicz property.

Theorem (V.S.,J.Supina)

Let Z,J be ideals on w. Then the following statements are equivalent.
(a) Xisan S1(Z-I', J-I')-space.

(b) USC} (X) has the property S1(Z-T'o, J-To).
(¢) X is an (Z,sJ)wQN(USC} (X))-space.
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Ideal coverings

Xis Xis
(Z,sT)wQN-space S1(Z-T, J-I) Cyp(X) has S1(Z-T'o, J-T'o)
sJwmQN-space J-Hurewicz Cp(X) has S1(I'g", J-T'o)

(Z,sT)wQN(USC,(X))-space  Si(Z-TI', J-I') USC,(X) has S1(Z-T'o, J-T'o)
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