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Motivation - Haar-small part

Motivation is strongly realted to general rule according to which
| get interested in things in Mathematics
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Motivation - Haar-small part

Motivation is strongly realted to general rule according to which
| get interested in things in Mathematics

| started with fractals (so contractions) and then turned to ideals
So the key is that

as you can see, | am not an expert in being small, but | would
strongly appreciate getting some knowledge in area :-)
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Haar-smallness

We look for measure-like notion of smallness for X.
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Haar-smallness

We look for measure-like notion of smallness for X.

Hence in locally compact Polish groups we obtain natural
notion of null sets.

If considered group is not locally compact there is no
distinguished measure on it, however analogous notion

(so-called Haar null sets) were introduced by Christensen in
1972.
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Haar-smallness

We look for measure-like notion of smallness for X.

Hence in locally compact Polish groups we obtain natural
notion of null sets.

If considered group is not locally compact there is no
distinguished measure on it, however analogous notion
(so-called Haar null sets) were introduced by Christensen in
1972. His notion was rediscovered by Hunt, Sauer and Yorke in
1992 and since that time it was deeply investigated.
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Haar-null sets

We say that set A C X'is Haar-null, or A € HN (X), if there
exists Borel hull B O A and a Borel probalistic measure p on X
such that for any x € X we have u(B + x) = 0. We say that
witnesses the fact that A is Haar-null.
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Haar-null sets

We say that set A C X'is Haar-null, or A € HN (X), if there
exists Borel hull B O A and a Borel probalistic measure p on X
such that for any x € X we have u(B + x) = 0. We say that
witnesses the fact that A is Haar-null. In original Christensen’s
paper hull B was supposed only to be universally measureable.

Jarostaw Swaczyna Haar-small sets



Haar-null sets

We say that set A C X'is Haar-null, or A € HN (X), if there
exists Borel hull B O A and a Borel probalistic measure p on X
such that for any x € X we have u(B + x) = 0. We say that
witnesses the fact that A is Haar-null. In original Christensen’s
paper hull B was supposed only to be universally measureable.

Theorem (Christensen)

Haar-null sets forms a proper o-ideal. If X'is locally compact,
they coincide with Haar-measure null sets.
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Haar-null sets

We say that set A C X'is Haar-null, or A € HN (X), if there
exists Borel hull B O A and a Borel probalistic measure p on X
such that for any x € X we have u(B + x) = 0. We say that
witnesses the fact that A is Haar-null. In original Christensen’s
paper hull B was supposed only to be universally measureable.

Theorem (Christensen)

Haar-null sets forms a proper o-ideal. If X'is locally compact,
they coincide with Haar-measure null sets.

Forany A ¢ HN:
@ measure which witnesses this fact is continuous,
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Haar-null sets

We say that set A C X'is Haar-null, or A € HN (X), if there
exists Borel hull B O A and a Borel probalistic measure p on X
such that for any x € X we have u(B + x) = 0. We say that
witnesses the fact that A is Haar-null. In original Christensen’s
paper hull B was supposed only to be universally measureable.

Theorem (Christensen)

Haar-null sets forms a proper o-ideal. If X'is locally compact,
they coincide with Haar-measure null sets.

Forany A ¢ HN:
@ measure which witnesses this fact is continuous,

@ A has empty interior,
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Haar-null sets

We say that set A C X'is Haar-null, or A € HN (X), if there
exists Borel hull B O A and a Borel probalistic measure p on X
such that for any x € X we have u(B + x) = 0. We say that
witnesses the fact that A is Haar-null. In original Christensen’s
paper hull B was supposed only to be universally measureable.

Theorem (Christensen)

Haar-null sets forms a proper o-ideal. If X'is locally compact,
they coincide with Haar-measure null sets.

