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Definition of Choquet’'s £-capacity on E
Let £ C P(E) be any lattice , § € £. Choquet's E-capacity on E is
any function ¢ : P(E) — [—o0, 00| such that:

i. AC B C E implies ¢(A) < ¢(B);

i. if Af C Ay C ... is any ascending sequence of subsets of E,
then lim,_,o0 c(An) = c(Ure1 An);
iii. if E1 D Ex D ... is any descending sequence of subsets from

&, then limpo0 c(En) = c(N72y En).



Choquet's capacitability theorem

For any set B from the o-d-lattice € (a family closed under
countable unions and countable intersections) generated by the
family €

the capacity of B can be approximated from below by capacities of
subsets of B which are elements of £.
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For any set B from the o-d-lattice € (a family closed under
countable unions and countable intersections) generated by the
family €

the capacity of B can be approximated from below by capacities of
subsets of B which are elements of £.

Definition of a thick set

B C € is called thick (with respect to a capacity c) if it contains
uncountably many pairwise disjoint elements from & of positive
capacity ¢



Examples of capacity

» X =R, X*: P(R) — [0, 0]



Examples of capacity

> X =R, \*: P(R) — [0, 0]
» X =[0,1] X wy, c¢:P(X)—{0,1},

c(A)=1« {a<wi:ANI0,1] x {a} # 0} is uncountable



X is a Cantor cube,
KC(X) is the family of all compact subsets of X,
If £ =K(X) then & = B(X) is the family of all Borel subsets of X.



X is a Cantor cube,
KC(X) is the family of all compact subsets of X,
If £ =K(X) then & = B(X) is the family of all Borel subsets of X.

We construct an example of a K(X)-capacity such that all Borel
sets of positive capacity are thick.



Construction of a capacity

1 - the standard probabilistic product measure on X

A1,/N2, ... - a sequence of pairwise disjoint infinite subsets of N.
Ni = {nij:j € N}, where j < k implies n;; < n;.



Construction of a capacity

1 - the standard probabilistic product measure on X

A1,/N2, ... - a sequence of pairwise disjoint infinite subsets of N.
Ni = {nij:j € N}, where j < k implies n;; < n;.

We will now define a family of perfect subsets of X,

(e, ey e@ el e (0,13 ne N}

Let C(0) = X. For €M) ... (M € {0,1}N we define

C(eM, ... &) as

cE®,....¢) =] D

keN

where Dy = {f}i)} if k=n;jeN;,i<n, and D, ={0,1} if
k& Uicn -

Let

Vé'(l)’”.’&(n) = H 77

ngiSn Aj



Let AC C(€MW, ... £M). Then A is of the form

A= T] {€"} = nx,(A),

i<njeN
where

Xn = H {0,1} and 7wy, : X — X, is a projection.
kU< Ni

Let AC C(€M, ... (M) be a Borel set. Let

tey, e (A) = Ve e (Tx,(A))-

i)



e, g is @ Borel measure on C(§(1) LEM) For AC X let
c(A) = sup { 1%, e (AﬁC({ R IONE
¢, e e {0,11,ne N}



C(A) = sup {%MZ(I)’M’&(n)(A N C(f(l)’ R 7&(”))) :
¢, M e {0,13N, n e N}.

Main Theorem

The function ¢ : P(X) — [0, 1] is non-negative Choquet's
KC(X)-capacity and if ¢(B) > 0, for a Borel subset B of X, then B
contains continuuum many pairwise disjoint Borel subsets of

positive capacity.
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» AC B C X implies c(A) < ¢(B).
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Proof. ¢ is IC(X)-Choquet's capacity.
» AC B C X implies c(A) < ¢(B).

» For K1 D Ky D ... a sequence of compact subsets of X

c(ﬂK ) < lim ¢(Kp).

n—o0

> If limp_y00 ¢(Kn) = 0 we have ¢((72; Kn) = limp_s00 ¢(Kp).
> If limp00 c(Kp) > 0, then there exists m € N such that

1 .
lim —fign_ctmn (Kn 0 C(EL, L €mM)) = lim c(K,),

n—oo m n—o0

for some (b7 g(mn) ¢ £ 1IN,
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Proof. c is KC(X)-Choquet's capacity...

> If limp—00 ¢(Kp) > 0, then there exists m € N such that

H 1 n m,n H
im —pen gmn (Kn 0 C(Ee®m . elmm)) = lim ¢(K,),

n—oo m : n—o0

for some £(bm) . g(mn) ¢ £ 1IN,

» Passing, if necessary, to a subsequence, we can assume that

lim (€@ glmmy = (¢ elm)y,

n—oo

» For A; C A, C ... any subsets of X

nIl_)h;@ c(An) =c (G A,,) .
n=1



Proof. Borel positive sets are thick.
Now let B be any Borel subset of X such that ¢(B) > 0. Hence

”5(1),...,5(")(8 N C(f(l)a e )5(,1))) =

= vew, e (mx, (BN CEW, ..., M) >0,

where

X, = [ {o,1}".
kU< Ni

for some €M), ... &M € {0,1}N and n € N. We have

VeW,..6m = Ve e X H n-
kEAn+1



Proof. Borel positive sets are thick...

pe e (BN CEW, . ¢ €))) =

kENs+1

Thus the set of those £ € [],c . {0,1} for which

n+1

Ve, e ¢(Tx,1 (BN CEW, .. ¢ €))) > 0

has positive measure and hence also
(BN CEW,....M,¢) >0,

must have positive measure and thus it must have cardinality c.

) (€)-



Thank You for Your Attention!



