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Definition of Choquet’s E-capacity on E

Let E ⊆ P(E ) be any lattice , ∅ ∈ E . Choquet’s E-capacity on E is
any function c : P(E )→ [−∞,∞] such that:

i. A ⊆ B ⊆ E implies c(A) ≤ c(B);

ii. if A1 ⊆ A2 ⊆ . . . is any ascending sequence of subsets of E ,
then limn→∞ c(An) = c(

⋃∞
n=1 An);

iii. if E1 ⊇ E2 ⊇ . . . is any descending sequence of subsets from
E , then limn→∞ c(En) = c(

⋂∞
n=1 En).



Choquet’s capacitability theorem

For any set B from the σ-δ-lattice Ê (a family closed under
countable unions and countable intersections) generated by the
family E
the capacity of B can be approximated from below by capacities of
subsets of B which are elements of E .

Definition of a thick set
B ⊆ Ê is called thick (with respect to a capacity c) if it contains
uncountably many pairwise disjoint elements from Ê of positive
capacity c
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Examples of capacity

I X = R, λ∗ : P(R)→ [0,∞]

I X = [0, 1]× ω1, c : P(X )→ {0, 1},

c(A) = 1↔ {α < ω1 : A ∩ [0, 1]× {α} 6= ∅} is uncountable
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X is a Cantor cube,
K(X ) is the family of all compact subsets of X ,
If E = K(X ) then Ê = B(X ) is the family of all Borel subsets of X .

We construct an example of a K(X )-capacity such that all Borel
sets of positive capacity are thick.
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Construction of a capacity

µ - the standard probabilistic product measure on X
Λ1,Λ2, . . . - a sequence of pairwise disjoint infinite subsets of N.
Λi = {ni ,j : j ∈ N}, where j < k implies ni ,j < ni ,j .

We will now define a family of perfect subsets of X ,
{C (ξ(1), . . . , ξ(n)) : ξ(1), . . . , ξ(n) ∈ {0, 1}N, n ∈ N}.
Let C (∅) = X . For ξ(1), . . . , ξ(n) ∈ {0, 1}N we define
C (ξ(1), . . . , ξ(n)) as

C (ξ(1), . . . , ξ(n)) =
∏
k∈N

Dk ,

where Dk = {ξ(i)
j } if k = ni ,j ∈ Λi , i ≤ n, and Dk = {0, 1} if

k /∈
⋃

i≤n Λi .
Let

νξ(1),...,ξ(n) =
∏

k /∈
⋃

i≤n Λi

η.
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Let A ⊆ C (ξ(1), . . . , ξ(n)). Then A is of the form

A =
∏

i≤n,j∈N
{ξ(i)

j } × πXn(A),

where

Xn =
∏

k /∈
⋃

i≤n Λi

{0, 1} and πXn : X → Xn is a projection.

Let A ⊆ C (ξ(1), . . . , ξ(n)) be a Borel set. Let

µξ(1),...,ξ(n)(A) = νξ(1),...,ξ(n)(πXn(A)).



µξ(1),...,ξ(n) is a Borel measure on C (ξ(1), . . . , ξ(n)). For A ⊆ X let

c(A) = sup
{

1
nµ
∗
ξ(1),...,ξ(n)(A ∩ C (ξ(1), . . . , ξ(n))) :

ξ(1), . . . , ξ(n) ∈ {0, 1}N, n ∈ N
}
.



c(A) = sup
{

1
nµ
∗
ξ(1),...,ξ(n)(A ∩ C (ξ(1), . . . , ξ(n))) :

ξ(1), . . . , ξ(n) ∈ {0, 1}N, n ∈ N
}
.

Main Theorem
The function c : P(X )→ [0, 1] is non-negative Choquet’s
K(X )-capacity and if c(B) > 0, for a Borel subset B of X , then B
contains continuuum many pairwise disjoint Borel subsets of
positive capacity.



Proof. c is K(X )-Choquet’s capacity.

I A ⊆ B ⊆ X implies c(A) ≤ c(B).

I For K1 ⊇ K2 ⊇ . . . a sequence of compact subsets of X

c(
∞⋂
n=1

Kn) ≤ lim
n→∞

c(Kn).

I If limn→∞ c(Kn) = 0 we have c(
⋂∞

n=1 Kn) = limn→∞ c(Kn).

I If limn→∞ c(Kn) > 0, then there exists m ∈ N such that

lim
n→∞

1

m
µξ(1,n),...,ξ(m,n)(Kn ∩ C (ξ(1,n), . . . , ξ(m,n))) = lim

n→∞
c(Kn),

for some ξ(1,n), . . . , ξ(m,n) ∈ {0, 1}N.
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Proof. Borel positive sets are thick.

Now let B be any Borel subset of X such that c(B) > 0. Hence

µξ(1),...,ξ(n)(B ∩ C (ξ(1), . . . , ξ(n))) =

= νξ(1),...,ξ(n)(πXn(B ∩ C (ξ(1), . . . , ξ(n))) > 0,

where
Xn =

∏
k /∈

⋃
i≤n Λi

{0, 1}N.

for some ξ(1), . . . , ξ(n) ∈ {0, 1}N and n ∈ N. We have

νξ(1),...,ξ(n) = νξ(1),...,ξ(n) ×
∏

k∈Λn+1

η.



Proof. Borel positive sets are thick...

µξ(1),...,ξ(n),ξ(B ∩ C (ξ(1), . . . , ξ(n), ξ))) =

=

∫
∏

k∈Λn+1
{0,1}N

νξ(1),...,ξ(n),ξ(πXn+1 (B∩C (ξ(1), . . . , ξ(n), ξ)))d

 ∏
k∈Λn+1

η

 (ξ).

Thus the set of those ξ ∈
∏

k∈Λn+1
{0, 1} for which

νξ(1),...,ξ(n),ξ(πXn+1(B ∩ C (ξ(1), . . . , ξ(n), ξ))) > 0

has positive measure and hence also

c(B ∩ C (ξ(1), . . . , ξ(n), ξ)) > 0,

must have positive measure and thus it must have cardinality c.

�



Thank You for Your Attention!