Forany A ¢ HN:
@ measure which witnesses this fact is continuous,

@ A has empty interior,

@ there exist compactly (or even Cantorly) supported
measure which witnesses this fact.
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Haar-null sets

For a Borel subset A in a Polish group X the following
conditions are equivalent:

@ Ais Haar-null in X,

@ there exists an injective continuous map f: 2* — X such
that (A + x) € N for all x € X,

@ there exists a continuous map f: 2 — X such that
YA+ x) e N forall x € X.
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Haar-null sets

For a Borel subset A in a Polish group X the following
conditions are equivalent:

@ Ais Haar-null in X,

@ there exists an injective continuous map f: 2* — X such
that (A + x) € N for all x € X,

@ there exists a continuous map f: 2 — X such that
YA+ x) e N forall x € X.

Few words about proof.
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Haar-meager sets

Definition (Darji 2014)
A Borel subset B of a Polish group X is called
@ Haar-meager if there exists a continuous function

f: 2% — X'such that f~1(B + x) is meager in 2 for each
xeX;

@ injectively Haar-meager if there exists an injective
continuous function f: 2¥ — X such that f~1(B + x) is
meager in 2¢ for each x € X;

@ strongly Haar-meager if there exists a non-empty compact
subset K C X such that the set KN (B + x) is meager in K
for each x € X.
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Haar-meager sets

Definition (Darji 2014)
A Borel subset B of a Polish group X is called

@ Haar-meager if there exists a continuous function
f: 2% — X'such that f~1(B + x) is meager in 2 for each
xeX;

@ injectively Haar-meager if there exists an injective
continuous function f: 2¥ — X such that f~1(B + x) is
meager in 2¢ for each x € X;

@ strongly Haar-meager if there exists a non-empty compact
subset K C X such that the set KN (B + x) is meager in K
for each x € X.

Theorem (Dariji)

For any Polish group X the family HM is a o-ideal, contained in
M.
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Haar-meager sets

The following conditions are equivalent:

@ a Polish group Xis locally compact,
e HM =M,
@ HM = M.
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Haar-meager sets

The following conditions are equivalent:
@ a Polish group Xis locally compact,
o HM =M,
o HM = M.

Is EHM a o-ideal? Is SHM a o-ideal? Are there any
equalities?
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Haar-meager sets

The following conditions are equivalent:
@ a Polish group Xis locally compact,
o HM =M,
o HM = M.

Is EHM a o-ideal? Is SHM a o-ideal? Are there any
equalities?

For any totally disconnected Polish group X we get
EHM = SHM.

N
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Haar-meager sets

Definition

A topological group X is called hull-compact if each compact
subset of X is contained in a compact subgroup of X.
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Definition

A topological group X is called hull-compact if each compact
subset of X is contained in a compact subgroup of X.

Each hull-compact Polish group has HM = SHM.
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Haar-meager sets

Definition

A topological group X is called hull-compact if each compact
subset of X is contained in a compact subgroup of X.

Each hull-compact Polish group has HM = SHM.

The Tychonoff product X = [],.., Xn of infinite locally finite
discrete groups X, is Polish, hull-compact, but not locally
compact. For this group we have EHM = SHM = HM # M.
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Haar-meager sets

For any non-empty analytic subspace K C K(R%) there exists a
closed set F C R“ such that

@ for any K € K there exists x € R“ such that K+ x C F;

@ for any x € R¥ the intersection F N (x + [0, 1]*) is contained
in K+ d for some K € K and d € R".
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Haar-meager sets

For any non-empty analytic subspace K C K(R%) there exists a
closed set F C R“ such that

@ for any K € K there exists x € R“ such that K+ x C F;

@ for any x € R¥ the intersection F N (x + [0, 1]*) is contained
in K+ d for some K € K and d € R".

Polish group R“ contains a closed subset F € SHM \ EHM.
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Haar-small sets

Definition

Let 7 be an semi-ideal on 2*. We say that A C Xis ‘HZ if there
exists Borel B O A and continuous f: 2¢ — X that
f~1(B+ x) € T for every x € X.
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Haar-small sets

Let 7 be an semi-ideal on 2*. We say that A C Xis ‘HZ if there
exists Borel B O A and continuous f: 2¢ — X that

f~1(B+ x) € T for every x € X.

