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Let S C R. We say that x is a density point of S if

n<w

. )‘(SnUx,l/n)
lim inf )‘(Ux,l/n) =

Let S C R be Lebesgue-measurable. Then almost all points of
S are density points of X.
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L Another definition

Definition

@ Suppose that A is a Borel subset of “2. Suppose that
x € Y2, Then x is a weak B-density point of A if for
every T € B and s = stem T, there is some ng such that
for all n > ng,

feln © fUTINAE .

O Let Dﬁeak(A) denote the set of weak B-density points of
A.

© We say that B has the weak density property if for every
Borel subset A of “2, AAngeak(A) € Iy.
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Lemma

Suppose that A is a Borel subset of “2, where as before B
denotes random forcing.

® /fliminf, un(x, A) =1, then x is a weak B-density point
of A.

@® Ifliminf, up(x, A) =0, then x is not a weak B-density
point of A.

Corollary

For every Borel subset A of “2,
Dy (A) =3 DE*(A).

In particular, the weak B-density property holds.
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Lemma
Let B denote random forcing.
@® There is a Borel subset A of “2 and an x € A such that
liminf, pn(x, A) € (0,1) and x is a weak B-density point
of A.

® There is a Borel A of “2 and an x € A such that
liminf, pn(x, A) € (0,1) and x is not a weak B-density
point of A.
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Definition (Elzbieta Wagner (1981))

Let Z be an ideal on a space X. The sequence (f,|n < w) of
functions with domain X converges with respect to / to the
function f with domain X if for every sequence (ny|¢ < w)
there is a sequence (¢;|i < w) such that the sequence

(fy;|i <w) converges to /-almost everywhere to f on X.
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Observation ([009Wo])
If T is either the meagre sets or the null sets, TFAE:
® x is an Z-density point of an Z-regular set A,

@® For any decreasing to zero sequence of real numbers
{tn}new, there is {nm}mew such that the sequence
{X(A*X)/tnmﬂ[l,]-]}mep of characteristic functions
converges Z-almost everywhere on [1,1] to X[1,1]"

© Given {tn}new , a decreasing to zero sequence of real
numbers fulfilling condition sup,,_, o tn/tpt1 < 00, for
every {nm}mew there is {mp} pec such that

DA~ tomp 110} pes

converges to x[1 1) Z-almost everywhere on [1,1].
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Definition (Wiestawa Poreda, Elzbieta Wagner-Bojakowska,
Wiadystaw Wilczyriski (1981))

Let Z be an ideal on R and A C R. A real x is an Z-density
point of A if (X,(A_x)n[~1,41]|" < w) converges with respect
to Z to the function which has the constant value 1.

A dispersion point of A is a density point of R \ A.

Observation

For all A C R no real is both a density point and a dispersion
point of A.

Observation

The density theorem holds for the ideal of meagre sets.
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Proposition (Miiller, Schlicht, Schrittesser, W. (2018))
There isa T €V such that every x € “2 is a
(countable)-dispersion point of [T].

Corollary

The analogue of the Lebesgue Density Theorem fails for many
forcings, for example Silver-forcing, Sacks-forcing and anything
in between, for example Ey-forcing or willow-tree forcing.
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Consider the following tree:
T :={te®2lVi <dom(t)(t(/)=0VvIn<i:2" =i}

Now suppose towards a contradiction that there is an x € “2
which is not a dispersion point for the ideal of countable sets.
This means that that there is an increasing sequence

(nj|i < w) of natural numbers such that for all increasing
sequences (k;|i < w) the set

B :=limsup[T/(x | ng.)] is uncountable.
I<w !

Let (nj|i < w) be a sequence as above. In particular this
statement holds simply for the sequence given by k; := i for all
natural numbers i. Let Cy; o :=[T/(x [ n)] N [T/(x [ nj)]
for {i,j} € [w]?.
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We have

{ij}elw]?

By the pigeonhole principle there has to be {i,j} € [w]? such
that C{, ) is uncountable. Suppose without loss of generality
that i/ < . In particular C{ J} has to contain at least three
elements, call them a, b, c. Recall that for finite sequences x
and y we let x A\ y denote the longest common initial segment.
Then {aAb,aAc,bAc}isa pair {s,t} such that, without
loss of generality, s C t. Both s and t are splitting nodes in
both T/(x [ n;) and T/(x [ n;). Let kg := Ih(s) and

ki = Ih(t).
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There are natural numbers k; for i € 6 \ 2 such that

n; + ko = 2k2,
k:
nj—l— ko =2 3,
ni+ ki = 2k4,
nj—i— ki = 2k5.

Therefore n; — n; = 2K8 — 2k2 = 2ks _ 2ka je.
2k3 4 oka — ok2 | Dks  As every natural number has a unique
represenation in the binary system this implies

(ko = k3 N kg = kg) V (ko = kg N\ k3 = kg). As i < j we have
n; < n; and therefore ky # k3. Therefore (ko = kg A\ k3 = ks)
and hence kg = ki1, a contradiction.
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Are there weak density points whose density exists, yet is less

Is there a Borel set A C 2 such that DL (A) fails to be
disjoint from D (“2 \ A)
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Question
With Ax := {y € R | (x,y) € A}, does the Lebesgue density
theorem hold for any of the ideals
{ACR?|{x €R | Ay is not meagre.} is null.},
{ACR?| {x € R | Ay is not null} is meagre.}?

Question

How can one generalise the Lebesgue density theorem to
non-separable spaces?



Thank you for your attention!
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