Theorem

Let 7 be a proper ideal on 2¥. Any closed Haar-Z set A in a
Polish group X is (strongly) Haar-meager, which yields the
inclusions HZ ¢ HM and o HZ C o HM.
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Haar-small sets

Let 7 be an semi-ideal on 2*. We say that A C Xis ‘HZ if there
exists Borel B O A and continuous f: 2¢ — X that

f~1(B+ x) € T for every x € X.

Let 7 be a proper ideal on 2¥. Any closed Haar-Z set A in a
Polish group X is (strongly) Haar-meager, which yields the
inclusions HZ ¢ HM and o HZ C o HM.

For any proper o-ideal Z on a 2% there exists such a subideal
J C I that each set J € J has empty interior and HZ = H.7J.
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Haar-small sets

Theorem

Let h: X — Y be a continuous surjective homomorphism
between Polish groups. For any (injectively) Haar-Z set A C Y,
the preimage h~1(A) is an (injectively) Haar-Z set in X.
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Haar-small sets

Let h: X — Y be a continuous surjective homomorphism
between Polish groups. For any (injectively) Haar-Z set A C Y,
the preimage h—'(A) is an (injectively) Haar-Z set in X. Just
one direction
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Haar-small sets

Let h: X — Y be a continuous surjective homomorphism
between Polish groups. For any (injectively) Haar-Z set A C Y,
the preimage h—!(A) is an (injectively) Haar-Z set in X. Just
one direction

For each ideal Z, ¢ > 0 and A € HZ there exists f: 2 — B(0,¢)
witnessing that fact.
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Haar-small sets

Let h: X — Y be a continuous surjective homomorphism
between Polish groups. For any (injectively) Haar-Z set A C Y,
the preimage h—!(A) is an (injectively) Haar-Z set in X. Just
one direction

For each ideal Z, ¢ > 0 and A € HZ there exists f: 2 — B(0,¢)
witnessing that fact.

Problem
When HZ is an ideal?
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Haar-small sets

Theorem

Let h: X — Y be a continuous surjective homomorphism
between Polish groups. For any (injectively) Haar-Z set A C Y,
the preimage h—!(A) is an (injectively) Haar-Z set in X. Just
one direction

Proposition

For each ideal Z, ¢ > 0 and A € HZ there exists f: 2 — B(0,¢)
witnessing that fact.

Problem
When HZ is an ideal?

Example, A. Kwela

Not when Z = Fin, X = R.

M




Haar-small sets

Let h: X — Y be a continuous surjective homomorphism
between Polish groups. For any (injectively) Haar-Z set A C Y,
the preimage h—!(A) is an (injectively) Haar-Z set in X. Just
one direction

For each ideal Z, ¢ > 0 and A € HZ there exists f: 2 — B(0,¢)
witnessing that fact.

Problem
When HZ is an ideal?

Example, A. Kwela
Not when Z = Fin, X = R. Thus also for any X =R x H.
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In general case

Definition
Each family Z of subsets of the space 2% induces the families

I"={AC (2)" :Vae (22)"M} o 1(A) e T}

We say that Z is n-Fubini for n € NU {w} if there exists a
continuous map h : 2¥ — (2¥)" such that for any i € n and any
Borel set B € Z"" the preimage h~!(B) belongs to the family Z.
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In general case

Definition
Each family Z of subsets of the space 2“ induces the families

I"={AC (2)" :Vae (22)"M} o 1(A) e T}

We say that Z is n-Fubini for n € NU {w} if there exists a
continuous map h : 2¥ — (2¥)" such that for any i € n and any
Borel set B € Z"" the preimage h~!(B) belongs to the family Z.

n-Fubini are equivalent foralln € {1,2,...,w}. |
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In general case

Definition
Each family Z of subsets of the space 2“ induces the families

I"={AC (2)" :Vae (22)"M} o 1(A) e T}

We say that Z is n-Fubini for n € NU {w} if there exists a
continuous map h : 2¥ — (2¥)" such that for any i € n and any
Borel set B € Z"" the preimage h~!(B) belongs to the family Z.

n-Fubini are equivalent foralln € {1,2,...,w}. |

For any Fubini (o-)ideal Z on 2“, HZ is also (o-)ideal.
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Towards generics! (just a bit)

Wz(A) = {fe C((29),X) : ¥x € X F 1 (A+x) € T}
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Towards generics! (just a bit)

Wz(A) = {fe C((29),X) : ¥x € X F 1 (A+x) € T}

For ideal Z on 2¢ and any A C X exactly one of following holds:
Q@ Wi(A) is empty;
© Wz (A) meager and dense in C(K, X);
© Wz (A) is a dense Baire subspace of C(K, X).
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Towards generics! (just a bit)

Wz(A) = {fe C((29),X) : ¥x € X F 1 (A+x) € T}

For ideal Z on 2¢ and any A C X exactly one of following holds:
Q@ Wi(A) is empty;
© Wz (A) meager and dense in C(K, X);
© Wz (A) is a dense Baire subspace of C(K, X).

v

A o-compact subset of a Polish group is generically
Haar-null(meager) iff it is Haar-null(meager).
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Towards generics! (just a bit)

Wz(A) = {fe C((29),X) : ¥x € X F 1 (A+x) € T}

For ideal Z on 2¢ and any A C X exactly one of following holds:
Q@ Wi(A) is empty;
© Wz (A) meager and dense in C(K, X);
© Wz (A) is a dense Baire subspace of C(K, X).

Theorem

A o-compact subset of a Polish group is generically
Haar-null(meager) iff it is Haar-null(meager).

We say that Z is generically Haar-Z if Wz(A) is comeager in

w
C(2%, X). /




Towards generics! (just a bit)

If Z is (o)-ideal, then so is GHT.
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Towards generics! (just a bit)

If Z is (o)-ideal, then so is GHT.

A subset A of a non-discrete Polish group X'is
Q@ GHNiff TA) :={ue P(X):Vxe X u(A+x)=0}is
comeager in the space P(X);
Q GHMiff Km(A) :={Ke K(X):¥xe X KN (A+x) € Mg}
is comeager in (X).

<

Jarostaw Swaczyna Haar-small sets



Open problem - with prize!

For F C P(X) and A C X we say that A is F-Haar-meager
(A € HM(F)) if there exists such B> A, B < F and
fe C(2¥, X) that for each x € X we have f~}(B + x) € M.
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Open problem - with prize!

For F C P(X) and A C X we say that A is F-Haar-meager
(A € HM(F)) if there exists such B> A, B < F and

fe C(2¥, X) that for each x € X we have f~}(B + x) € M.
Consider families:

F1:={BC X: V1 _top,Vrec(rx) ' (B) is Baire set}
Fy:={B C X:¥1_polish)rec(rx) ' (B) is Baire set}
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Open problem - with prize!

For F C P(X) and A C X we say that A is F-Haar-meager
(A € HM(F)) if there exists such B> A, B < F and
fe C(2¥, X) that for each x € X we have f~}(B + x) € M.
Consider families:

Fi = {B c X: V(T- top.)vaC(TX) fil(B) is Baire set}

Fy:={B C X:¥1_polish)rec(rx) ' (B) is Baire set}

Problem (Old, solved by M.Goldstern)
Is HM(F1) = HM(F1)?

Prize(granted)

One bottle of Polish mead/midd pitny/medovina/Honigwein.

Problem (correct)
Is HM(F1) = HM(F2)?

Two bottles of Polish mead/miéd pitny/medovina/Honigwein.
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Dékuji za pozornost! Koszonom a figyelmet!
Thank you for your attention! Dziekuje za uwage!
Obrigado pela atencéo!

Dakujem za vasu pozornost’! [skyto 3a ysary!
Merci de votre attention! 270 nniwn 2y 17 nTIn
Gratias pro vobis animus attentus!

Danke fur lhre Aufmerksamkeit!

Cnacubo 3a BHuMaHue!

Hvala za vaso pozornost! L S jlas siled

2.0G EUXAPIOTW YIA TNV TTPOCOXN 0ad!

YT & & Tat Ygara!
vavouamdsuANNaulanosnnel B ST !
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